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Introduction

The theory of automorphic forms and L-functions for the group of #n x n invert-
ible real matrices (denoted G L(n, R)) with n > 3 is a relatively new subject.
The current literature is rife with 150+ page papers requiring knowledge of a
large breadth of modern mathematics making it difficult for a novice to begin
working in the subject. The main aim of this book is to provide an essentially
self-contained introduction to the subject that can be read by someone with a
mathematical background consisting only of classical analysis, complex vari-
able theory, and basic algebra — groups, rings, fields. Preparation in selected
topics from advanced linear algebra (such as wedge products) and from the
theory of differential forms would be helpful, but is not strictly necessary for
a successful reading of the text. Any Lie or representation theory required is
developed from first principles.

This is a low definition text which means that it is not necessary for the reader
to memorize a large number of definitions. While there are many definitions,
they are repeated over and over again; in fact, the book is designed so that a
reader can open to almost any page and understand the material at hand without
having to backtrack and awkwardly hunt for definitions of symbols and terms.

The philosophy of the exposition is to demonstrate the theory by simple, fully
worked out examples. Thus, the book is restricted to the action of the discrete
group SL(n, Z) (the group of invertible n x n matrices with integer coefficients)
acting on GL(n, R). The main themes are first developed for SL(2, Z) then
repeated again for SL(3, Z), and yet again repeated in the more general case of
SL(n, Z) with n > 2 arbitrary. All of the proofs are carefully worked out over
the real numbers R, but the knowledgeable reader will see that the proofs will
generalize to any local field. In line with the philosophy of understanding by
simple example, we have avoided the use of adeles, and as much as possible
the theory of representations of Lie groups. This very explicit language appears

X1



Xii Introduction

particularly useful for analytic number theory where precise growth estimates
of L-functions and automorphic forms play a major role.

The theory of L-functions and automorphic forms is an old subject with roots
going back to Gauss, Dirichlet, and Riemann. An L-function is a Dirichlet series

o0
all

s
n=1 n

where the coefficients a,, n = 1,2, ..., are interesting number theoretic func-
tions. A simple example is where a,, is the number of representations of n as a
sum of two squares. If we knew a lot about this series as an analytic function of
s then we would obtain deep knowledge about the statistical distribution of the
values of a,. An automorphic form is a function that satisfies a certain differ-
ential equation and also satisfies a group of periodicity relations. An example
is given by the exponential function ¢>™** which is periodic (i.e., it has the
same value if we transform x — x + 1) and it satisfies the differential equa-
tion J"—;eZ”i'” = —47%e¥ ¥ In this example the group of periodicity relations
is just the infinite additive group of integers, denoted Z. Remarkably, a vast
theory has been developed exposing the relationship between L-functions and
automorphic forms associated to various infinite dimensional Lie groups such
as GL(n, R).

The choice of material covered is very much guided by the beautiful paper
(Jacquet, 1981), titled Dirichlet series for the group G L(n), a presentation of
which I heard in person in Bombay, 1979, where a classical outline of the theory
of L-functions for the group G L(n, R) is presented, but without any proofs. Our
aim has been to fill in the gaps and to give detailed proofs. Another motivating
factor has been the grand vision of Langlands’ philosophy wherein L-functions
are akin to elementary particles which can be combined in the same way as
one combines representations of Lie groups. The entire book builds upon this
underlying hidden theme which then explodes in the last chapter.

In the appendix a set of Mathematica functions is presented. These have
been designed to assist the reader to explore many of the concepts and results
contained in the chapters that go before. The software can be downloaded by
going to the website given in the appendix.

This book could not have been written without the help I have received from
many people. I am particularly grateful to Qiao Zhang for his painstaking read-
ing of the entire manuscript. Hervé Jacquet, Daniel Bump, and Adrian Diaconu
have provided invaluable help to me in clarifying many points in the theory.
I would also like to express my deep gratitude to Xiaoqing Li, Elon Linden-
strauss, Meera Thillainatesan, and Akshay Venkatesh for allowing me to include
their original material as sections in the text. I would like to especially thank
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Dan Bump, Kevin Broughan, Sol Friedberg, Jeff Hoffstein, Alex Kontorovich,
Wenzhi Luo, Carlos Moreno, Yannan Qiu, lan Florian Sprung, C. J. Mozzochi,
Peter Sarnak, Freydoon Shahidi, Meera Thillainatesan, Qiao Zhang, Alberto
Perelli and Steve Miller, for clarifying and improving various proofs, defini-
tions, and historical remarks in the book. Finally, Kevin Broughan has provided
an invaluable service to the mathematical community by creating computer
code for many of the functions studied in this book.

Dorian Goldfeld






1

Discrete group actions

The genesis of analytic number theory formally began with the epoch making
memoir of Riemann (1859) where he introduced the zeta function,

o0

t(s)=Y_n""  (N(s) > 1),

n=1

and obtained its meromorphic continuation and functional equation
00
—5/21“( )g(s) — x—U=92p (1 )g(l —5).,  T(s)= /e—"us du.
) u
Riemann showed that the Euler product representation
1N}
¢<s>=]'[(1—5> :

p

together with precise knowledge of the analytic behavior of ¢ (s) could be used
to obtain deep information on the distribution of prime numbers.

One of Riemann’s original proofs of the functional equation is based on the
Poisson summation formula

D fayy =y Y Fay™,

nez nez

where f is a function with rapid decay as y — oo and

oo
fo»n = / f@e™>m dr,
—00
is the Fourier transform of f. This is proved by expanding the periodic function

Fx)=Y f(x+n)

nez

1



2 Discrete group actions

in a Fourier series. If f is an even function, the Poisson summation formula
may be rewritten as

o0 o0 R 1 .
Y Foy ™=y fay) = 56 FO) = £,

n=1 n=1

from which it follows that for 3i(s) > 1,
© [ o= [73 far®
JOF ML O;fnyyy
*® = . s —1\,,—s dy
=/1 D (Fmy)y* + flny Ny )5
n=1

= floo > (Fmy)y* + Fuy)y'™) dyy ! (& + f(o)) :
n=1

2 K 1—=s

If £(y) and f(y) have sufficient decay as y — oo, then the integral above
converges absolutely for all complex s and, therefore, defines an entire function
of s. Let

. o0 d
Fis) = / Fo 2
0 y

denote the Mellin transform of f, then we see from the above integral rep-

resentation and the fact that f(y) = f(—y) = f(y) (for an even function f)
that

c()fs)=¢(1—s)F (1—s).

Choosing f(y) =e ™™ *, a function with the property that it is invariant under
Fourier transform, we obtain Riemann’s original form of the functional equa-
tion. This idea of introducing an arbitrary test function f in the proof of the
functional equation first appeared in Tate’s thesis (Tate, 1950).

A more profound understanding of the above proof did not emerge until
much later. If we choose f(y) = e ™ * in the Poisson summation formula, then
since f(y) = f(y), one observes that for y > 0,

i e—rrnzy_i i e—rrnz/y
= ﬁ .

n=—0oo n=—00

T

This identity is at the heart of the functional equation of the Riemann zeta
function, and is a known transformation formula for Jacobi’s theta function

Q(Z): Z eZﬂinzz,

n=—00



1.1 Action of a group on a topological space 3

where z =x +iy withx e Rand y > 0. If (CCI is a matrix with integer

coefficients a, b, ¢, d satisfiying ad — bc = 1, ¢ = 0 (mod 4), ¢ # 0, then the
Poisson summation formula can be used to obtain the more general transfor-
mation formula (Shimura, 1973)

az+b » .
0 cztad) =€ Xe(d)cz +d)20(2).

Here . is the primitive character of order < 2 corresponding to the field exten-

sion Q(c?)/Q,

1 ifd=1 (mod4)
€5 =
‘Tl ifd=—1 (mod 4),

and (cz +d )% is the “principal determination” of the square root of cz + d, i.e.,
the one whose real part is > 0.

It is now well understood that underlying the functional equation of the
Riemann zeta function are the above transformation formulae for 6(z). These
transformation formulae are induced from the action of a group of matrices

(Ccl Z) on the upper half-plane h = {x + iy | x € R, y > 0} given by

az+b

cz+d’
The concept of a group acting on a topological space appears to be absolutely
fundamental in analytic number theory and should be the starting point for any
serious investigations.

Z =

1.1 Action of a group on a topological space

Definition 1.1.1 Given a topological space X and a group G, we say that G
acts continuously on X (on the left) if there exists amap o : G — Func(X — X)
(functions from X to X ), g — go which satisfies:

* X > gox isacontinuous function of x for all g € G,

e go(glox)=(g-¢g)ox, forall g,g €G,x €X where - denotes the
internal operation in the group G;

*cox =ux, forallx € X and e = identity element in G.

Example 1.1.2 Let G denote the additive group of integers Z. Then it is easy
to verify that the group Z acts continuously on the real numbers R with group



4 Discrete group actions

action o defined by
nox:=n++ux,
forall n € Z, x € R. In this case ¢ = 0.

Example 1.1.3 Let G = GL(2,R)* denote the group of 2 x 2 matrices
<‘Cl z) with @, b, ¢, d € R and determinant ad — be > 0. Let

h:={x+iy|xeR, y>0}
denote the upper half-plane. For g = (i Z) € GL(2,R)" and z € b define:

az+b
goz:= .
cz+d

Since

az+b aclz]?+ (ad +bc)x +bd . (ad —bc) -y
= l .
cz+d lcz +d|? lcz +d|?

it immediately follows that g o z € ). We leave as an exercise to the reader, the
verification that o satisfies the additional axioms of a continuous action. One
usually extends this action to the larger space h* = h U {oo}, by defining

(a b> ajc ifc #0,
000 =
c d oo ife=0.
Assume that a group G acts continously on a topological space X. Two

elements x1, x, € X are said to be equivalent (mod G) if there exists g € G
such that x, = g o x;. We define

Gx::{gox|g€G}

to be the equivalence class or orbit of x, and let G\ X denote the set of equiva-
lence classes.

Definition 1.1.4 Let a group G act continuously on a topological space X .
We say a subset I' C G is discrete if for any two compact subsets A, B C X,
there are only finitely many g € T such that (g o A) N B # ¢, where ¢ denotes
the empty set.



1.1 Action of a group on a topological space 5

Example 1.1.5 The discrete subgroup SL(2, Z). Let

[ =SLQ2,7):= {(i’ Z)

and let
1 m

be the subgroup of I' which fixes co. Note that ', \I" is just a set of coset

a,b,c,d €7, ad—bc:l},

representatives of the form (a b) where for each pair of relatively prime
¢

d
integers (¢, d) = 1 we choose a unique a, b satisfying ad — bc = 1. This fol-
lows immediately from the identity

1 m (a b\ (a+mc b+md
0 1 c d) c d ’
The fact that SL(2, Z) is discrete will be deduced from the following lemma.

Lemma 1.1.6 Fix real numbers 0 <r, 0 <8 < 1. Let R,s denote the
rectangle

Rr,8={x+iy| —r<x=<r, 0<8§y§8_1},

Then for every € >0, and any fixed set S of coset representatives for
Lo \SL(2, Z), there are at most 4 + (4(r 4+ 1)/€d) elements g € S such that
Im(g o z) > € holds for some z € R, ;.

Proof Letg = (Ccl Z) Then for z € R, 5,

Yy

I S A —
m(g o z) c2y2 T exrdp <€
if |c| > (ye)~2. On the other hand, for |c| < (ye)"2 < (8¢)~2, we have

_ Y e
(cx +d)?

if the following inequalities hold:
d| > lelr +(ye™)? = lelr + (€8) 2.
Consequently, Im(g o z) > € only if
ol < @)™ and |d| < (e8)"2(r + 1),

and the total number of such pairs (not counting (c, d) = (0, 1), (£1, 0)) is at
most 4(e8) "' (r + 1). O



6 Discrete group actions

It follows from Lemma 1.1.6 that I' = SL(2, Z) is a discrete subgroup of
SL(2, R). This is because:

(1) it is enough to show that for any compact subset A C h there are only
finitely many g € SL(2, Z) such that (g 0o A) N A # ¢;

(2) every compact subset of A C h is contained in a rectangle R, s for some
r>0and0 <68 <8 ;

3) ((xg) o R,5) N R.5 = ¢, except for finitely many « € ', g € T'oo\I'.

To prove (3), note that Lemma 1.1.6 implies that (g o R, 5) N R, 5 = ¢ except
for finitely many g € [',o\I'. Let S C I'no\I" denote this finite set of such ele-
ments g.If g & S, then Lemma 1.1.6 tells us that it is because Im(gz) < § for all
z € R, 5. SinceIm(agz) = Im(gz) fora € I', itis enough to show that for each
g € §, there are only finitely many o € ', such that ((«g) o R, 5) N R, 5 # ¢.
This last statement follows from the fact that g o R, s itself lies in some other

! m) (m € 7), so

rectangle R, y, and every @ € ' is of the form o = (0 |

that
aoR. 5y = {x+iy | —r+m<x<r4+m, 0<¥ 58/71},
which implies (@ o R, 5) N R, s = ¢ for |m| sufficiently large.

Definition 1.1.7  Suppose the group G acts continuously on a connected topo-
logical space X . A fundamental domain for G\ X is a connectedregion D C X
such that every x € X is equivalent (mod G) to a point in D and such that no
two points in D are equivalent to each other.

Example 1.1.8 A fundamental domain for the action of Z on R of
Example 1.1.2 is given by

Z\R={0<x <1]xeR}L
The proof of this is left as an easy exercise for the reader.

Example 1.1.9 A fundamental domain for SL(2, Z)\h can be given as the
region D C § where

p-|:

with congruent boundary points symmetric with respect to the imaginary axis.

1 1
—ESRG(Z)SE, |Z|Zl},
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7

Note that the vertical line V' : {—% +iy | y > *?} is equivalent to the

vertical line V := {% + iy | y > ‘/75} under the transformation z — z + 1.
Furthermore, the arc A’ := {z | —1<Re(z) <0, |z| = 1} is equivalent to
the reflected arc A := {z | 0<Re(z) <l |z|= 1}, under the transformation

z +> —1/z. To show that D is a fundamental domain, we must prove:

(1) For any z € Yy, there exists g € SL(2, Z) such that g o z € D,
(2) If o distinct points z,z' € D are congruent (mod SL(2,7)) then
Re(z) = :l:% andz =z+x1l,or|z| =landz = —1/z.

We first prove (1). Fix z € h. It follows from Lemma 1.1.6 that for every
€ > 0, there are at most finitely many g € SL(2, Z) such that g o z lies in the
strip

D, = {w '—% < Re(w) < %, € §Im(w)}.

Let B, denote the finite set of such g € SL(2, Z). Clearly, for sufficiently small
€, the set B, contains at least one element. We will show that there is at least
one g € B, suchthat g o z € D. Among these finitely many g € B, choose one

such that Im(g o z) is maximal in D.. If |g o z| < 1, then for § = ((1) _(1)>,
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T = (1 1>,andanym e Z,

Im(T" Sg o 7) =Im< - ) _ Im(go2)

goz lg oz|?
This is a contradiction because we can always choose m sothat 7" Sg o z € D..
So in fact, g o z must be in D.

To complete the verification that D is a fundamental domain, it only remains

> Im(g o 2).

to prove the assertion (2). Letz € D, g = <a Z) € SL(2,7), and assume
c

that g o z € D. Without loss of generality, we may assume that

Y > Im(2),

Im(goz)=m_

(otherwise just interchange z and goz and use g~!'). This implies that
|cz +d| <1 which implies that 1 > |cy| > §|c|. This is clearly impossi-
ble if |c| > 2. So we only have to consider the cases ¢ =0, £1. If c=0
then d = £1 and g is a translation by b. Since —% < Re(z),Re(goz) < %,
this implies that either 5 =0 and z = g o z or else b = +1 and Re(z) = 1
while Re(g 0 z) = 1. If ¢ = 1, then |z 4+ d| < | implies that d = 0 unless
z=e"P andd =0,10rz=¢"/3 and d = 0, —1. The case d = 0 implies
that |z| <1 which implies |z| = 1. Also, in this case, ¢ =1,d =0, we
must have b = —1 because ad —bc = 1. Then goz =a — l It follows that
a=0.If z = ¢*/3 and d = 1, then we must have a — b = 1. It follows that
goe¥i3 T = a + €*™'/3, which implies thata = 0 or 1. A similar
argument holds when z = ¢™/3 and d = —1. Finally, the case ¢ = —1 can be
reduced to the previous case ¢ = 1 by reversing the signs of a, b, ¢, d.

=dad —

1.2 Iwasawa decomposition

This monograph focusses on the general linear group GL(n, R) with n > 2.
This is the multiplicative group of all n» x n matrices with coefficients in R
and non-zero determinant. We will show that every matrix in G L(n, R) can be
written as an upper triangular matrix times an orthogonal matrix. This is called
the Iwasawa decomposition (Iwasawa, 1949).

The Iwasawa decomposition, in the special case of GL(2, R), states that
every g € GL(2, R) can be written in the form:

_(y x\{a B\(d O
=6 DE D6 ) a2
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where y > 0, x,d € R withd # 0 and

(O‘ ﬂ) € 02, R),
y 8

where
On,R)y={geGL(n,R) | g -k =1}
is the orthogonal group. Here I denotes the identity matrix on G L(n, R) and ‘g

. . X\ . -
denotes the transpose of the matrix g. The matrix (g | > in the decomposition

(1.2.1) is actually uniquely determined. Furthermore, the matrices ()O: '?)

d 0 . . s +1 0
and ( 0 d) are uniquely determined up to multiplication by ( 0 4 1).

Note that explicitly,

+cost —sint
O(z’R)_{<:|:sint cost) ‘ OSISZN}'

We shall shortly give a detailed proof of (1.2.1) for GL(n, R) with n > 2.
The decomposition (1.2.1) allows us to realize the upper half-plane

f):{x+iy|x€R,y>O}

as the set of two by two matrices of type

y X
{(0 1) xeR,y>O},
or by the isomorphism
h=GL(2,R)/(02,R), Z,), (1.2.2)
where
d 0
Z, = deR, d#0
0 d

is the center of GL(n, R), and (O (2, R), Z,) denotes the group generated by
02, R) and Z,.

The isomorphism (1.2.2) is the starting point for generalizing the classical
theory of modular forms on GL(2, R) to GL(n, R) with n > 2. Accordingly,
we define the generalized upper half-plane h” associated to GL(n, R).
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Definition 1.2.3 Lern > 2. The generalized upper half-plane h” associated
to GL(n, R) is defined to be the set of all n x n matrices of the formz =x -y
where

!
I x12 x13 --- X1,n Yn-1
/
I x5 - X2.n Va2
X = ,  y= ,
!
L Xpo1n D1
1 1

withx; j e Rfor1 <i < j<nandy >0forl <i<n-—1.
To simplify later formulae and notation in this book, we will always express
y in the form:

Yiy2: o Yn—1
Yiy2-+Yn=2

1
1

with y; > 0 for 1 <i <n — 1. Note that this can always be done since y, # 0
forl <i<n-—1.

Explicitly, x is an upper triangular matrix with 1s on the diagonal and y
is a diagonal matrix beginning with a 1 in the lowest right entry. Note that x
is parameterized by n - (n — 1)/2 real variables x; ; and y is parameterized by
n — 1 positive real variables y;.

Example 1.2.4 The generalized upper half plane b? is the set of all matrices
z =x -y with

I xi2 x13 yiyo 00
x=10 1 xp3], y= 0 » 0],
0 0 1 0 0 1

where x1 2, x13, X23 € R, y1, y2 > 0. Explicitly, every z € h3 can be written
in the form
Yiy2 X¥12y1 X13
z= 0 Y1 X3
0 0 1

Remark 1.2.5 The generalized upper half-plane h* does not have a com-
plex structure. Thus b is quite different from b2, which does have a complex
structure.
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Proposition 1.2.6 Fix n > 2. Then we have the Iwasawa decomposition:
GL(n,R)y=8"-0n,R)- Z,,
i.e., every g € GL(n, R) may be expressed in the form
g=z-k-d, (- denotes matrix multiplication)

where z € h" is uniquely determined, k € O(n,R), and d € Z, is a non-zero
diagonal matrix which lies in the center of GL(n, R). Further, k and d are also
uniquely determined up to multiplication by 1 where I is the identity matrix
on GL(n, R).

Remark Note that for every n = 1,2, 3, ..., we have Z, = R*. We shall,
henceforth, write

h" = GL(n,R)/(O(n,R) - RX).

Proof Let g € GL(n,R). Then g -’g is a positive definite non-singular
matrix. We claim there exists u#, £ € G L(n, R), where u is upper triangular with
Is on the diagonal and ¢ is lower triangular with 1s on the diagonal, such that

u-g-'e=~0-d (1.2.7)

with

For example, consider n = 2, and g = (Ccl Z) Then
[ a b a c a’>+b* ac+bd
g 8= : = 2 5 |-
c d b d ac+bd c¢“+d
If we setu = <(1) i ) then u satisfies (1.2.7) if
1 ¢ a4+ b*> ac+bd _(* 0
0 1 ac+bd A+d*)  \x x)°

so that we may take ¢t = (—ac — bd)/(c? + d*). More generally, the upper
triangular matrix u will have n(n — 1)/2 free variables, and we will have to
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solve n(n — 1)/2 equations to satisfy (1.2.7). This system of linear equations
has a unique solution because its matrix g - ‘g is non—singular.

It immediately follows from (1.2.7) that u='¢d = g -'g =d - "¢('u)™", or
equivalently

0-d-'u u-d-"t
lower A upper A

The above follows from the fact that a lower triangular matrix can only equal an
upper triangular matrix if it is diagonal, and that this diagonal matrix must be
d by comparing diagonal entries. The entries d; > 0 because g - g is positive
definite.

Consequently £d = d('u)~'. Substituting this into (1.2.7) gives

u~g'tg'tu=d=a_l’([a)_1

for

&
8=

Hence aug - ("g - 'u - 'a) = I so that aug € O(n, R). Thus, we have expressed
g in the form

g = (au)™" - (aug),

from which the Iwasawa decomposition immediately follows after dividing and
1

multiplying by the scalar d,, > to arrange the bottom right entry of (au)~! to
be 1.

It only remains to show the uniqueness of the Iwasawa decomposition.
Suppose that zkd = z’k’'d’ withz, z’ € b, k, k' € O(n,R), d,d’ € Z,. Then,
since the only matrices in h” and O (n, R) which lie in Z,, are £1 where [ is the
identity matrix, it follows that d’ = +d. Further, the only matrix in h” N O (n, R)
is I. Consequently z = z’ and k = +k'. |

We shall now work out some important instances of the Iwasawa decompo-
sition which will be useful later.
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Proposition 1.2.8 Let I denote the identity matrix on G L(n, R), and for every
1 < j <i < n,let E;; denote the matrix with a 1 at the {i, j}th position and
zeros elsewhere. Then, for an arbitrary real number t, we have

1

1 CEEEY ¢
1 1
(412 (2412
I +1E; ;= S (mod (O (n, R) - R*)),

(2 +1)2

1
2 +1)1
at position {i, i}, all other diagonal entries are ones,

occurs at position {j, j}, ¢* + l)% occurs

where, in the above matrix,
—L—— occurs at position
@+1?

{j,i}, and, otherwise, all other entries are zero.

Proof Letg=1+4tE; ;. Then
g-'g=U+1tE;))-(I+tE;;)=1+1tE;;j+tE;; +t*E;,.

If we define a matrix u = I — (t/(t> + 1)E;;, then u-g-'g-'u must be a
diagonal matrix d. Setting d = a~' - ('a)~", we may directly compute:

2

u-g~’g~’u=1+12Eii—[—E<<,

s l2+l JsJ
=1+ - E,
2+

al=1 +< L _ 1) Ejj+(Vi2+1=-1)E;;.
2+1

Therefore,

-1 -1
u a =1 Ej,,'.

Ejj+(Vi*+1—-1)E;; +

241

1
(-1
<\/t2+1 )
As in the proof of Proposition 1.2.6, we have g=u"'-a"!
(mod (O (n, R), R*)). 0
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Proposition 1.2.9 Let n > 2, and let z = xy € W' have the form given in
Definition 1.2.3. Fori =1,2,...,n — 1, define

1

— O
O =

w; =

1

to be the n x n identity matrix except for the ith and (i + 1)th rows where we

have <(1) é) on the diagonal. Then

! ! ’ 7/ ’
Ioxy, xj5 .- X1n Y12 Y
! 7 ! /7 !
I Xy, o X0 V1Yo Yuoa
w;zZ = :
/ /
1 xnfl,n yl
1 1

(mod (O (n, R) - RX)), where y, = yi exceptfork=n—i+1,n—i,n—i—1,
in which case

/ _ Yn—i ’ _ ) 2 2
Ynei = 3 3 )2 s Yn—it1l = Yn—itl "/ Xi i + Y i
Xiit1 T Vi
and Xy, = x; , except for £ = i,i + 1, in which case

2
, XijiVn_i T Xi—ji+1Xii+1

/
i—j,i i—j,i+1 i—j,iN,i+1> i—ji+1 2 2
Xiipt T Yo
for j=1,2,...,i—2.
Proof Brute force computation which is omitted. O

Proposition 1.2.10 The group GL(n, Z) acts on h".

Proof Recall the definition of a group acting on a topological space given in
Definition 1.1.1. The fact that GL(n, Z) acts on G L(n, R) follows immediately
from the factthat G L (n, Z) acts on the left on G L (n, R) by matrix multiplication
and that we have the realization h” = GL(n, R)/(O(n, R) - R*), as a set of
cosets, by the Iwasawa decomposition given in Proposition 1.2.6. O
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1.3 Siegel sets

We would like to show that I'" = G L(n, Z) acts discretely on the generalized
upper half-plane h” defined in Definition 1.2.3. This was already proved for
n =2 in Lemma 1.1.6, but the generalization to n > 2 requires more subtle
arguments. In order to find an approximation to a fundamental domain for
GL(n, Z)\H", we shall introduce for every ¢, u > 0 the Siegel set %, ,.

Definition 1.3.1 Let a, b > 0 be fixed. We define the Siegel set ¥, C " to
be the set of all

I xi2 x13 --- X1,n ViY2 - Yn—1
I x3 --- X2.n Yiy2: o Yn-2
1 Xn—1,n Y1
1 1

with |x; ;| <bfor1 <i < j<n,andy, >aforl1 <i<n-—1.

LetI' = GL(n, Z) and ', C I'" denote the subgroup of upper triangular
matrices with 1s on the diagonal. We have shown in Proposition 1.2.10 that I'”
acts on . For g € I'" and z € ", we shall denote this action by g o z. The
following proposition proves that the action is discrete and that ¥ 5 , is a good
approximation to a fundamental domain. o

Proposition 1.3.2  Fix an integer n > 2. For any z € §”" there are only finitely
many g € I'" such that g oz € ¥ ;5 . Furthermore,
2°2

GL(n,R) = U g0y

gel™

i (1.3.3)
Remarks The bound g is implicit in the work of Hermite, and a proof can
be found in (Korkine and Zolotareff, 1873). The first part of Proposition 1.3.2
is a well known theorem due to Siegel (1939). For the proof, we follow the
exposition of Borel and Harish-Chandra (1962).

Proof of Proposition 1.3.2  In order to prove (1.3.3), it is enough to show that

SL(n,R) = U goxh |, (1.3.4)
2€SL(n,Z) 202

where XF denotes the subset of matrices %, , - Z, which have determinant 1
and o denotes the action of SL(n, Z) on E(’,‘,oo. Note that every element in E;‘, b
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is of the form

I xip xi3 --- Xin dy1y2 -+ Ya-1
I x3 - Xon dy1ys--yn2
1 Xn—1,n dy
1 d

where the determinant

dy1ys - Yu—i
dyiys -+ Yn-2
Det =1,
dy,

n—1 —1/n
d= (H yf’) .
i=1

In view of the Iwasawa decomposition of Proposition 1.2.6, we may identify
EE;OO as the set of coset representatives SL(n, R)/SO(n, R), where SO (n, R)
denotes the subgroup O(n, R) N SL(n, R). d

so that

In order to prove (1.3.4), we first introduce some basic notation. Let
e1 =(1,0,...,0), e=(0,1,...,0), ..., €,=(0,0,...,1),

denote the canonical basis for R”. For 1 <i <n and any matrix g €
GL(n,R), let ¢; - g denote the usual multiplication of a 1 x n matrix with
an n x n matrix. For an arbitrary v = (vy, vy, ..., v,) € R”, define the norm:

[v]| := \/v% + v% + - -+ + v2. We now introduce a function
¢ : SL(n,R) > R>°

from SL(n, R) to the positive real numbers. Forall g = (g;, j)1<i,j<n in SL(n, R)
we define

$@) = llew - gll = /€2, + 820+ + &2

Claim The function ¢ is well defined on the quotient space
SL(n,R)/SO(n, R).
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To verify the claim, note that for k € SO(n, R), and v € R”, we have

-kl =@ k) -"(v-k)=~vv-k-Tk-v=+v v=]p|.

This immediately implies that ¢(gk) = ¢(g), i.e., the claim is true.
Note that if z € X, is of the form (1.3.5), then

n—1 —1/n
p(z) =d = (]_[ yf"_i)> . (1.3.6)

i=1
Now, if z € Z(’;oo is fixed, then
e, -SL(n,Z)-z C (Zel + .-+ Ze, —{(0,0,..., 0)}) -z,  (1.3.7)

where - denotes matrix multiplication. The right-hand side of (1.3.7) consists
of non—zero points of a lattice in R”. This implies that ¢ achieves a positive
minimum on the coset SL(n, Z) - z. The key to the proof of Proposition 1.3.2
will be the following lemma from which Proposition 1.3.2 follows immediately.

Lemma 1.3.8 Let z e E(’;oo. Then the minimum of ¢ on SL(n,Z)oz is
achieved at a point of ¥*

S5
=

3

Proof 1Tt is enough to prove that the minimum of ¢ is achieved at a point of
E’% - because we can always translate by an upper triangular matrix

I wip w3 - U,
I us3y - upy,
u= € SL(n,7Z)
1 un—l,n
1

to arrange that the minimum of ¢ lies in X%, . This does not change the

value of ¢ because of the identity ¢(u - z) = ||Ze,12- u-z|| =|le, - z||. We shall
use induction on n. We have already proved a stronger statement for n = 2
in Example 1.1.9. Fix y € SL(n, Z) such that ¢(y o z) is minimized. We set
y oz =x-ywith

I x12 x13 -+~ Xin dy1y2-+ - Yu-1
I xp3 -+ Xon dy1y2-+-Ya2
X = : , y= . .
1 xn—l,n d)’1

1 d
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withd = (]_L'.’:_I1 y' )71/ as before. We must show y; > § fori =1,2,...,
n — 1. The proof proceeds in 3 steps.

Stepl y; > #
In—2
This follows from the action of o := 0 —1 Jonyoz. Herel,,

1 0
denotes the identity (n — 2) x (n — 2)—matrix. First of all

¢(0€OV OZ) = ||en xoy OZ” = ||en71 - X y|| = ||(€n,1 +anl,n€n)'}’||
=d\/yt+ x5,

Since |x,_1 .| < % we see that ¢p(ayz)? < dz(yf + %). On the other hand, the
assumption of minimality forces ¢(y z)* = d*> < d” (y7 + 1) . This implies that

3
yi=z-5.

"
p 1>.Then¢<gyz>=¢<yz).

This follows immediately from the fact thate, - g = ¢,.

Step2 Letg' e SLn—1,7),¢g = (

V3 P
Step 3 y,-szorz_Z,S,...,n—l.
*

d
a suitable diagonal matrix. By induction, there exists ¢’ € SL(n — 1, Z) such
C "1, the Siegel set for GL(n — 1, R). This is

! /
Let us write y 0z = (Z d > with 2/ € SL(n — 1,R) and d’ € Z,_,

that g’ oz’ =x"-y € X%,

I—

2
equivalent to the fact that

an—1
y/ _ an—2
aj
and
; 3
4 V3 for j=1,2,...,n—2. (13.9)
Clj 2
g 0
Define g := 0 1 € SL(n, Z). Then

g 0 zZ'-d % goz-d P
8OJ/OZ=<0 1)0( d>=< 0 d):xl')’/,
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where y” = (yod 2) , &= <)E) T) . The inequalities (1.3.9) applied to
Yiy2---yn—1d
" yld, 0
= ( 0 d) - ’
yid

d

imply that y; > @ fori =2,3,...,n— 1. Step 2 insures that multiplying by

g on the left does not change the value of ¢(yz). Step 1 gives y; > ? O

1.4 Haar measure

Let n > 2. The discrete subgroup SL(n, Z) acts on SL(n, R) by left multipli-
cation. The quotient space SL(n, Z)\SL(n, R) turns out to be of fundamental
importance in number theory. Now, we turn our attention to a theory of inte-
gration on this quotient space.

We briefly review the theory of Haar measure and integration on locally
compact Hausdorff topological groups. Good references for this material are
(Halmos, 1974), (Lang, 1969), (Hewitt and Ross, 1979). Excellent introductary
books on matrix groups and elementary Lie theory are (Curtis, 1984), (Baker,
2002), (Lang, 2002).

Recall that a topological group G is a topological space G where G is also
a group and the map

(g.hrg-h!

of G x G onto G is continuous in both variables. Here - again denotes the
internal group operation and 2~' denotes the inverse of the element /. The
assumption that G is locally compact means that every point has a compact
neighborhood. Recall that G is termed Hausdorff provided every pair of distinct
elements in G lie in disjoint open sets.

Example 1.4.1 The general linear group GL(n, R) is a locally compact
Hausdorff topological group.

Let gl(n, R) denote the Lie algebra of GL(n, R). Viewed as a set, gl(n, R)
is just the set of all n x n matrices with coefficients in R. We assign a topology
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to gl(n, R) by identifying every matrix

81,1 812 - 8in

82,1 822 - &2n
8= . .

8n,1 8n,2 o &nn

with a point

2
(81,1, 81,25 -+ 81Ln» 8215822, -+ 8o -+ s &un) € R™.

This identification is a one—to—one correspondence. One checks that gl(n, R) is
alocally compact Hausdorff topological space under the usual Euclidean topol-
ogyon R". The determinant function Det : gl(n, R) — Risclearly continuous.
It follows that

GL(n,R) = gl(n, R) — Det™'(0)

must be an open set since {0} is closed. Also, the operations of addition and
multiplication of matrices in gl(n, R) are continuous maps from

gl(n, R) x gl(n, R) — gl(n, R).
The inverse map
Inv:GL(n,R) - GL(n, R),

given by Inv(g) = g~ ! forall ¢ € GL(n, R),is also continuous since each entry
of g~! is a polynomial in the entries of g divided by Det(g). Thus, GL(n, R)
is a topological subspace of gl(n, R) and we may view GL(n, R) x GL(n, R)
as the product space. Since the multiplication and inversion maps: GL(n, R) x
GL(n,R) — GL(n, R)arecontinuous, it follows that G L(n, R) is atopological
group.

By a left Haar measure on a locally compact Hausdorff topological group
G, we mean a positive Borel measure (Halmos, 1974)

W : {measurable subsets of G} — R™,

which is left invariant under the action of G on G via left multiplication. This
means that for every measurable set £ C G and every g € G, we have

WEE) = W(E).

In asimilar manner, one may define aright Haar measure. If every left invariant
Haar measure on G is also a right invariant Haar measure, then we say that G
is unimodular.
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Given a left invariant Haar measure ¢ on G, one may define (in the usual
manner) a differential one-form d1(g), and for compactly supported functions
f G — C an integral

/ f(g)du(g),
G

which is characterized by the fact that

/ du(g) = w(k)
E

for every measurable set £. We shall also refer to diu(g) as a Haar measure.
The fundamental theorem in the subject is due to Haar.

Theorem 1.4.2 (Haar) Let G be a locally compact Hausdorff topological
group. Then there exists a left Haar measure on G. Further, any two such Haar
measures must be positive real multiples of each other.

We shall not need this general existence theorem, because in the situations
we are interested in, we can explicitly construct the Haar measure and Haar
integral. For unimodular groups, the uniqueness of Haar measure follows easily
from Fubini’s theorem. The proof goes as follows. Assume we have two Haar
measures i, v on G, which are both left and right invariant. Let 4 : G — C be
a compactly supported function satisfying

/ h(g)du(g) = 1.
G
Then for an arbitrary compactly supported function f : G — C,

/ Fl@)dv(g) = / h(gdu(g) / F(@)dv(g)
G G G
_ / f h(g) f ()dv(g)du(g))
GJG
=//h(g/)f(g-g/)dV(g)dM(g/)
GJG
_ / / h(g)f (g - 8)du(g) dv(g)
G JG
_ / / hg™" - ¢)f (&) du(g) dv(g)
GJG
= [ f h(g™" - ¢ f(ghdv(g)du(g)
G JG
=C-/ fgHdugh
G

where ¢ = [, h(g™"dv(g).
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Proposition 1.4.3 Forn=1,2,..., let

81,1 812 -+ 8lna
82,1 822 - 82
g=1 . . | €eGL(, R,
8n,1 8n2 ° &nn
where g1.1, 812, -+ 8l.ns 82,15 - -+ » &u.n AT€ n? real variables. Define
[T dgi;
1<i,j<n

du(g) = ,  (wedge product of differential one-forms)

Det(g)"

where dg; ; denotes the usual differential one—form on R and Det(g) denotes
the determinant of the matrix g. Then du(g) is the unique left-right invariant
Haar measure on GL(n, R).

Proof Every matrix in G L(n, R) may be expressed as a product of a diagonal
matrix in Z, and matrices of the form X, ; (with 1 <r, s < n) where ¥, ; denotes
the matrix with the real number x, ; at position r, s, and, otherwise, has 1s on
the diagonal and zeros off the diagonal. It is easy to see that

du(g) = dplag)
for a € Z,. To complete the proof, it is, therefore, enough to check that
d,u(jzr,s : g) = dﬂ(g : )’Zr,s) = dﬂ(g)a

forall 1 <r,s < n. We check the left invariance and leave the right invariance
to the reader.
It follows from the definition that in the case r # s,

l_[ dgi,j < 1_[ d(gr,j + g.v,jxr,x)>
I<i,j<n 1<j=n
i#r

dpu(Xrs - 8) = Det(%,.; - )"

First of all,
Det(%,., - g) = Det(%,,) - Det(g) = Det(g)

because Det(¥, ;) = 1.
Second, forany 1 < j <n,

1_[ dgi,j /\dgs,j=0

1<i,j<n

i#r
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because g, ; also occurs in the product Il dg;j | anddgs; Ndgs; =0.
1<i<j<n
i#r
Consequently, the measure is invariant under left multiplication by %, ;. O

On the other hand, if » = s, then

l_[ dgi,j < 1_[ (xr,x 'dgr,j))

1<i,j<n I=j=n
. i#r
A - g) = Det(%, - )"
du(g) - —s
=apulg)- Det(ir,s)n
= du(g).

1.5 Invariant measure on coset spaces

This monograph focusses on the coset space
GL(n,R)/(O(n,R)-R™).

We need to establish explicit invariant measures on this space. The basic prin-
ciple which allows us to define invariant measures on coset spaces, in general,
is given in the following theorem.

Theorem 1.5.1 Let G be a locally compact Hausdorff topological group, and
let H be a compact closed subgroup of G. Let 1 be a Haar measure on G, and let
v be a Haar measure on H , normalized so that fH dv(h) = 1. Then there exists
a unique (up to scalar multiple) quotient measure fi on G /H . Furthermore

[ r@ano= [ ([ ranam)dne,
G G/H \JH
for all integrable functions f : G — C.

Proof  For aproof see (Halmos, 1974). We indicate, however, why the formula
in Theorem 1.5.1 holds. First of all note that if f : G — C, is an integrable
function on G, and if we define a new function, f7 : G — C, by the recipe

£1(g) = /H Flghydv(h),

then 1 (gh) = f!(g) for all h € H. Thus, f/ is well defined on the coset
space G/H. We write ff(g) = ff(gH), to stress that ¥ is a function on
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the coset space. For any measurable subset E C G/H, we may easily choose
a measurable function 6 : G — C so that

1 ifgH € E,

) =8 (gH) =
e(g) =9d; (gH) {0 if ol & E.

We may then define an H—invariant quotient measure i satisfying:
ﬂ(E)=/8E(g)dM(g)=/ S (gH) dji(gH),
G G/H
and
| r@auo = [ iemdact.
G G/H

for all integrable functions f : G — C. a

Remarks Thereis an analogous version of Theorem 1.5.1 for left coset spaces
H\G. Note that we are not assuming that H is a normal subgroup of G. Thus
G/H (respectively H\G) may not be a group.

Example 1.5.2 (Left invariant measure on GL(n, R)/(O(n, R) - R*))

For n > 2, we now explicitly construct a left invariant measure on the
generalized upper half-plane " = GL(n, R)/(O(n, R) - R*). Returning to the
Iwasawa decomposition (Proposition 1.2.6), every z € §” has a representation
in the form z = xy with

I x12 x13 -~ X1, Yiy2 o Yn-1
I x3 --- X2, Yiya:Yn2
X = ) y = )
1 Xn—1,n Y1
1 1

withx; ; e Rforl <i < j<nandy; >0forl <i <n—1.Letd*z denote
the left invariant measure on h”. Then d*z has the property that

d*(gz) =d*z

forall g € GL(n, R).
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Proposition 1.5.3 The left invariant GL(n, R)-measure d*z on W can be
given explicitly by the formula

d*z=d*x d"y
where
n—1
d'x= [] dxij. dy=[]»""""an. (1.5.4)
I<i<j<n k=1

For example, for n = 2, with z = <2)) )1(), we have d*z = d’;’;y, while for
n = 3 with
Yiy2 X12y1 X133
z=| 0 oo ox3 |,
0 0 1
we have
dyldyz

d*Z = dxlyzdxljd)(zj

(1y2)?

Proof  We sketch the proof. The group GL(n, R) is generated by diagonal
matrices, upper triangular matrices with 1s on the diagonal, and the Weyl group
W, which consists of all » x n matrices with exactly one 1 in each row and
column and zeros everywhere else. For example,

el(3 00

1 00 1 00 010
Wi = 010)}),10 0 1},11 0 0]},

0 0 1 010 0 0 1

0 0 0 0 1 0 0 1

00 1],{1 0 0,0 1 O

1 00 010 1 00

Note that the Weyl group W, has order n! and is simply the symmetric group on
n symbols. It is clear that d*(gz) = d*z if g is an upper triangular matrix with
1s on the diagonal. This is because the measures dx; ; (with1 <i < j < n)are
all invariant under translation. It is clear that the differential d*z is Z,-invariant
where Z,, = R* denotes the center of G L (n, R). So, without loss of generality,
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we may define a diagonal matrix a with its lower-right entry to be one:

a\az - - -ap—|
ayaz---dp-3

a =
a
1
Then
_ _ -1
az =axy = (axa ") -ay
1 a,1X12 Gu1@p2X13 o+ Quo1-c- A1 X,
1 Ap—2X23 cee dpnccta)Xogp
1 ay Xp—1,n
1
ayyr---dp—1Yn—1

ayi

n—1
Thus d*(axa™") = (]_[ a,{f("_k)) d*x. It easily follows that
k=1

d*(az) = d*(axa™" - ay) = d*z.

It remains to check the invariance of d*z under the Weyl group W,,. Now, if
w € W, and

d= _ e GL(n,R)
di

is a diagonal matrix, then wdw ™! is again a diagonal matrix whose diagonal
entries are a permutation of {dy,d, ..., d,}. The Weyl group is generated
by the transpositions w; (i = 1,2, ...n — 1) given in Proposition 1.2.9 which
interchange (transpose) d; and d;,; when d is conjugated by w;. After a tedious
calculation using Proposition 1.2.9 one checks that d*(w;z) = d*z. a
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1.6 Volume of SL(n, Z)\SL(n, R)/SO(n, R)

Following earlier work of Minkowski, Siegel (1936) showed that the volume
of

SL(n, Z\SL(n,R)/SO(n,R) = SL(n, Z)\GL(n,R)/(O(n,R) - R*)
= SL(n, Z)\b",

can be given in terms of

£2)-¢3)---¢n)

where ¢ (s) is the Riemann zeta function. The fact that the special values (taken
at integral points) of the Riemann zeta function appear in the formula for the
volume is remarkable. Later, Weil (1946) found another method to prove such
results based on a direct application of the Poisson summation formula. A vast
generalization of Siegel’s computation of fundamental domains for the case of
arithmetic subgroups acting on Chevalley groups was obtained by Langlands
(1966). See also (Terras, 1988) for interesting discussions on the history of this
subject.
The main aim of this section is to explicitly compute the volume

d*z,
SL(,Z\SL(1,R)/SOn,R)
where d*z is the left—invariant measure given in Proposition 1.5.3. We follow
the exposition of Garret (2002).
Theorem 1.6.1 Let n > 2. As in Proposition 1.5.3, fix

n—1

d'z= [ dxi; [T " " an
k=1

1<i<j<n

to be the left SL(n, R)—invariant measure on )" = SL(n,R)/SO(n, R). Then

n E
f @z =n2 [ st
SL(n,Z)\b" Vol(§¢=1)

=2
where

2(ym)"

Vol($*~1) = S0P

denotes the volume of the (£ — 1)—dimensional sphere S*™' and ¢(€) = > n™*
n=1

denotes the Riemann zeta function.



28 Discrete group actions

Proof for the case of SL(2,R)  We first prove the theorem for SL(2, R). The
more general result will follow by induction. Let K = SO(2, R) denote the
maximal compact subgroup of SL(2, R). We use the Iwasawa decomposition
which says that

~ i 1 x y% 0
SLQ2,R)/K = {z - (0 1) (0 - )

Let f:R?/K — C be an arbitrary smooth compactly supported function.
Then, by definition, f((u, v) - k) = f((u, v)) forall (u, v) € R? and all k € K.
We can define a function F : SL(2, R)/K — C by letting

[T

xeR,y>O}.

Fz):i= Y f(m,n)-2).

(m,n)eZ?
a b
Ify = <c d) € SL 2(Z), then

Fyn= Y f((m,m-(j fl>z>

(m,n)eZ?

- Z f((ma + nc, mb + nd) - z)

(m,n)eZ?

= F(2).

Thus, F(z)is SL(2, Z)—invariant.
Note that we may express

{(m,n) € 7%} = (0,0) U {z L0,1)-y ‘ 0<leZ yeT \SLQ2, Z)},
(1.62)

where

r={(o })

We now integrate F over I'\h?, where h? = SL(2,R)/K, T' = SL(2, Z),
and dxdy/y?* is the invariant measure on h? given in Proposition 1.5.3. It

reZ}.
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immediately follows from (1.6.2) that

dxd
f F) ;y = £((0,0) - Vol(T'\h?)
r\p2

+X ¥ [reeny 9 S

>0 yel\I'
>0 y€ele\ r\p?

dxd
= 7.0 Vol +2 Y [ (e 1)) S

>0

The factor 2 occurs because ( -1 —1 ) acts trivially on h2. We easily observe

that

_ yio 0} _ o
FUO. 1) 2) = f (e(o, 1. ( , y_%>) - f((o, ey )).

It follows, after making the elementary transformations
ye 8y ye oy

that

dxd r
f FE 5 = £(0.0) - VoI\P) + 2% f £©, y) ydy. (1.63)
T\p2 0

Now, the function f((u, v)) is invariant under multiplication by £ € K on the

right. Since ( sinf - —cos ) € K, we see that

cos sin 6

J(0,y)) = f((ycos®, ysin))

for any 0 < 6 < 2m. Consequently

00 1 2 00
/ £, ¥ vy = 5 / F((ycosd, ysing)) do ydy
0 T Jo 0

L / f((u, v))dudv
2
]RZ

1 .
2—.1"((0, 0)). (1.6.4)
T
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Here f denotes the Fourier transform of f in R2. If we now combine (1.6.3)
and (1.6.4), we obtain

d
/ F(z) ddy _ = f((0,0)) - Vol(T'\p*) + ﬁf((o 0)). (1.6.5)
I'\h?

To complete the proof, we make use of the Poisson summation formula (see
appendix) which states that for any z € GL(Z R)

> F(ommy)- (7

Fy= Y f(m n3)=

(m,n)eZ? |D t(Z)| (m,n)eZ?
A -1
> F(ommy- (7Y,
(m,n)eZ?

1

[
sincez= (2" V)
0

1 ) and Det(z) = 1. We now repeat all our computations
2

with the roles of f and f reversed. Since the group I" is stable under transpose—
inverse, one easily sees (from the Poisson summation formula above), by letting

z +> (‘z)7!, that the integral
dxd
/ Fz) &4

I'\h?

is unchanged if we replace f by f.
Also, since f(x) = f(—x), the formula (1.6.5) now becomes

/

r\p?

A 2
(! 0))~V01(F\f)2)+ 2 )f((O 0)). (1.6.6)

If we combine (1.6.5) and (1.6.6) and solve for the volume, we obtain

(£((0,0)) — £((0,09) - vol(['\b?) = (£((0,0)) — £((0, 0))) - C( ).

Since f is arbitrary, we can choose f so that f((0,0)) — £((0,0)) # 0. It
follows that

2;(2) T

Vol(I" = —.

Vol(I'\p*) = =3 O
Proof for the case of SL(n,R) We shall now complete the proof of
Theorem 1.6.1 using induction on 7. O

The proof of Theorem 1.6.1 requires two preliminary lemmas which we
straightaway state and prove. For n > 2, let U, (R) (respectively U,(Z)) denote
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the group of all matrices of the form

1 uj

1 Up—1
1

with u; € R (respectively, u; € Z), fori =1,2,...,n— 1.

Lemma 1.6.7 Let n > 2 and fix an element y € SL(n — 1, 7). Consider
the action of U,(Z) on R"~" given by left matrix multiplication of U,(Z) on

0
(y ) - Uu(R). Then a fundamental domain for this action is given by the

0 1
set of all matrices
<V 0) _ :
0 1 1 u,
withQ <u; < 1for1 <i <n—1.In particular,
Un(Z)\ (g ?) ULR) = (ZARY™.

Proof of Lemma 1.6.7 Let m be a column vector with (m, my, ..., m,_1) as
entries. Then one easily checks that

(D)0 )

where I,_; denotes the (n — 1) x (n — 1) identity matrix. It follows that

Lo mY\ (v Lioi (Z\R)"!

mELZJ‘I( 1>< 1>< ! >
_ Y Infl V_lm [nfl (Z\R)n_l
=Y )m) )

meZn-!

- (V 1), U <1n_1 (Z\R)'”lw—'m)

meZr-!

— (7 )
(7)) e

It is also clear that the above union is over non-overlapping sets. This is because
y 1z =7Z" " fory € SL(n — 1, Z). O

The second lemma we need is a generalization of the identity (1.6.4).
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Lemma 1.6.8 Let n > 2 and let f:R" — C be a smooth function, with
mﬂicient decay at oo which satisfies f(uy, ..., u,) = f(vi, ..., v,) whenever
c+ul=vi+---+v2 Then

n—1 _ 1 / e
/ fO,...,0,0)t" " dt = 7V01(S”—1) 5 fxr, ..., x)dxy---dx
f(0)
Vol(§7—1)’

where

2(/7)"
T (n/2)

Vol(§" 1) =

denotes the volume of the (n — 1)—dimensional sphere S"~!.

Proof of Lemma 1.6.8 For n > 2 consider the spherical coordinates:

Xy =1t-sinf,_;---sinb, sin b,
Xo =1-sin6,_; ---sinb, cos by,
X3 =1-sin6,_; ---sinfzcos b, (1.6.9)

Xp—1 =1t -sinb,_1cosb,_»,
X, =1-co86,_1,
with
0<t<oo, 0<6, <2m, 0<0;<m, (1 <j<n)

Clearly x{ + - - - 4+ x2 = 2. One may also show that the invariant measure on
the sphere $"~! is given by

du®) = [] sin6;y~" as;,

1<j<n

and that dx,dx; - - - dx, = t"~'dt du(f). Then the volume of the unit sphere,
Vol(§"~1), is given by
2(J7)"
T(n)2)

Since f is a rotationally invariant function, it follows that

Vol(§s" 1) = f du®) =
Sn—l

1
f(O, ...,O, f): W[gn_l f()C1, ,x,,)d,u(@)
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with xq, ..., x, given by (1.6.9). Consequently

o0 ) 1 o0 .
©0,...,0,0)t" dt = ——— L x" T du(@)de
fo f( ) T /0 | @)

1
- o) dxy -,
Vol(S”—l)/Rn Fn o) vy dx

d

We now return to the proof of Theorem 1.6.1. Let K,, = SO (n, R) denote
the maximal compact subgroup of SL(n, R). In this case, the Iwasawa decom-
position (Proposition 1.2.6) says that every z € SL(n, R)/K, is of the form
z = xy with

I xi2 x13 --- X1,n
I x3 --- X2.n
X = ,
1 Xn—1,n
1
(1.6.10)
Yiy2 - Yn—1l
Yiy2 -« yn—2t
y = ,
yit
t
—1/n

n—1 .
with t = Det(y)fl/n — (l_[ yinfl
1

In analogy to the previo_us proof for SL(2, R) welet f : R"/K, — Cbe an
arbitrary smooth compactly supported function. We shall also define a function
F :SL(n,R)/K, — C by letting

F(z):=)_ f(m-2).

meZ"

As before, the function F(z) will be invariant under left multiplication by
SL(n, Z).
Let

%
Pn_(O 0 o 1>eSL(n,Z)
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denote the set of all n x n matrices in SL(n, Z) with last row (0,0, ..., 0, 1).
Let I, = SL(n, Z). Then we have as before:

F@=fO+ Y, > fle,y-2)
0<teZ yeP,\TI'y
where f(0) denotes f((0,0,...,0))and e, = (0,0,...,0,1).
We now integrate F'(z) over a fundamental domain for I',,\ h”. It follows that

/F(z)d*z:f(O).Vol(Fn\[j”)+2Z /f(ee,,.z)d*z. (1.6.11)

VY 0 p g

The factor 2 occurs because —1,, (I, = n x n identity matrix) acts trivially on
h". The computation of the integral above requires some preparations.
We may express z € §” in the form

Yiy2- - ynflt
Yiy2: - Yool

1 1
tn=1 .1, 4 tT-1 ],y
Z=X- : ] >
t t

yit
t

where x and ¢ are given by (1.6.10). It follows that

1 Xin I xi2 x13 -+ Xpp—1 O

1 Xon 1 x3 -+ x2,-1 O

z= : . : :
1 X1 10

1 1

n

Yiy2::Ynp—1 - tn-1
Yiy2 e yp—2 - tn-T

1
tTn=1 [,
X .
t

M LT
1
1 X1,n
1 X2.n , .
_ . . . z . tn-T - In—l
- - 3 1 t)]’
1 Xn—1,n
1

(1.6.12)
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where

I xi2 x13 -+ Xip-1
I x23 -+ Xpu-1

1 Xn—2,n—1
1

ViY2 Y1 ctn-1
Yiy2:oYp—p - tot

Now z’ represents the Iwasawa coordinate for SL(n — 1, R)/SO(n — 1,R) =
h"~!, and the Haar measure d*z’ can be computed using Proposition 1.5.3 and
is given by

n—2
—k(n—1—k)—1
d*Z/: 1_[ dx,;j Hyk-k—;n ) dy/ﬁq.
k=1

1<i<j<n-—1

If we compare this with

n—1
d'z= [ dxi; []oc" " an
k=1

I<i<j<n

D11
= 1_[ dx; j Hyk+1 =0 gy,
I<i<j<n k=0
we see that
n—1
d

d*z = d*z [[dxj, i 2L (1.6.13)

j=1 1

Here, the product of differentials is understood as a wedge product satisfying
the usual rule: du A du = 0, given by the theory of differential forms. Since

n—1

—(n=1)/ —(n—i)/
f = v n nl_[yi n—i n’
i=2

we see that
dt n—1dy

- +Qv
t n Y1

where 2 is a differential form involving dy; foreach j =2,3,...,n — 1, but
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not involving dy;. It follows from (1.6.13) that

. Vl*l d[
d*z = — z ]_[dxj,n ’nT' (1.6.14)
j=1

We also note that, by (1.6.12), we have

Flley-2)=f (zen . (’_ﬁ I t)) = f(tre). (1.6.15)

The last thing we need to do is to construct a fundamental domain for the
action of P, on ). Every p € P, can be written in the form

p:<7/ ’;) (withy € SL(n —1,Z), b e Z").

By (1.6.12), we may express z € h" in the form

X1,n

’ L X
z u t n—l.I_ 2.n _
Z:( 1)( n=l l)’ u = . e R L

xnfl,n

1
_ (v v-u+b I
pe= (77 v ( ).

from which one deduces from Lemma 1.6.7 that

It follows that

PA\D" = SL(n — 1, Z)\b"' x (R/Z)"™" x (0, 00),

With these preliminaries, we can now continue the calculation of (1.6.11).
It follows from (1.6.14), (1.6.15), and Lemma 1.6.8 that

2y / f(te, - 2)d*z

>0
AU

:nz_”l Z f ]—[dx,n /f(ezen)t —

£>0 1
. l\h" ! ®/Zy-1 =

2 ¢(n) Vol(T,—1\p" ") / fte)t" at
n—1 t
t=0

/0

VoI5 T (1.6.16)

2
= e Vol (T \p )
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Here, we used the facts that

f d*z' = Vol(T,_1\p" "), / [Tdxjm=1.

Lo\t ®/zy-r 7
Combining (1.6.11) and (1.6.16) gives

2n é‘(l’l) VOI(Fn—l \hn_l)
(n — 1)Vol(S"=1)

/ F(z)d*z = £(0) - Vol(I',\b") + /(0) -
r”\h”
(1.6.17)

As before, we make use of the Poisson summation formula
Fy=) fm-2)=Y fm-(2)™,
mezr mezr

which holds for Det(z) = 1. Since the group I'), is stable under transpose—
inverse, we can repeat all our computations with the roles of f and f reversed,
and the integral

/ F(z)d*z
La\b”
again remains unchanged. The formula (1.6.17) now becomes
21 £(n) Vol(I'—1 \b" )
(n — 1)Vol(S"—1)
2n¢(n) Vol(F,,_l \b”fl)
(n — DVol(S"—1) °

£(0) - Vol(T',\b™) + £(0) -

= £(0)- Vol(I',\b™) + £(0) -

Taking f so that £(0) # £(0), we obtain
2n¢(n) Vol(T',—1 \b" ")
(n — DVol(S*=1) ~

Theorem 1.6.1 immediately follows from this by induction. O

Vol(I',\h") =

GL(n)pack functions The following GL(n)pack functions, described in the
appendix, relate to the material in this chapter:

IwasawaForm IwasawaXMatrix IwasawaXVariables
IwasawaYMatrix IwasawaY Variables IwasawaQ
MakeXMatrix MakeX Variables MakeYMatrix

MakeY Variables MakeZMatrix MakeZ Variables
VolumeFormDiagonal VolumeFormHn VolumeFormUnimodular

VolumeHn Wedge d.
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Invariant differential operators

It has been shown in the previous chapter that discrete group actions can give
rise to functional equations associated to important number theoretic objects
such as the Riemann zeta function. Thus, there is great motivation for studying
discrete group actions from all points of view. Let us explore this situation in
one of the simplest cases. Consider the additive group of integers Z acting on
the real line R by translation as in Example 1.1.2. The quotient space Z\R is just
the circle S'. One may study S! by considering the space of all possible smooth
functions f:S' — C. These are the periodic functions that arise in classical
Fourier theory. The Fourier theorem says that every smooth periodic function
f:8' — C can be written as a linear combination

f(X) — ZaneZTrinx

nez

where
] .
a, :/ Fx)e i gy,
0

for all n € Z. In other words, the basic periodic functions, 2T with n € Z,
form a basis for the space £ (Z\R). It is clear that a deeper understanding of
this space is an important question in number theory. We shall approach this
question from the viewpoint of differential operators and obtain a fresh and
illuminating perspective thereby.

A basis for the space £2 (Z\R) may be easily described by using the Laplace
operator j—:z One sees that the basic periodic functions e>™"* (with n € Z) are
all eigenfunctions of this operator with eigenvalue —4m2n?, i.e.,

2

y 262mnx — _4712”2 . eZmnx.
X

38
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Consequently, the space £ (Z\R) can be realized as the space generated by
the eigenfunctions of the Laplacian. What we have pointed out here is a simple
example of spectral theory. Good references for spectral theory are (Aupetit,
1991), (Arveson, 2002).

In the higher-dimensional setting, we shall investigate smooth functions
invariant under discrete group actions by studying invariant differential opera-
tors. These are operators that do not change under discrete group actions. For
example, the classical Laplace operator % does not change under the action
X + x + n for any fixed integer n. It is not so obvious that the operator

2 2
(L
ax2  9y?
is invariant under the discrete group actions

az+b
= )
cz+d

d
theory of invariant differential operators and the best framework to do this in
is the setting of elementary Lie theory. For introductary texts on differential
operators, see (Boothby, 1986), (Munkres, 1991). The classic reference on Lie
groups and Lie algebras is (Bourbaki, 1998b), but see also (Bump, 2004). In
order to give a self-contained exposition, we begin with some basic definitions.

with (a b ) € GL(2, R). The main aim of this chapter is to develop a general
c

2.1 Lie algebras

Definition 2.1.1 An associative algebra A over a field K is a vector space
A over K with an associative product o, which satisfies for all a, b, ¢ € A, the
following conditions:

* a o b is uniquely defined anda o b € A,

ceao(boc)=(aob)oc, (associative law)

e (a+b)yoc=aoc+boc,
co(a+b)=coa+cob, (distributive law).

Note that in a vector space we can either add vectors or multiply them by
scalars (elements of A). The associative product gives a way of multiplying
vectors themselves.

Example Let R be the field of real numbers and let
A=Mm,R)
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denote the set of n x n matrices with coefficients in R. Then A = M(n, R) is
an associative algebra over R where o denotes matrix multiplication. A basis
for the vector space A over R is given by the set of n? vectors E i,j where E; ;
denotes the matrix with a 1 at position {7, j} and zeros everywhere else.

Definition 2.1.2 A Lie algebra L over a field K is a vector space L over K
together with a bilinear map [, | (pronounced bracket), of L into itself, which
satisfies for all a, b, ¢ € L:

* [a, b] is uniquely defined and [a, b] € L;

* [a, Bb+yc]=Bla,b]+yla,c]l, VB,y €K;
la,a] = 0;
[
[

,bl = —[b,al, (skew symmetry),

a
a, b, cl]+ b, [c,al]l + [c, [a, b]] =0, (Jacobi identity).

Example Every associative algebra A (with associative product o) can be
made into a Lie algebra (denoted Lie(A)) by defining a bracket on A:

[a,bl=aob—boa, Ya,beA.
This is easily proved since [a, b] is clearly bilinear, [a, a] = 0 and
[la, b], c] +[[b, c], a] + [lc, al, b]
=(@ob—boa)oc—co(aob—boa)

+(hoc—cob)oa—ao(boc—cob)

+(coa—aoc)ob—bo(coa—aoc).

We now show that it is also possible to go in the other direction. Namely,
given a Lie algebra L, we show how to construct an associative algebra U (L)
(called the universal enveloping algebra) where

L C Lie(U(L)).

In order to construct the universal enveloping algebra, we remind the reader of
some basic concepts and notation in the theory of vector spaces. Let V denote
a vector space over a field K with basis vectors vy, v,, ... Then we may write

V = ®D; KV,‘.

Similarly, if W is another vector space with basis vectors w;, wy, . .. such that
w; &V fori =1,2,..., then we may form the vector space

Vew
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(defined over K) with basis vectors vy, Wi, Vo, Wa, ... Similarly, we can also
define higher direct sums

oV
14

of a set of linearly independent vector spaces V,. We shall also consider the
tensor product V ® W which is the vector space with basis vectors

Vi W, i=12,....)=12,..)

and the higher tensor products &V (fork=0,1,2,3,...) where @ V=K
and for k > 1, ®" V denotes the vector space with basis vectors

Vil ®Vi2®"'®vik

where i; =1,2,...for 1 < j < k. If L is a Lie algebra, then when we take
direct sums or tensor products of L the convention is to forget the Lie bracket
and simply consider L as a vector space.

Definition 2.1.3 Let L be a Lie algebra with bracket [, ]. Define
TL) =& &L,
k=0

and define (L) to be the two-sided ideal of T (L) generated by all the ten-
sors (linear combinations of tensor products), X @ Y —Y @ X — [X, Y], with
X,Y € L. The universal enveloping algebra U (L) of L is defined to be

UML) =TM)/1(L)
with an associative multiplication o given by

no&=n®E& (mod I(L)).

Example 2.1.4 Let L = M (3, R), the Lie algebra of 3 x 3 matrices with
coefficients in R and with Lie bracket

[X,Y]=X-Y-Y -X

where - denotes matrix multiplication. We shall now exhibit two examples of
multiplication o in U (L). First:

1 00 0 1
00 0]olo 0 (mod 1(L)).
000 00

o oo
Il
oo~
o oo
oo~
o oo



42 Invariant differential operators

The second example is:

1 00
0 0 0])o
0 0 0

S O O
S O O
|
S o O
S O
o O O
o
(e
oS O O

0
0| (mod I(L))
0

(mod (L))

oo oo o0 oo

S o= O O =

~— O O O
O =

S OO O O =

The latter example shows that in general
XoY—-YoX=X-Y—-Y-X (modI(L)),

which is easily proved.

2.2 Universal enveloping algebra of gl(n, R)

The group GL(n, R) is a Lie group and there is a standard procedure to pass
from a Lie group to a Lie algebra. We shall not need this construction because
the Lie algebra of GL(n, R) is very simply described. Let gl(n, R) be the Lie
algebra of GL(n, R). Then gl(n, R) is the additive vector space (over R) of all
n x n matrices with coefficients in R with Lie bracket given by

[a,ﬂ]:a-ﬂ—ﬂ-a

for all «, B € gl(n, R), and where - denotes matrix multiplication. We shall
find an explicit realization of the universal enveloping algebra of gl(n, R) as an
algebra of differential operators. We shall consider the space S consisting of
smooth (infinitely differentiable) functions F :GL(n, R) — C.

Definition 2.2.1 Ler a € gl(n,R) and F € S. Then we define a differential
operator Dy acting on F by the rule:

3 d
DuF(g) = o F(g-explia))| ~=-F(g+i(g )| .
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Remark Recall that exp(t) =1 + Z,fil (ta)*/k!, where I denotes the
identity matrix on gl(n, R). Since we are differentiating with respect to ¢ and
then setting + = 0, only the first two terms in the Taylor series for exp(fo)
matter.

The differential operator D,, satisfies the usual properties of a derivation:

Dy (F(g)-G(g) = Dy F(g)-G(g)+ F(g)- DuG(g), (product rule),
Dy F((G(g)) = (D F)G(g)) - DaG(2), (chain rule),

forall F,G € S,and g € GL(n, R).

Example  2.2.2 Let g:(i’ Z), F(g):=2a+a*+b+d+d,
00

ad a b 1 ¢ a a at+b
DaF = —F = —F
©) =73 <<c d) (o 1>> o ar <<c ct+d>>
_ 9 2 3
= <2a+a +at+b+ct+d+(ct+d))

at
=a+c+3cd’.

o= (O 1). Then we have

t=0

t=0

The differential operators D, with o € gl(n, R) generate an associative alge-
bra D" defined over R. Then every element of D" is a linear combination
(with coefficients in R) of differential operators Dy, 0 Dy, o -+ o D, with
a1, 0, ..., 0 € gl(n, R), where o denotes multiplication in D", which is
explicitly given by composition (repeated iteration) of differential operators.

Proposition 2.2.3 Fixn > 2. Let Dy, Dg € D" witha, B € gl(n, R). Then

DDH-ﬁ = Da +Dﬁr
sz ODﬂ - Dﬂ ODa = D[d,ﬂ]’

where [a, B] = o - B — B - «, denotes the Lie bracket in gl(n, R), i.e., - denotes
matrix multiplication.

function F(g), defined on GL(n, R), can be thought of as a function of n?
real variables g; ; with 1 <i <n,1 < j < n. It immediately follows from the
chain rule for functions of several real variables and Definition 2.2.1 that

= a
DoF() =D (8- 5 —F(2). (22.4)
ij=1 8ij
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Here, (g - @); j denotes the i, j entry of the matrix g - . It immediately follows
from (2.2.4) that Dy g = D, + Dg.If we now apply Dy to the above expression
(2.2.4), we see that

n

9 9
DpoDy F(g) =Y e [((g+t(g-/3))-a)i,j : EF(ngt(g-ﬁ))}

i j=1 =0
% oF
= Z(g‘ﬁ'a)i,j‘f
i,j=l1 gl,J
- 9*F
+ &-Bijg-ij .
w,jZ;l o " 9gi,08i 5
Consequently,
4 oF
(Dg o Dy — Dy 0 Dg)F(g) = iJXZ:l(g B By
= Dig,a1F (8),
which completes the proof of the proposition. O

Proposition 2.2.3 shows that the ring of differential operators D" is a real-
ization of the universal enveloping algebra of the Lie algebra gl(n, R).

Corollary 2.2.5 If D,oDg=DgoD, for a pBeglnR), then
Dup = Dpa.

Proof It follows from Proposition 2.2.3 that
0 = Da o Dﬂ - Dﬂ [©] Da = Da-ﬁ—ﬁ-a = Da.f; - Dﬁ.a. O

Define

1

Proposition 2.2.6 For n > 2, let f:GL(n,R) — C be a smooth function
which is left invariant by G L(n, Z), and right invariant by the center Z,. Then
for all D € D", Df is also left invariant by GL(n, Z), right invariant by Z,,
and right invariant by the element §;.

Proof It is enough to consider the case when

D =Dy oDy 00Dy,
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withm > 1, and o; € gl(n,R) fori = 1,2, ..., m. Since f is left invariant by
GL(n,7Z),1ie., f(y-g) = f(g) for all g € GL(n,R), it immediately follows
from Definition 2.2.1 that

9 0 9
D - ehart o timam
o8 =509 o f(rs Moo
9 0 9 ,
= — ...— f(oe 100 Al Oy
onon A’ (s Moo
= Df(g).

Similarly, let 6 € Z,. Then 8g = g6 for all g € GL(n, R). It follows, as
above, that

0 0 0
Df(gd) = — — ... S Hoy+e iy
H&d) =505, armf(g ¢ Moo
d 9 o ot
_ — e — elal mama
on o on (s Moo
_ a 8 8 oy +tpoy
T 04 A 8t,,,f(ge ) =0, st =0
= Df(g).

Finally, we must show that Df is right invariant by §;. Note that for all
g € GL(n, R,

(Df)((81-g-81)-81) = (Df)S1-8) = (Df)g) = D(f(g)
= D(f(é1-g 1)),
because 8; € O(n, R)NGL(n,7Z). Thus, (Df)(g:-81) = D(f(g1)) with

g1 = &) - g - 8;. The proposition follows because the map g — g; is an iso-
morphism of h”. O

The associative algebra D" can also be made into a Lie algebra by defining
a bracket [D, D'l =D oD’ — D' o D for all D, D' € D". There is a useful
identity given in the next proposition.

Proposition 2.2.7 Forn > 2, leta, B € gl(n, R) and D € D". Then
[Dy, Dg o D] =[Dy, Dglo D + Dg o [Dg, D].
Proof Wehave[D,, Dgo D] = DyoDgoD — DgoD o D,.Onthe other

hand, [Dgy, Dglo D + Dgo[Dy, D] = (DyoDg—DgoDy)oD + Dgo
(Dyg o D — D o D,). It is obvious that these expressions are the same. d
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2.3 The center of the universal enveloping algebra
of gl(n, R)

Let n > 2. We now consider the center ©" of D". Every D € ®" satisfies
DoD' =D'oDforall D' € D".

Proposition 2.3.1 Letn > 2 and let D € ®" lie in the center of D". Then D
is well defined on the space of smooth functions

f:GL(n,Z)\GL(n,R)/(O(n,R)Z,) — C,

(Df)y -g-k-8)=Df(g),
forallg €e GL(n,R),y € GL(n,7),§ € Z,,and k € O(n, R).

Proof  Proposition 2.2.6 proves Proposition 2.3.1 for the left action of
GL(n,Z) and the right action by the center Z,. It only remains to show that
(Df)g-k)=Df(g) fork € O(n,R)and g € GL(n, R).

Fix the function f, the differential operator D € ©”the matrix
g € GL(n,R), and, in addition, fix a matrix 4 € gl(n, R) which satisfies
h+'h =0.Given f, D, g, h, we define a function {¢¢p o» = ¢}:R — C as
follows:

¢(u) := D(f(g - exp(uh))) — (Df)(g - exp(uh)).

Clearly ¢(0) = 0. We will now show that d¢/du = 0, which implies by ele-
mentary calculus that ¢(u) is identically zero. The proof that ¢’(u) = 0 goes as
follows:

=2
¢'w) = - pu+1)

t=0

d
=~ (D(f(g - exp((u + 1)+ 1) = (DF)(g - exp((u + 1) ) )

ot t=0

0
= = (D(f(s - expuh) - exp(th)) — (DF)(g - exp(uh) - exp(th)) L,
= (D o Dy)(f(g - exp(uh))) — (D4 o D) f)(g - exp(uh))
= 0’

because D o Dy, = Dy, o D.
It follows, as explained before, that ¢(u) = 0. Now, the elements exp(uh)
with & + 'h = 0 generate O (n, R)™ (the elements of the orthogonal group with
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positive determinant). This is because Det(exp(u/)) > 0 and
exp(uh) - "(exp(uh)) = exp(u(h +'h)) = I,
the identity matrix. Consequently,

0= ¢(u) = D(f(g - exp(uh))) — (Df)(g - exp(uh))
= D(f(g)) — (Df)(g - exp(uh)).

Thus, Df is invariant on the right by O(n, R)*. On the other hand, we already
know by Proposition 2.2.6 that Df is invariant on the right by the special
element §; of determinant —1. It follows that Df must be right—invariant by
the entire orthogonal group O (n, R). This proves the proposition. O

‘We now show how to explicitly construct certain differential operators (called
Casimir operators) that lie in ©”, the center of the universal enveloping algebra
ofgl(n,R).Forl <i <n,1 < j<nletk;; € gl(n, R)denote the matrix with
a 1 at the i, jth component and zeros elsewhere. Then, computing the bracket
of two such elements, we easily see that

[Eij, Eijl=Eij-Evj—Eij-Eij (23.2)
=6y Eijy—96 jyEp;,

1 ifi=

where §; ; = I is Kronecker’s delta function.

0 otherwise,

Proposition 2.3.3 Letn > 2and E; j (with1 < i, j < n) be as above. Define
D, j = Dg,; with Dg,, given by Definition 2.2.1. Then for 2 < m < n, the
differential operator (Casimir operator)

n n n
Z Z aE Z Di iy o Diyiy 0 -++ oD,
ii=lip=1  ip=1
lies in D", the center of the universal enveloping algebra of gl(n, R).

Proof Let

n n

D :ZZ"'iDil,izoDizviBO <o oDy .

i1=1i=1 im=1

It is enough to show that [D,;, D] =0 for all integers 1 <r <n,1 <s <n.
We shall give the proof for m = 2. The case of general m follows by induction.
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It follows from Proposition 2.2.7, (2.3.2) and Proposition 2.2.3 that

n n

[Dys. D1=Y Y (IDrs. Dj,.iy] © Diyiy + Diy iy © [Drs Diyi])

i1=1i=1

= Z Z ( 1,8 rh — Or, lzDil,s) o Diz,il + Di],iz o (8iz,SDl‘,i| - Bl'JlDiz,S))

i1=1i=1

n n n n
= E Dr,iz o Diz,x - E Dil,x o Dr.il + E Dil,s o Dr,i. - E Dr.iz o Diz,s
el = =1 =l

=0.
g

Example 2.3.4 (The Casimir operator for gl(2, R)) We use the notation

of Proposition 2.3.3 in the case n = 2, and let z = (g T) € GL(2,R). By

Definition 2.2.1 we have the following explicit differential operators acting on
smooth functions f:h?> — C.

'_8 y x y X 1 0
Dl,lf(Z)'—Ef(<0 1)+t<0 1)(0 0))
_ 0 yd+1) x
- 3tf<< 0 1))’,:0

0
= }’5 f@.

_ 9 y o x y x 0 1
oarir= £1((s )G DG )

t=0

=0
_3 y x4ty
_arf(<o 1 )) o
d
=}’a—xf(2)
d
o= (5 ’i)“(é ) 0)
=0

9 y xt? -20—)t+x
- 1241 r+1
at ! 0
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_ 9 y X y X 0 0
paser=g((o 1)+ )0 )]
_ 9 y X+tx
-5 )L
<L x
3((5 D)
! =0
ad

= —)’5 f(@).

Warning Although f:h?> — C satisfies f(z-k) = f(z) for all

ke O2,R) - Z,, it is not the case that D; ; f is well defined on h? for
1 <i, j <2. For example, although D, = D, = yd/dx, it is not true that
Dy 0Dy = (yd/dx).

We compute the second order differential operators as follows.

Di10oDy1f(2)

Dis0Dy 1 f(2)

a 0 X
D0 ((
oty 9t 01

a 0 y X
a—na—fzf«o I
0 0

8[1 alz

It

ENERRt
ENEnEt
(0

y+xh
8[1 312

.(()(1-+t1+-ﬁ-+tlh) .x))
/ 1

)-(5" ) ()

L+t +6+ht 0))

0 1

DG
)

)

163
14+t

1+ 41t

(n3+n+n)y

n(ns +2t2+11)+1 X

811 8l2

)m

9
2 _
( y8y+y

n(n3+2n+0)+1

1

1n=0,1

=0, ,=0

11=0, =0

t1=0, t,=0

11=0, ,=0

vt + x(1 + t112)> )

t1=0, t,=0

H=0, 1

=0

=0
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- 5 3 y X 1 # 1 O
Dz,lODl,zf(Z)—a_tlatzf(( 1) <0 1>.<t2 1>>

11=0, =0
_ 99 f<(t2x+y(1 + i) x+t1y>>
3[1 8[2 12 1 1t =0, ,=0
y (n3+n+0)y
_ 99 A X+ =7n
at] 8[2 0 1 =0, 1,=0
2
=Y 51G)
0
Dy20Dysf(z) = )’5 +y f(@).
The Casimir operator is then given by
32 ) 82
DijoDyj+Di20Dyi+ DyyoDis+ DapoDyp =2y ay? +2y a2

The following proposition is the basic result in the subject. As pointed out in
(Borel, 2001), it was first proved by Capelli (1890).

Proposition 2.3.5 Every differential operator which lies in ©" (the center of
the universal enveloping algebra of gl(n, R)) can be expressed as a polynomial
(with coefficients in R) in the Casimir operators defined in Example 2.3 4.
Furthermore, " is a polynomial algebra of rank n — 1.

2.4 Eigenfunctions of invariant differential operators

We would like to construct an eigenfunction of all differential operators
D € ®", where ©" denotes the center of the universal enveloping algebra of
gl(n, R). Here gl(n, R) is the Lie algebra of GL(n, R), i.e., the vector space
of all n x n matrices with coefficients in R. We would like the eigenfunction
f to be a smooth function f:§" — C, where h” = GL(n, R)/(O(n, R) - R*).
Then, we say f is an eigenfunction of D € D", if there exists a complex number
Ap such that

Df(z) = Ap f(2)
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forallz e h*.Letz = x -y € h’* where

I x12 x13 - X1, Yiy2: - Yn-1
I x5 - X2, Yiya© o Yn—2
x = : Sl oy= : :
1 Xn—1,n Y1
1 1

withx; ;e Rforl1 <i < j<nandy, >0forl <i <n-—1.

We shall now define the important /,—function, which is a generalization
of the imaginary part function (raised to a complex power s) on the classical
upper half-plane. It will be shown that the /;—function is an eigenfunction
of ®".

Definition 2.4.1 Forn>2,5s=(s1,82,...,5,—1) € C" ' andz=x - yeb,
as above, we define the function, I : h" — C, by the condition:

n—1n—1

L@ =TT

i=1 j=1
where

b — ij ifi+j<n,

Y= d—j) ifi+j=n

The coefficients b; ; are incorporated into the definition because they make
later formulae simpler. Note that since /;(z) is defined on the generalized upper
half-plane, h”, it must satisfy

I(z - k-a)=I(2)
forall k € O(n,R), a € R*.

Example 2.4.2 (Eigenfunction for GL(2, R)) In this example, we may take
7 = (i)} )1C>, s € C, and I;(z) = y*. Then, we have shown in Example 2.3.4
d? a2
that A = y? | — + — ] is a generator of D2. Clearly,
axz  9y?

Aly(z) = s(s — DIy(2).
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Proposition 2.4.3 Let n > 2, and let I;(z) be as given in Definition 2.4.1.
Define D; ; = DEi./ where E; ; € gl(n, R) is the matrix with a 1 at the i, jth
component and zeros elsewhere. Then for 1 <i,j <n,andk =1,2,..., we
have

i L@ ifi=

Df I(z) =
" otherwise,

where Df ;=Dijo---0oD;;j denotes composition of differential operators
iterated k times.

Proof  Note that the function /(z) satisfies I;(x - y) = I;(y) for all x, y of the
form

I x10 x13 -+ X1, Yiy2- - Yn-1
I xp3 --- X2,n Yiy2+ - Yn—2
X = ) y = ’
1 Xn—1,n Y1
1 1

withx; ; € Rforl <i < j<nandy; > Oforl <i <n — 1.Iteasily follows
that D; ;I(x - y) = D; ;I;(y). If i < j, then by Definition 2.2.1, we have

3 9
Di i 1i(y) = —I,(y +1 E‘ — yr e Ve I(y) = 0
L) 5 sy Eig)| = vy o3, s()
Ifi = j, then

0
D;I(y) = Els(y +ty- Ei,i)

<yn [ — Z yZ_) I ()’)
Yn—i C=n—i+1
= Sn—i * Iv(y)

In a similar manner,

9 k
DiI) = () L (™) | = sk .
nils () (az) (e | = sl

Ifi > j,then the argument is more complicated. We make use of Proposition
1.2.8. It follows as before that

Kl
Diil() = -4y U +1E;) |

where [ is the identity matrix. By Proposmon 1.2.8, 1 +tE; ; is a matrix with
either 1, (¢ + 1)%, or (t> + 1)_% on the diagonal. When you take the derivative
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of any of these with respect to ¢ and then set # = 0 you must get zero as an
answer. So the only contribution comes from the off diagonal entry ¢ /(> + 1)% .
Consequently

ad
Dl,jls(y)zylyZyn—jvls(y)zo O
Jl

GL(n)pack functions The following GL(n)pack functions, described in the
appendix, relate to the material in this chapter:

ApplyCasimirOperator GetCasimirOperator IFun.
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Automorphic forms and L—functions for
SLQ2, Z)

The spectral theory of non-holomorphic automorphic forms formally began
with Maass (1949). His book (Maass, 1964) has been a source of inspiration
to many. Some other references for this material are (Hejhal, 1976), (Venkov,
1981), (Sarnak, 1990), (Terras, 1985), (Iwaniec-Kowalski, 2004).

Maass gave examples of non-holomorphic forms for congruence subgroups
of SL(2, Z) and took the very modern viewpoint, originally due to Hecke (1936),
that automorphicity should be equivalent to the existence of functional equa-
tions for the associated L-functions. This is the famous converse theorem given
in Section 3.15, and is a central theme of this entire book. The first converse
theorem was proved by Hamburger (1921) and states that any Dirichlet series
satisfying the functional equation of the Riemann zeta function ¢ (s) (and suit-
able regularity criteria) must actually be a multiple of ¢ (s).

Hyperbolic Fourier expansions of automorphic forms were first introduced
in (Neunhoffer, 1973). In (Siegel, 1980), the hyperbolic Fourier expansion of
G L(2) Eisenstein series is used to obtain the functional equation of certain
Hecke L-functions of real quadratic fields with Grossencharakter (Hecke, 1920).
When this is combined with the converse theorem, it gives explicit examples
of Maass forms. These ideas are worked out in Sections 3.2 and 3.15.

Another important theme of this chapter is the theory of Hecke opera-
tors (Hecke, 1937a,b). We follow the beautiful exposition of Shimura (1971),
but reduce the key computations to the Hermite and Smith normal forms
(Cohen, 1993), a method which easily generalizes to SL(n, Z) with n > 2.
The Hecke operators map automorphic forms to automorphic forms. Hecke
proved the remarkable theorem that if an automorphic form is an eigenfunction
of all the Hecke operators then its associated L-function has an Euler product
expansion.

Finally, the chapter concludes with the Selberg spectral decomposition
(Selberg, 1956) which has played such a pivotal role in modern number theory.

54
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3.1 Eisenstein series

-2 )

be the upper half-plane associatedto GL(2, R), i.e., f)2 =GL2,R)/(O2,R)-
R*). It is clear that for s € C and z € b, the function /;(z) = y® is an eigen-

Let

xeR,y>O}

function of the hyperbolic Laplacian A = —y? (% + %), with eigenvalue

s(1 —s). If R(s) > %, the function /;(z) is neither automorphic for SL(2, Z)
nor is it square integrable with respect to the GL*(2, R) invariant measure
dxdy/y?* (over the standard fundamental domain SL(2, Z)\b given in Exam-
ple 1.1.9). The fact that A is an invariant differential operator does imply that

Ali(gz) = s(1 —s)I(gz) (3.1.1)

for any ¢ € GL*(2, R). An automorphic function for SL(2, Z) is a smooth
function f : SL(2, Z)h?> — C. One way to construct an automorphic function
for SL(2, Z) which is also an eigenfunction of the Laplacian A is to average
over the group. Since I(az) = I(z) for any

1 m
o € Foo.—{<0 1) ‘meZ},

and ', is an infinite group, it is necessary to factor out by this subgroup. The
cosets ['oo\SL (2, Z) are determined by the bottom row of a representative

a b * % u —v
(00D ) e}
Each relatively prime pair (c, d) determines a coset.

Definition 3.1.2 Let z € h%, R(s) > 1. We define the Eisenstein series:

I(yz) 1 It
E(z,s) := Z Ly 1 Z )
yermstozy 2 2 a2 lez +d|

(c,d)=1

Proposition 3.1.3 The Eisenstein series E(z,s) converges absolutely and
uniformly on compact sets for z € h* and R(s) > 1. It is real analytic in z and
complex analytic in s.

In addition, we have the following:
(1) Lete > 0. Foro = R(s) > 1 + € > 1, there exists a constant c(€) such that

|Ez,s) =yl <cley™,  fory=1
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] b
@) E (222 5) = E(z, 5) for all (‘CZ d) € SLQ2, 7).
(3) AE(z,s) =s(1 —s)E(z,s).

Proof First of all, for y > 1, we have

(e

1 y
|E(z,s) —y'| < —
Z C2(7 Z+%|20

(c,d):l |
>
=) Z o Z
c>1 1 l meZ |

Since the set {|z + (r/c)+m| |m e Z,1 <r <c, (r,c) =1} forms a set of
points spaced by (1/c), we may majorize each term so that

es’x+f+m’<e+1
.

for some integer £. There are at most ¢(c) such terms for each £. It follows
that

) s o 90)
|E(z, ) = y'| <y Z 20 Z(gz+y2)a

c=1 LeZ

Qo —1) S 1
2 o
<N e @y

=0

gc<2a—1>(_2(, /w du >
o e — =
=Y e Ut e

< ylfa.

The second statement of Proposition 3.1.3 follows easily from the fact that for
every y € SL(2,7Z), we have y(I'oo\SL(2, Z)) = (' \SL(2, Z)) . The third
statement is an easy consequence of (3.1.1) and the definition of E(z,s). O

We now determine the Fourier expansion of the Eisenstein series. This
requires some computations involving Ramanujan sums whose definitions and
theory we briefly review.

Definition 3.1.4 For fixed integers n, c with ¢ > 1, the Ramanujan sum is
the exponential sum

S(n;c) = Z e¥ine

r=1
(r,c)=1
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The Ramanujan sum can be explicitly evaluated using the Moebius function
(n) which is defined by the conditions:

u(l) =1, (3.1.5)
3™ i) = 1 ifn=1 616
dln“ o itn 1, o

Proposition 3.1.7 We have
S(n;c) = Z L ( )
n, Ll
and for R(s) > 1,

’

i S(;c) _ o15(n)
= ¢(s)

where o,(n) = Zd‘n d* is the divisor function.

Proof  Using the properties (3.1.5), (3.1.6) of the Moebius function, we sift
out those integers r relatively prime to ¢ as follows:

S(iey =) & Y u(d)
r=1

dlc,d|r
— Z ,bL(d) Z 2ﬂin£
dIe = mod )
_ Z M(d i rrznﬂ’
d|c n=1
= Y Su@=Y en(3)
d|L, < ., £ln,L|c

9q - nm
Here, we have use the fact that the sum ) ¥ % is zero unless g|n, in which
m=1
caseitisgq.

For the second part of the proposition, we calculate

S( ) = : (m) s _
S P S (§) =Dy A e o

c=1 c=1 Lln,L|c Lin  m=1

It is easily verified that all the above sums converge absolutely for
NR(s) > 1. O
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Theorem 3.1.8 Let R(s) > 1 and z = (é T) € b2. The Eisenstein series

E(z, s) has the Fourier expansion

BG.9 =y o'+ g s )Zal @I, Qalnl e

where

_ ~T-3)¢@s—1n
¥ = VT G

os(m) =) _d’,

din
d=0

and

u

L 1., du
K)=j [ b S
0

Proof  First note that

F2EGE, ) =)y + )Y —

i A L + P

1 =0
If weletd, o= " and d = mc + r, it follows that
0 n#0,

1
z(2s) / E(z, 8)e” " dx

2mwinx
29y o+ Y e /761
e ZC 21:,% ftmt i
1+m+* i 1()(__)
— cs)y’ 6no+2c*22 / T

r=1 meZ

s ,—2mwinx

> < 2minr T y e
=228)y 8,0+ cEY e ————dx
; ; %+ 52y

Since

" ominr ¢ cln
e c
r=1 0 ¢ /{ln’
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it is clear that
00 —2mwinxy
e )
dx,

1
£(2s) /O E(z,5)e™ ™ dx = £(25)y* 8,0 + 012, (m)y'™ /_oo 2+ 1y

with the understanding that o_»;(0) = ¢(1 — 2s). The proof of the theorem
now immediately follows from the well-known Fourier transform:

) I'(s—5 :
o 672711.'6)' \/_ ([‘(s)Z) if y = 0,
o dy — - (3.1.9)
oo (24 1) %KS,%(ZNIYI) if y # 0.

We may easily prove (3.1.9) as follows.

—2 X
F(S)/ T i yv / f o U—2mixy dx d_u
0o (X% + 1) 1+ x2 u
:/ us/ e X e—me)d du
u

— "u —,

u

—nx?

since e is its own Fourier transform. O

Theorem 3.1.10 Let z € h? and s € C with %(s) > 1. The Eisenstein series
E(z,s) and the function ¢(s) appearing in the constant term of the Fourier
expansion of E(z, s) can be continued to meromorphic functions on C satisfying
the functional equations:

(1) o)1 —s)=1;
(2) E(z,s) = ¢()E(z, 1 —s).

The modified function E*(z,s) =n " T(s)¢(2s)E(z,s) is regular except
for simple poles at s =0,1 and satisfies the functional equation
E*(z,s) = E*(z, 1 — s). Furthermore the residue of the pole at s = 1 is given
by

Rels E(z,s) = —

forall z € b.

3.2 Hyperbolic Fourier expansion of Eisenstein series
In this section we use the classical upper half-plane model for h2. Thus
z=x+41iy with y > 0, x € R, and the action of <f Z) € SL(2,R) on z
is given by (az + b)/(cz + d).
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8
matrix is termed hyperbolic. Set D = (a + §)> — 4. Then, a point w € C is
termed fixed under p if (¢w + B)/(yw + 8) = w. It is easily seen that p has
exactly two real fixed points

a—8+D , a—S—\/B
_ w _.

Let p = (;l ﬂ) € SL(2, Z) with trace |o + 6| > 2 and y > 0. Such a

w =

2y 2y
1 —ow _1 € . .
Now, define k¥ = : , ). Then kpxk™" = - is a diagonal
—w
matrix with actionon z € h? given by €2z. Since conjugation preserves the trace,
we see that € + ¢! = o + 8. Consequently, € = yo' +8 = (@ +8 — +/D)/2
is a unit in the quadratic field Q(\/E). We shall assume that it is a fundamental
unit, i.e., every unit in Q(\/B) is, up to £1, an integral power of € > 0. The
Eisenstein series E(k 'z, s) is invariant under z — €2z. This is because

E(K_lz, s) = E(,o/c_lz, s) = E(K_l(ezz), s).

Therefore, on the positive imaginary axis (i.e., choosing z = i v), the Eisenstein
series £(2s) - E(k 'z, s) (for R(s) > 1) has a Fourier expansion

£@2s)- EGe™Miv),5) = Y bu(s) v, (3.2.1)

nez

with

1 e 1. _aim dv
bu(s) = -—— $@2s)- E(k™ (iv),s) v T
2loge J4 v

A direct computation shows that

25) - E(~\(iv), 5) = vow—o) .
£(2s)- Ec™'(iv), s) dzz ((co’ + d)*v* + (cow + d)?)’
{c.d}#{0,0}

The reason for multiplying by ¢(2s) on the left is to have the sum go over all
c,d € Z({c,d} # {0,0}) and not just coprime pairs of ¢, d. Thus,

e
min

" loge v2 s _xin dv
v loge
241 v’

where the sum goes over all non-zero 8 = cw +d, B’ = cw’ +d with ¢, d
€ Z and {c,d} # {0, 0}. These elements B8 lie in an ideal b where w — &’
= N(b)v/D, and where N denotes the norm from Q(+/D) to Q. The above
integral can be further simplified by using an idea of Hecke. For an algebraic
integer g € Q(+/D), let (B) denote the principal ideal generated by B. Two

==

B

ﬂ/

(-0 s
b(s$)="——=— oge % N(B)

=R
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integers B, B2 € Q(v/D) satisfy (81) = (B2) if and only if B; = €” 8, for some
integer m. Consequently

(N (b)vDY LB
b(s) = ——— dNBT S
O8€  bipro B
éz'ﬂ;/”:” 2 s d
v _ min v
- loge
X% /[ <v2+1) v 2 .
_ (N(b)V/Dy vears | B
~ 2loge Z 2 B
E€  bip0
2 4
% Z f U2 g 7[7”” d'U
v loge
— 2 +1 v
E—Zm_li’
N(6)WD L 0 d
S _m xin
:( ( ) ) Z N('B)fv E/ ¢ / < 21) ) v_loge _U
2loge b0 B v? 41
§—Zin x+ﬂ
r log e r loge
_ ( § ) ( : ) (N(b)V/D)*
o L(s) 2loge
Bl e
x Y =l NPT
oo P

For a principal ideal (8) of Q(\/B), we define the Hecke grossencharakter

B | e
V(B) == ’—, :
B
and for an ideal b, we define the the Hecke L—function
n IB 7{036 —s
Ly(s, ") = Z 5 N(B)™. (3.2.2)
b[(B)#0

It now immediately follows from (3.2.1) that

s _ min + Tin
E*(K_l(iv),s)zm ZF (s 10g6> r <s loge)

2 loge 2 2

nez

x Lo(s, ¥") - viee,  (3.2.3)
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where E*(z,s) = n°T'(s)¢(2s)E(z, s) = E*(z, 1 — s). The expansion (3.2.3)
is termed the hyperbolic Fourier expansion of the Eisenstein series. An imme-
diate consequence of this expansion is the following proposition.

Proposition 3.2.4 Let K = Q(+/D) be a real quadratic field with ring of inte-
gers O(K). For anideal b in O(K), let Ly, (s, ¥") denote the Hecke L—function
with gréssencharakter given in (3.2.2). Then Ly (s, ¥") has a meromorphic
continuation to all s with at most a simple pole at s = 1, and satisfies the
functional equation

NOWVD\' (8~ e\ L (S T iose
A’é(s):=( (:F>F< zlg)r( 21g>Lb<s,x/f")

= Al — ).

3.3 Maass forms

We shall study the vector space L>(SL(2,Z)\h?) (defined over C) which
is the completion of the subspace consisting of all smooth functions
f : SL(Q2,Z)\h*> — C satisfying the £* condition

P B

y2
SL(2,Z)\h?

The space £L2(SL(2, Z)\bh?) is actually a Hilbert space with inner product given

by
—dxd
o= [[ rexe e

y
SLQ2,Z)\h?

for all f, g € L2(SL(2,Z)\h?). This inner product was first introduced by
Petersson.

Definition 3.3.1 Ler v € C. A Maass form of type v for SL(2, Z) is a non—
zero function f € LX(SL(2, Z)\b?) which satisfies:

* f(yz)= f(z), forally e SL2,Z), z = ((); )1c> € b2

* Af =v(l—v)f;

o [ f(z)dx =0.

Proposition3.3.2 Let f be aMaassformoftype v for SL(2, Z). Thenv(l — v)

is real and > 0.

Proof The proof is based on the fact that the eigenvalues of a symmetric
operator on a Hilbert space are real. We have by Green’s theorem (integration
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by parts) that

v(1 —)(f, f) = (AF, f)
92 L

B // <<8x2 8_y2> f(2)>'f(2)dxdy

SL(2,Z)\h?
2
// ( ’ ) dxdy

SLQ.Z)\h?

The positivity of (f, f) and the inner integral above implies that v(1 — v) is
real and non—negative. O

Proposition 3.3.3 A Maass form of type 0 or 1 for SL(2, Z) must be a constant
function.

Proof Let f be a Maass form of type O or 1. Then f(z) is a harmonic
function because Af = 0. Furthermore, since f is a Maass form it is bounded
as F(z) — o0o. The only harmonic functions on SL(2, Z)\h? which are bounded
at infinity are the constant functions. O

3.4 Whittaker expansions and multiplicity one for
GL(2,R)

Let f be a Maass form of type v for SL(2, Z), as in Definition 3.3.1. Since the
1 1
element ( 0 1 ) isin SL(2, Z) it follows that a Maass form f(z) satisfies

y X _ 1 1 y X _ y x+1
(@)= (G )G D) -G )
Thus f(z) is a periodic function of x and must have a Fourier expansion of type

@)= An(nem. (3.4.1)

mez

Define W,,(z) = A,,1(y)e2”i""". Then W, (z) satisfies the following two
conditions:

AWp(z) = vl = )Wy (2),

1 u _ 2mimu
Wm<<0 1)-2) = W,(2)e .

We call such a function a Whittaker function of type v associated to the additive
character ¢>/"* Recall that an additive character / : R — U, where U denotes
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the unit circle, is characterized by the fact that ¥ (x 4+ x") = ¥ (x)y(x’), for all
x,x" € R. Formally, we have the following definition.

Definition 3.4.2 A Whittaker function of type v associated to an additive
character ¥ : R — U is a smooth non—zero function W : h> — C which
satisfies the following two conditions:

AW (z) = v(l —v)W(2),
1 u
w ((0 1) -z) =W(Qe)y).

Remark 3.4.3 A Whittaker function W (z), of type v and character ¥, can
always be written in the form

W(z) = Ay(y) - ¥(x)

where Ay () is a function of y only. This is because the function W (z)/¥(x) is
invariant under translations x — x + u for any u € R and, hence, must be the
constant function for any fixed y.

Whittaker functions can be constructed explicitly. We know that the func-
tion /,(z) = yV satisfies Al,(z) = v(1 — v)I,(z), which is the first condition a
Whittaker function must satisfy. In order to impose the second condition, we
need the following simple lemma.

Lemma 3.4.4 Leth : R — C be a smooth L' function. Let v be an additive
character of R. Then the function H(x) := ffooo h(uy + X)W (—uy) du, satisfies

H@u +x) =y wH(x)
forallu € R.

Proof  Just make the change of variables u; +u — u, in the integral for
H(u + x). O

Now, Al,(yz) =v(l —v)I,(yz) for any y € GL(2, R) because A is an
invariant differential operator. It follows from this and Lemma 3.4.4 that the
function

Wz, v, ¢¥) :Zﬁwlu (((1) _(1))<(1) I;>~z>1ﬂ(—u)du

o0 y v
_/ ((u+x>2+y> Y(w)du

_w(x)/ ( 2) W (—u)du (3.4.5)
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must be a Whittaker function of type v associated to . Actually, we may use

any matrix in GL*(2, R) instead of < (1) -1 ) in the integral on the right-hand

0
side of (3.4.5). All that is required is that the integral converges absolutely,
which happens in our case provided R(v) > %

The G L(2) theory of Whittaker functions is considerably simplified because
the one Whittaker function which we can construct, W (z, v, ¥), can be evaluated
exactly in terms of classical Bessel functions. Unfortunately, we are not able to
obtain such explicit realizations for Whittaker functions on GL(n) if n > 3, and
this will lead to considerable complications in the development of the theory in
the higher-rank case.

Proposition 3.4.6 Let v,,(u) = 2™ and let W (z, v, ¥,,) be the Whittaker
function (3.4.5). Then we have

2mm\

Wz, v, w)—f(”""') 27y

o) K, 1Q2mim|y)-e

where
ki) =5 [ e b du

is the classical K -Bessel function.

Proof It follows from Remark 3.4.3 and (3.4.5) that

W (z,v, ¥m) = Wy, v, ¥) - €27

where
00 y v
_ —2mium
W(ya V, wm) - /. <u2+y2> e Tl 7du

< —2mwiuym
=yl .

@+ 1y

—00

Note that we made the transformation # +— y - u to identify the above integrals.
The result now follows from (3.1.9). O
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Definition 3.4.7 Let f : b — C be a smooth function. We say that f is of

polynomial growth at oo if for fixed x € R and z = <(y) ch) € h%, we have

f(2) is bounded by a fixed polynomial in 'y as y — oo. We say f is of rapid
decay iffor any fixed N > 1, |y" f(z)] = Oas y — oo. Similarly, we say f is
of rapid growth if for any fixed N > 1, |y™" f(z)| = oo as y — 0.

We will now state and prove the multiplicity one theorem for Whittaker
functions on GL(2,R). This theorem is a cornerstone of the entire theory
and provides the basis for the Fourier—Whittaker expansions given in the next
section.

Theorem 3.4.8 (Multiplicity one) Let V(z) be an SL(2,Z)-Whittaker
function of type v # 0, 1, associated to an additive character v, which has
rapid decay at 0. Then

V(iz)=aW(z,v,¥)
forsomea € CwithW (z, v, V) givenby (3.4.5). If ¥ = listrivial, thena = 0.

Proof Let W(z) = W(y)¥(x) be a Whittaker function of type v associated to
. We may assume that ¥ (x) = e>*"* for some m € Z, because every additive
character is of this form. It follows from Definition 3.4.2 that the differential
equation

A 92 92 A A
2wimxy __ 2 2wimx\ __ 2wimx
AW ()e™™) = —y <ﬁ + a—y2> (W()e™™) = v(l — v)W(y)e
implies that W(y) satisfies the differential equation
1—
W(y) - (4n2m2 - ”(72”)) w(y) = 0. (3.4.9)
y

By the classical theory of differential equations, (3.4.9) will have exactly two
linearly independent solutions over C.

If ¥ = lis trivial, then m = 0. Assume v # % Then there are precisely two
solutions, to the above differential equation, namely: y”, yl_“. Thus

W(y) =ay’ +by'™

for certain complex constants a,b. The assumption that W(y) is of
rapid decay imples that ¢ = b = 0. Similarly, if m =0 and v = %, then
Y(y) = ay% + by% log y and @ = b = 0 as before.

If v(1 — v) = 0, then the equation becomes W”(y) = 4w?m>W(y), which
has the general solution W(y) = ae™>™" + be*™™ for complex constants

a, b € C, but this case does not come up in our theorem.
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For v(l —v)#0, m # 0, the differential equation (3.4.9) has pre-
cisely two smooth solutions (see (Whittaker and Watson, 1935)), namely:

J2m|mly - KU_%(2n|m|y), 2 |mly - Iv_%(2n|m|y), where

00 (ly)VJer
_ 2
1”(”_; KTk +v+1)

and

_ 00
Ku(y) _ z ) va(y) Iv(y) _ l/ 67%Y(t+yl) £ ﬂ
2 sin v 2 Jo t

are classical Bessel functions which have the following asymptotic behavior:

1
lim I,(y)e 7 = —,
y*wﬁ Y 27

T
li K,(y)e) =,/=.
lim yK.(e* = /5
The assumption that W(y) has polynomial growth at oo forces
V(y) =ay/2mim|y - K, 1(2m|m]|y), (a eC)

which gives us multiplicity one. d

3.5 Fourier—-Whittaker expansions on GL(2, R)

We shall now show that every non—constant Maass form for SL(2, Z) can be
expressed as an infinite sum of Whittaker functions of type (3.4.5).

Proposition3.5.1 Let f be a non—constant Maass form of type v for SL(2, Z).
Then for z € h* we have the Whittaker expansion

f@)= Zam/2ny K, 1Q2m|nly) - p2minx

2
n#0
for complex coefficients a,, (n € 7).

Proof Recall (3.4.1) which says that the fact that f(z) is periodic in x implies
that f has a Fourier expansion of type

f@ =" A(y)e™™.

nez

Since Af = v(1 — v)f it follows that

A(AL()e™ ™) = v(1 = ) A, (y)e?™ ™.
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Consequently, A,(y)e*™* must be a Whittaker function of type v associ-
ated to e?*/"*, The assumption that f is not the constant function implies, by
Proposition 3.3.3, that v # 0, 1. Since a Maass form f is an £? function, i.e.,

/[ IfG)P d);fy < oo,

SL(2,Z)\h?

it easily follows that A, (y)e?™""* must have polynomial growth at co. The proof
of Proposition 3.5.1 is now an immediate consequence of the multiplicity one
Theorem 3.4.8. ]

3.6 Ramanujan—-Petersson conjecture

Ramanujan had great interest in the Fourier coefficients of the A function,
which is defined by the product

o0

00
A(Z) — eZﬂi: 1_[(1 _ eZnin2)24 — Zt(n)e&rinz

n=1 n=1

forz =x +iy withx € R, y > 0. One may easily compute that

(1) =1, 1(2) = =24, ©(3) = 252, 1(4) = —1472, 7(5) = 4830,
7(6) = —6048, 7(7) = —16744, 7(8) = 84480, ...

and Ramanujan conjectured that
t(n) < nTd (n)

foralln =1, 2,3, ... The A function is a cusp form of weight 12 for SL(2, Z).
This means that

az+b o 2
A<Cz+d)_(tz+d) A(z)

b . . .
for all (? d) € SL(2, Z). Petersson generalized Ramanujan’s conjecture to

holomorphic cusp forms f of weight k£ which satisfy

f (“z T b) — (cz+ A f )

cz+d

b . .
for all (CCZ d) € SL(2, Z). Petersson conjectured that the nth Fourier coef-

ficient of a weight k cusp form is bounded by O (n*~"/2d(n)) . This explains
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the % in Ramanujan’s conjecture. We remark that Petersson’s conjecture has
been proved by Deligne for all holomorphic cusp forms (of even integral weight)
associated to congruence subgroups of SL(2, Z). Deligne’s proof is based on the
very deep fact that the coefficients of holomorphic cusp forms can be expressed
in terms of the number of points on certain varieties defined over certain finite
fields, and that optimal error terms for the number of points on a variety over a
finite field are a consequence of the Riemann hypothesis (proved by Deligne)
for such varieties.

Non-constant Maass forms for SL(2,7Z) can be thought of as non—
holomorphic automorphic functions of weight zero. One might be tempted,
by analogy with the classical theory of holomorphic modular forms, to make
a Petersson type conjecture about the growth of the Fourier coefficients in the
Fourier—Whittaker expansion in Proposition 3.5.1. Remarkably, all evidence
points to the truth of such a conjecture.

We have shown in Proposition 3.5.1 that every non—constant SL(2, Z)—
Maass form of type v has a Fourier expansion of type

f@ = an/2my- K, 1Qxlnly)- ™. (3.6.1)
n#0
We now state the famous Ramanujan—Petersson conjecture for Maass forms.
Conjecture 3.6.2 (Ramanujan—Petersson) The  Fourier—Whittaker

coefficients a, (n € Z, n # 0), occurring in the expansion (3.6.1), satisfy the
growth condition

la,| = O (d(n))

where d(n) = ain | denotes the number of divisors of n, and the O—constant
depends only on the Petersson norm of f.

It is not hard to show that the nth Fourier—Whittaker coefficient of a non—
constant Maass form for SL(2, Z) is bounded by +/|n|.

Proposition 3.6.3 Let f(z) be a non—constant Maass form of type v for
SL(2,Z), normalized to have Petersson norm equal to 1, i.e.,

dxd
tn=[[ 1rerSE -t

SL(2,Z)\h?

Then the Fourier—Whittaker coefficients a, (n € Z, n # 0), occurring in the
expansion (3.6.1), satisfy the growth condition

la,| = O, (v/Inl).
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Proof It follows from Proposition 3.5.1 that for any fixed ¥ > 0, and any
fixed n # 0,

< rl dxdy * dy
IFOPR =2 =27 Y Jan|*- / IK,_1()* —
/1; /0 2 Z 2 2 y

y m20 7lm|Y

o0
d
> la,)? / K, )P (3.6.4)
2 2 y

|n|Y

Now, it is a simple consequence of Lemma 1.1.6 that

oo pl dxd dxd
/Yf0|f<z>|2%=o Y. ff FOP S22 = oo,

y
SL2,Z)\b*

If we now choose Y = |n|~! and combine this estimate with (3.6.4) the propo-
sition immediately follows. O

3.7 Selberg eigenvalue conjecture

A non—constant Maass form f of type v for SL(2, Z) satisfies the partial dif-
ferential equation Af(z) = v(1 — v) f(2). It is, therefore, an eigenfunction of
the Laplace operator A with eigenvalue A = v(1 — v). It follows from Propo-
sitions 3.3.2, 3.3.3 that A > 0. The question arises as to how small A can be?
Selberg proved that A > % for SL(2, Z), and conjectured that the smallest eigen-
value is greater or equal to i for Maass forms associated to any congruence
subgroup of SL(2, Z). Recall that a congruence subgroup I' of SL(2,Z) is
a subgroup which contains the so—called principal congruence subgroup of
level N:

1
F(N):{(i Z)eSL(Z,Z)‘ <‘Z 2)5<0 (1)) (modN)},

for some integer N > 1. A Maass form of type v for I" is a smooth non—zero
function f : h*> — C which is automorphic for I, i.e., f(yz) = f(2) for all
y €I, z € b2, is square integrable on a fundamental domain I"\ h2, all constant
terms in Fourier expansions at cusps (which are rational numbers or co) vanish,
and satisfies Af = v(1 —v)f.

Conjecture 3.7.1 (Selberg) Let f be aMaass form of type v for a congruence

subgroup T' C SL(2, 7). Then v(1 — v) > L, or equivalently, R(v) = %
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We shall now prove this conjecture for SL(2, Z) with a much better lower
bound than %. It should be remarked that the eigenvalue }1 can occur for con-
gruence subgroups (see (3.15.1)).

Theorem 3.7.2 (M-F Vigneras) Let f be a Maass form of type v for
SL(2, 7). Then v(1 — v) > 372/2.

Proof Let D = SL(2,7Z)\h> be the standard fundamental domain (see
Example 1.1.9) for the action of SL(2,Z) on h%. We also let D* denote the
transform by z — —1/z of D. Now, f is a Maass form of type v with Fourier—
Whittaker expansion given by (3.6.1):

f2) = Zam/Zny . Ku_%(2ﬂ|n|y) . p2minx

n#0

Set A = v(1 — v). Then we calculate

——dxd of > |of|?
sy = [[arer TR < [[ (L] +[L]) arar
y x Y
DUD* DUD*
> // o
- 0x
DuUD*

3 of 5
/’— dxdy
ox

= /Zlan|2-47t2n2~‘\/2ny-KV7%(2n|n|y)‘2dy

e n#0
2

2
dxdy >

1
2

1

ra dxd
-4n2//|f<z>|2 rdy
y
g

IV

AW

32(f, f).

Hence, it follows that A > 372/2. 0

v

3.8 Finite dimensionality of the eigenspaces

Let G, denote subspace of all f € L*(SL(2, Z)\h?) which are Maass forms of
type v with A = v(1 — v).

Theorem 3.8.1 (Maass) For any A > 0, the space G, is finite dimensional.

Remark We already know that the space Gy is one-dimensional and just
contains the constant functions.
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Proof By Proposition3.5.1,every f € G; has aFourier—Whittaker expansion
of type

f2) = Zam/Zﬂy -K,_1Q27|nly) - eminx (3.8.2)
n#0

with A = v(1 — v). If the dimension of &, were infinite, it would be possible,
for every integer ng > 1, to construct a non—zero finite linear combination of
Maass forms of type v which had a Fourier—Whittaker expansion of the form
(3.8.2) where a, = 0 for all |n| < ng. To complete the proof of Theorem 3.8.1
it is enough to prove the following lemma. O

Lemma 3.8.3 Assume that the function

f@ =) an/2my - K, 1Q2x|n|y)e”™

[n|>ng

is a Maass form of type v for SL(2, 7). Then, if nq is sufficiently large, it follows
that f(z) = 0 for all z € h>.

Proof  Without loss of generality, we may assume that the Petersson norm
(f, f) = 1. We have

dxd
= [ EF =5

SL(2,Z)\b?

=

2
Tinx dXdy
Z a,ﬂ/27ry-I(V_%(27T|n|y)e2 ’ 7

[n|>no

e8]
V3

7

o0
2dy
S D NN 7y e
\n\>no¢3 y
2
o0

=

|n|>ng

d
<« ¥ [l K, eminyf 2. (384)
«/73

We now make use of Proposition 3.6.3 which says that a,, is bounded by /|n|.
We also make use of the well-known asymptotic formula

. v
_vlgrolo«/iKv(y)e =3

for the K—Bessel function. It immediately follows from these remarks and
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(3.8.4) that
r d
1< Z /|n|.e—4n|n|yy_)2) < Z |n|e—2J§n\n| < e,
|n\>no£ |n|>ng
2
which is a contradition for nq sufficiently large. O

3.9 Even and odd Maass forms

We introduce the operator 7_; which maps Maass forms to Maass forms. It is
defined as follows. Let f be a Maass form of type v for SL(2, Z). Then we

Y ()

The notation 7_; is used at this stage to conform to standard notation for Hecke
operators which will be defined later in this book. Note that (7_;)? is the identity
transformation, so that the eigenvalues of 7_; can only be +1.

Since the Laplace operator A = —y?((8%/dx?) + (8%/dy?)) is invariant
under the transformation x — —ux, it is easy to see that 7_; maps Maass forms
of type v to Maass forms of type v.

Definition 3.9.1 A Maass form f of type v for SL(2, Z) is said to be even if
T_1f = f.Itissaidtobeodd if T_; f = —f.

Proposition 3.9.2 Let f be a Maass form of type v for SL(2, Z.) with Fourier—
Whittaker expansion

f@@)= ZCZ(I’Z)\/ZyTy . Kv—%(znlnb’) . eZm'nx’
n#0

as in Proposition 3.5.1. Then a(n) = a(—n) if f is an even Maass form and
a(n) = —a(—n) if f is an odd Maass form.

Proof We have
1
a(n)\/ZJTy . Kv—%(2”|n|)’) — f f(z)efhrinx dx
0
1
a(—n)y/2my - Kv_%(2n|n|y) = / f(Z)eZninx dx
0

1
= / (T_1 f(z))e ™" dx,
0

after making the transformation x — —x. The result immediately follows. O
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Finally, we remark that if f is an arbitrary Maass form of type v for SL(2, Z),
then

1 1
fl@)= E[f(Z)+T—1f(Z)] + E[f(z)_T—lf(Z)]

where % [f(z) + T_1f(z)] is an even Maass form and % [f(z) — T_lf(z)] is
an odd Maass form.

3.10 Hecke operators

We shall first define Hecke operators in a quite general setting, and then return
to the specific case of £2 (SL(Z, Z)\hz).

Let G be a group which acts continuously on a topological space X as in
Definition 1.1.1. Let I' C G be a discrete subgroup of G as in Definition 1.1.4.
Assume the quotient space I'\ X has a left I"-invariant measure dx and define
the C-vector space:

LAT\X) = {f :M\X - C ‘ / [ f0)2dx < oo}. (3.10.1)
r\x

The commensurator of I', denoted C(I'), defined by

Ce(I) = {g eG ‘ (¢7'T'g) N T has finite index in both I" and g’lI‘g} ,
(3.10.2)

is of fundamental importance in the theory of Hecke operators. Here, for exam-
ple, g~ 'T"'g denotes the set of all elements of the form g~'y g withy € T" and we
have identities of type I' - I = I'. This notation and its obvious generalizations
are used in all that follows.

For every fixed g € Cg(I"), the group I' can be expressed as a disjoint union
of right cosets

d
U (g7'T9)NT)s (3.10.3)
i=1

where d is the index of (¢g~'T'g) N T in I'. Note also that (3.10.3) may be
rewritten as g "' I'gl" = \U; g7 'T'gé; which is equivalent to

d
rgl = Jres;. (3.10.4)

i=1
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Definition 3.10.5 (Hecke operators) Let a group G act continuously on
a topological space X and let T be a discrete subgroup of G as in Defini-
tionl.1.4.Foreachg € Cg(I'),withCqs (") givenby (3.10.2), we define a Hecke
operator

T, : L2T\X) — LAT\X)

by the formula
d
T(f(0) =) f(g&ix),
i=1

forall f € EZ(F\X),X eXandé;, (i =1,2,...,d)given by (3.10.4).

In order for T, to be well defined, we just need to check that
T,(f) € L'\ X). Now, for everyy € I,

d
To(f(y) =) f(gdiy).
i=1

But §;y =6/8,; for some permutation o of {1,2,...,d} and some
8/ € (g7'Tg)NT. Also, note that g8;y = g8/8,i) = 8/'g8,) for some other
87 e T'. It follows that

d d
T (fyrx)) =Y f(8/88.0x) = Y f(88:x) = To(f(x)).
i=1 i=1

so T, is well defined.
We also consider for any integer m, the multiple mT,, which acts on
fe EZ(F\X) by the canonical formula (mT,)(f(x)) = m - T,(f(x)). In this

manner, one constructs the Hecke ring of all formal sums ) m;T,, with
keZ
my € Z.

We now define a way of multiplying Hecke operators so that the product
of two Hecke operators is a sum of other Hecke operators. For g, h € Cs(T),
consider the coset decompositions

rgl = Jra;, Thr = JT8;. (3.10.6)
i J

as in (3.10.4). Then

(FgF)-(FhF):UFgFﬂj=UFoe,ﬂj= U T'w = U Twr.
J i

I'wC gl Iwl CTglhl
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One may then define, for g, h € Cs(I"), the product of the Hecke operators,
T,T), by the formula
T,Ti= > mg hwl,, (3.10.7)
wl c I'gl'Al’

where m(g, h, w) denotes the number of 7, j such that I'ey; 8; = I'w with ;;, B;
given by (3.10.6). One checks that this multiplication law is associative.

Definition 3.10.8 (The Hecke ring) Let a group G act continuously on a
topological space X and let T be a discrete subgroup of G as in Definition 1.1 4.
Fix any semigroup A such that I' C A C Cg(I"). The Hecke ring Rr a is
defined to be the set of all formal sums

Z Ty,
k

withcy € Z, g € A.The multiplication law in this ring is inducedfrom (3.10.7).

Definition 3.10.9 (Antiautomorphism) By an antiautomorphism of a
group G we mean a map g — g* (for g € G) satisfying (gh)* = h*g* for
allg,h € G.

The following theorem is of supreme importance in the theory of auto-
morphic forms. It is the key to understanding Euler products in the theory of
L-functions.

Theorem 3.10.10 (Commutativity of the Hecke ring) Let R a be the
Hecke ring as in Definition 3.10.8. If there exists an antiautomorphism g — g*
of Ca(I') such that T* =T and (I'gl’)* = I'gl for every g € A, then Rr A is
a commutative ring.

Proof Let g € A. Since (I'gl")* = I'gl", it immediately follows that if we
decompose I'gI" into either left or right cosets of I', then the number of left
cosets must be the same as the number of right cosets. Let ' C I'gI” be aright
coset and let BI" C I'gI" be a left coset. Then o € I'gI" = I'BI'. Consequently
a = yBy’ withy, y’ € T. Then y ~'a = By’ must be both a left and right coset
representative. It easily follows that there exists a common set of representatives

{oe;} such that
rgl = Jro; = Jar.
i i
Similarly, for any other & € A, we have

rar = Jrg; = J8;T
J j

for some set of common representatives {f;}.
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Now, by our assumptions about the antiautomorphism *x we immedi-
ately see that (U'gl)* =TI'g*’ and (C'AT)* = T'A*I". We also know that
Fgl'hl’ = |, Twl which implies that (T¢I Al)* = [glA. It follows that

(CAT) - (PgD) = (TA*T) - (Pg*T") = (TglAD)* = |_JTwr.

This tells us that

T, Ty = me Twr,
w

T’h . Tg — Zm/w FU)F,

w
with the same components w but with possibly different integers m,,, m/,. To
complete the proof, we must prove that m,, = m’,. But
#{i,j | To; ;T =TwI'}

my =#{i,j | To;p; = Tw} = #{u e Twl'/T |Tu C Twl'}’

Similarly,
. #{i,j| Tl =Twr'}
" #lueTwl/T |TuC Twl}’

m

It only remains to show that
#{i,j | Teyp;T =Twl'} =#{i, j | TBjo;T =Twl'}. (3.10.11)

Now TI'gl'=Tgl)* =Tl and Thl =(Chl)* = UF,B;‘ = U,B;‘.‘F.
Therefore, we have

(Ngl) - (CAD) = | Ta B}
i,j

So (3.10.11) will follow if
#{i,j | TafB;T =Twl'} = #{i, j | TBjesI =Twl'}.  (3.10.12)

Clearly, (3.10.12) holds, as one easily sees by applying the antiautomor-
phism . O

3.11 Hermite and Smith normal forms

We have seen in the previous Section 3.10 that Hecke operators are defined by
expressing a double coset as a union of right cosets. In the classical literature, if
two matrices are in the same right coset then they are said to be right equivalent,
while if they are in the same double coset, then they are said to be equivalent.
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Hermite found a canonical or normal form for right or left equivalent matrices
while Smith found a normal form for equivalent matrices. The Hermite and
Smith normal forms play such an important role in Hecke theory that we have
decided to give a self-contained exposition at this point.

Theorem 3.11.1 (Hermite normal form) For n > 2, let A be an n x n
matrix with integer coefficients and Det(A) > 0. Then there exists a unique
upper triangular matrix B € GL(n,Z) which is left equivalent to A, (i.e.,
B =y A withy € SL(n, Z)) such that the diagonal entries of B are positive
and each element above the main diagonal lies in a prescribed complete set of
residues modulo the diagonal element below it.

Note that B takes the form:

di a1 031 o Oy_11 Qi
dy azp - Quo12 Q2
dy - 13 g3

dnfl Uy n—1

where each o ; satisfies 0 < oy ; < dj.

Proof  We first prove that every matrix in GL(n, Z), withn > 1, is leftequiva-
lent to an upper triangular matrix. The result is obvious if » = 1. We proceed by
induction on n. Let’(ay, az, . . ., a,) denote the first column of A. Either every
a; =0,( =1,2,...,n)orsomeelement is non-zero. Suppose the latter and set
8 # 0 to be the greatest common divisor of the elements a;, (i = 1,2, ..., n).

n
Then there exist coprime integers y1, 2, . . ., ¥ such that Y a;; = 8. Thus,

there exists a matrix y’ € SL(n, Z) with first row (y1, 2, . . .1, ¥,) such that the
matrix y’A has § in the (1, 1) position and all the remaining elements of the
first column are multiples of §. By successively multiplying 3’ A on the left by
matrices which have 1s on the diagonal, zeros everywhere else except for one
element in the first row one may easily show that there exists y € SL(n, Z)
such that y A takes the form

S O >

A/
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where A"isan (n — 1) x (n — 1) matrix. By induction, we may bring A’ to upper

. e 1 .
triangular form by left multiplication by ( >, with M € SL(n — 1, Z).

M
This proves that A is left equivalent to an upper triangular matrix 7. It is clear
that we can make the diagonal elements of T positive by multiplying on the
left by a suitable diagonal matrix with entries 1. Let T’ denote this upper
triangular matrix with positive diagonal entries.

In order to make each element of T’ above the main diagonal lie in a pre-
scribed complete set of residues modulo the diagonal element which lies below
it, we repeatedly multiply 7" on the left by matrices of the form I + m; ;E; ;
(with suitable integers m; ;) where [ is the n x n identity matrix and E, ; is the
n x n matrix with zeros everywhere except at the (i, j) position where there is
a 1. For example, if #; ; is the (j, i) entry of T’ and d; is the ith diagonal entry
of T, then (I +m; ;E; j)T' has anew (j, i) entry which is #; j +d; - m; ;.

We leave the proof of the uniqueness of the Hermite normal form to the
reader. O

Theorem 3.11.2 (Smith normal form) Forn > 2, let A be ann x n integer
matrix with Det(A) > 0. Then there exists a unique diagonal matrix D of the
form

dy

d>
d

where 0 < dy|dy, dy|ds, ...,d,_1]dy, and A = y1 Dy, for yy, y» € SL(n, Z).

Proof We may assume that A contains a non-zero element which may be
brought to the (n, n) position by suitable row and column interchanges. As
in the proof of Theorem 3.11.1, this element may be replaced by the greatest
common divisor of the last column and the last row, and will divide every
element of the last row and column. By further elementary row and column
operations, we may obtain a new matrix B where every element of B (except
at the (n, n) position) in the last row and column is zero. Thus

0
B’ 0
B = : (3.11.3)
0
0 0 -+ 0 by,

where b, , # 0 and B’ isan (n — 1) x (n — 1) matrix.
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Suppose that the submatrix B’ contains an element b; ; which is not divisible
by b, . If we add column j to column 7, then the new column n will be of the
form

t
(bl,jvb2,j1 "'7bi,j7 -"sbnfl,jsbn,n)-

We may then repeat the previous process and replace b, , with a proper
divisor of itself. Continuing in this manner, we obtain a matrix B of the form
(3.11.3) which is equivalent to A and where b, , divides every element of the
matrix B’.

The entire previous process can then be repeated on B’. Continuing induc-
tively, we prove our theorem. Again, we leave the proof of uniqueness to the
reader. O

3.12 Hecke operators for £L>(SL(2, Z)\h?)

We shall now work out the theory of Hecke operators for L2(SL2,7Z))\h?. In
this case let

G=GL2,R), I'=SL2,Z), X =GLQ2,R)/(0OQ2,R)-R*) =

nong

For integers ng, n; > 1, itis easily seen that the matrix < 0

0 ) e Cg(I).
no

Let A denote the semigroup generated by the matrices (’loom 0 >,
no

(ng, n; > 1) and the modular group I'. In this situation, we have the antiau-
tomorphism

g—'g, gEA,

where ‘¢ denotes the transpose of the matrix g. Since diagonal matrices are
always invariant under transposition, one immediately sees that the conditions
of Theorem 3.10.10 are satisfied so that the Hecke ring Rr A is commutative.

Lemma 3.12.1 Fix n > 1. Define the set,

= {6 %)

Then one has the disjoint partition

moniy 0 _
U r( 0 mo)r = Ura. (3.12.2)

mﬁm]:n €S,

ad =n, 0§b<d}.
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Proof Ttis easy to see that the decomposition is disjoint, because if

()G o= 2)

then we must have ¢t = 0, and, therefore,r =u = 1,5 = 0.

Next, by Theorem 3.11.2, every element on the right-hand side of (3.12.2)
can be put into Smith normal form, so must occur as an element on the left-hand
side of (3.12.2). Similarly, by Theorem 3.11.1, every element on the left-hand
side of (3.12.2) can be put into Hermite normal form, so must occur as an
element on the right-hand side of (3.12.2). This proves the equality of the two
sides of (3.12.2). O

Now, two double cosets are either the same or totally disjoint and different.
Thus a union of double cosets can be viewed as an element in the Hecke ring
as in Definition 3.10.8. It follows that for each integer n > 1, we have a Hecke
operator T, acting on the space of square integrable automorphic forms f(z)
with z € h2. The action is given by the formula

1 b
o= ¥ (%), (3.123)

ad=n
0<b<d

Clearly, T; is just the identity operator. Note that we have introduced the nor-
malizing factor of 1/4/n to simplify later formulae.

The C-vector space L£*(I'\h?) has a natural inner product (called the
Petersson inner product), denoted ( , ), and defined by

dxdy
y:

(f.g) = / FORD
r'\h?

forall f, g € £2(I"\h?), where d“;fy denotes the left invariant measure as given
in Proposition 1.5.3.

Theorem 3.12.4 (Hecke operators are self-adjoint) The Hecke operators
T,,(n=1,2,...)defined in (3.12.3) satisfy

(Tnfa g) = (fa Tng)a
forall f, g € LXT\b?).
Proof Lemma 3.12.1 says that

U r(mooml n?())r = |Jre

m(z)mlzn €S,
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Since the left union above is invariant on the right by any o € T', it follows that
forany 01,00 € ' :

mom; 0O
U r 0 I' = U INojaos.
2 0 mo
mimi=n €S,
Further, since diagonal matrices are invariant under transposition, we see that
mom; O
U r F:UFUl-‘a-az.
) 0 un)
mgmy=n a€Ss,

But the action of the Hecke operator is independent of the choice of right coset
decomposition. Consequently

1
Tf.8) = 7 / f Y florla 02213

€S,

= —— dxdy
(z gl o] ; (3.12.5
f / f )aes’l a o) 5 )

r'\h?

after making the change of variables z — 02_1 ol al_lz.

0 —1 0 1
We shall now choose 0| = (1 0) and oy = oy ' = (_1 0)' A

. . b
simple computation shows that for o = (g J ),

1
)

. . a b . .
Since the action of (0 d) on z € h? is the same as the action of

(1/ad) ( 0 2), we immediately get that

Z -0 'z) = T,g(2).

aeS

Plugging this into (3.12.5) completes the proof of the theorem. O

Theorem 3.12.6 The Hecke operators T,,(n=1,2,...) as defined in
(3.12.3) commute with each other, commute with the operator T_, in Definition

3.9.1, and commute with the Laplacian A = —y (a"; + av2> Furthermore
T_| commutes with A.
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Proof We have already pointed out at the very beginning of this section that
matrix transposition satisfies the conditions of Theorem 3.10.10 which implies
that the Hecke operators commute with each other, i.e.,

T,T, =T,T, Vm,n > 1.

That the Hecke operators also commute with 7_; and A, and 7_; and A com-
mute with each other is a fairly straightforward calculation which we leave to
the reader. ]

By standard methods in functional analysis, it follows from Theorems 3.12.4
and 3.12.6 that the space £*(I"\h?) may be simultaneously diagonaliazed by
the set of operators 7 := {T,, | n = —1, n =1,2,...} [{A}. We may, there-
fore, consider Maass forms f which are simultaneous eigenfunctions of 7. If
Af =v(l —v)f,then f will be a Maass form of type v as in Definition 3.3.1.
It will be even or odd depending on whether 7_, f = f orT_; f = —f asin
Definition 3.9.1. Further, there will exist real numbers X, such that

T.f =i f, (3.12.7)
foralln=1,2,...
Theorem 3.12.8 (Muliplicativity of the Fourier coefficients) Consider

f@ =) am)y2ry-K, 1Quinly)- ",
n#0

a Maass form of type v, as in Proposition 3.5.1, which is an eigenfunction
of all the Hecke operators, i.e., (3.12.7) holds. If a(1) = 0, then f vanishes
identically. Assume f # 0, and it is normalized so that a(1) = 1. Then

T.f =am)- f, Vn=1,2,...
Furthermore, we have the following multiplicativity relations:

a(m)a(n) = a(mn), if(m,n) =1,
mn
a(m)a(n) = a\—),
Z (@)

"t =a(pa(p’) —a(p™h,

a(p
for all primes p, and all integersr > 1.

Proof Tt follows from Proposition 3.5.1 that

fl@)= Z a(M)\/2ry - KV_%(ZNIMIy) . 2miMx

M#0
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It is convenient to rewrite (3.12.3) in the form

TfO == 3 f (dz +“)

bd=n
O<a<b

It follows that

nie=Yamy Y [ <2ﬂlMld7y)-e2mM“%

M#0 bd=n 0<a<b

The sum over 0 < a < b is zero unless b|M, in which case the sum is b.
Consequently, if we let M = bm’, and afterwards m = dm’, then we see that

2rdb
Tnf(Z) a(bm ) Z \/—y v,1(277|m |dy)62mdm)t

m'#0 bd=n

— Z Z ( ) V__ (27T|m|y) eZ]rimx
m#0 ’"1 n

= Z ( ’ ) V2my K,y Qulmly) &
m#0 d|m,d|n d

Since T,, f = X, f, it immediately follows that
mn
Ana(m) = d;)a (ﬁ) . (3.12.9)

For m = 1, the identity (3.12.9) gives
a(n) = rya(l) (3.12.10)

for all values of n. Consequently, if a(1) = 0 the Maass form f would have to
vanish identically. Thus, we may assume that if f 7 0, then it is normalized
so that a(1) = 1. In this case, the identity (3.12.10) shows that A, = a(n). The
other claims of Theorem 3.12.8 follow easily. O

3.13 L—functions associated to Maass forms

Let
fz) = Za(n),/zny -K,_1Q2x|nly)- eminx (3.13.1)
n#0

be a non-zero Maass form of type v for SL(2, Z) which is an eigenfunction of
all the Hecke operators T,,, (n = 1, 2, ...) given by (3.12.3), and in addition, is
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also an eigenfunction of 7_; given in Section 3.9. Assume f is normalized so
that a(1) = 1.
We have shown in Theorem 3.12.8 that

Tnf = Cl(l’l) : f

and that the eigenvalues a(n) satisfy multiplicative relations. It follows from
the bound a(n) = O(/n) given in Proposition 3.6.3 that for R(s) > 3. the

o0
series Y a(n)n~* converges absolutely. Theorem 3.12.8 tells us that the Fourier
n=1
coefficients a(n) are multiplicative and satisfy a(m)a(n) = a(mn)if (m, n) = 1.

Consequently, we may write

3 - =[] (i a(p%) |
n=1

ls
P =0 p

Let us evaluate a typical factor

o a(ph)
¢p(S) = Z s
= P
We compute (with the convention that a(p~') = 0)
a(p) S a(phHa(p) = a(ptthH +a(pth
» Pp(s) = ; P& = ; pE+Ds

= ¢p(s) — L+ p 2 P,(s).

and, therefore,

¢p(s) = (L —a(p)p™ +p >\

It immediately follows that

[ee]

> amn™ =[]0 —a,p™) 1= Bp™)" (3.13.2)

n=1 p

=[[a—ap™+p™)7",
p

where for each prime p, we have ), - 8, =1, a, + B, = a(p).
Thus, the Dirichlet series (3.13.2) has an Euler product which is very similar
to the Euler product
o8
Sa=la-p
n=1 p
of the Riemann zeta function, the major difference being that there are two
Euler factors for each prime instead of one. We shall show that (3.13.2) also
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satisfies a functional equation s — 1 — s. It is natural, therefore, to make the
following definition.

Definition 3.13.3 Let s € C with RN(s) > %, and let f(z) be a Maass form
given by (3.13.1). We define the L—function L ¢(s) (termed the L—function
associated to f) by the absolutely convergent series

Lys)=) a(nmn™. (3.13.4)
n=1

We now show that the L—function, L ;(s), satisfies a functional equation
s — 1 —s. The only additional complication is the fact that there are two
distinct functional equations depending on whether f is an even or odd Maass
form as defined in Section 3.9.

Proposition 3.13.5 Let f be a Maass form of type v for SL(2, Z). Then the
L—function, L #(s), (given in Definition 3.13.3) has a holomorphic continuation
to all s € C and satisfies the functional equation

s+e—14v s+e+t—v
Af(s):=n5F< 22 )r( 22 )Lf(s)

= (=D A1 -s),

wheree =0if fiseven(T_1f = f)ande = 1if fisodd (T_f = —f).

Proof We follow the line of reasoning in Riemann’s original proof of the
functional equation for ¢ (s), which is to set x = 0 and take the Mellin transform
in y of f(z). We shall need the well-known transform

o0 d ; 1 -
,/ K, i(y)y*tr 2 =omibr TV (),
0 g y 2 2

which is valid for R(s — v) > —1.
If f is an even Maass form, the computation goes as follows. For 9i(s) > 1,
the following integrals converge absolutely.

y OV Ay, [y . sy
[r((5 0)» S =2f Lamm ke yeniny
0 0o "7

o0
—20m7L; (s +1) [ K,
0

y
1 —
=2%nfr<sz")r( +; U)Lf(s+;).




3.13 L—functions associated to Maass forms 87
. 0\\. . . .
On the other hand, since f (( Y 1 )) is invariant under y — y~!, it follows

0
0
0/

that

~
/N
N
O <
—_ O
SN——
S——
.\<’n
|Q~

<

f <<g ?)) (ys +y*5) dy—y. (3.13.7)

Since f <<g ?)) has exponential decay in y as y — oo, the above integral

is easily seen to converge for all s € C, and thus defines an entire function. It
is also invariant under the transformation s > —s. This gives the functional
equation for even Maass forms.

We now consider the case when f is an odd Maass form. The above argu-
ment does not work because by Proposition 3.9.2, you would have a, = —a_,,
and, therefore, Y a, - |n|~* = 0 which implies by the calculation (3.13.6)

n#0
[ y 0 sdy
[r((@ V)=

To get around this difficulty, we consider

d ad -
(0 )) = (T ez ko yminm )

that

n#0
= 2mi Zan -n- /277,'_)’ . KV—%(27T|n|y) A eZninx.
n#0

Hence,

3 -
—(Zan 271y-KU£(27t|n|y)-eZ”””>
0x o

= ZNiZa,, -n-A/2my - va%(2rr|n|y).
n#0

x=0
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It follows as in (3.13.6), that

o
9 - d
/ —<Zan 2ny-1<v_l<2n|n|y>e2”’“> i
0 X\ 1z ’ =0 7
: 1+s—
- 2i.n”r<“2“”>r< +“; ”)Lf(s—g). (3.13.8)

Now, because f is automorphic, we have:
y X _ 0o -1 y X
(@)= ()6 )
— Xty X +y .
! 0 1

Consequently

w((67))

x=0

Here, if we let f ((y ;C))) = f(y,x, z, w), then %f = f©O.10.0 Tt then
z

follows as in (3.13.7) that

o0

/ (v OV), %

dx 0 1 Y y
0
1 00

_ af y_l 0 s—2 dy 8f y 0 K dy

=[5 (Co ) LG ) S
0

_ [T ((y O s 2es] Y

_/1 5((0 1)) [y - ]7. (3.13.9)

The functional equation for odd Maass forms is an immediate consequence of
(3.13.8) and (3.13.9). O
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3.14 L-functions associated to Eisenstein series

Let w € C with R(w) > 1. The Eisenstein series

w

1 y
E ) == T 119,
@w)=3 2, lcz +d|?*

c,de’
(c,d)=1

defined in Definition 3.1.2 has the Fourier—Whittaker expansion

E(z,w)=y" + ¢(w)y' ™

i3
o1_w(®)|n|P" 2 |nly - K _1Qxin| Yerinx
" Ty )% - v Y

given in Theorem 3.1.8. Then E(z, w) is an even automorphic form, i.e., it is
invariant under the transformation x — —x. In an analogous manner to Defi-
nition 3.13.3, we may define the L—function associated to an Eisenstein series.

Definition 3.14.1 We define the L-function associated to the Eisenstein
series E(z, w) to be

oo
i
LEway(s) =Y o1 auw(n)-n" 27"

The following elementary computation shows that L g, ,,(s) is just a product
of two Riemann zeta functions at shifted arguments.

00
_1_
Lieeany(s) = Y o1 au(n) - n" 27"
n=1
00 ] 00 00 )
— anﬁvfi Zd172w — Zd172w Z(md)wfsfi
n=1 d|n d=1 m=1

=(stw—3)t(s—w+3)

Consequently, if we define

s+w—1 KY + w — l
Apaay(s)i=m""2 T (#) t(s+w—1)
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then the functional equation,

1 -
7 () e =2 07RT ( ) (1 -9),
of the Riemann zeta function immediately implies that

AEGuw) () = Ape,uw(1 —3).

Note that this matches perfectly the functional equation of an even Maass form
of type w (as in Proposition 3.13.5) as it should be.

We shall now show directly that the Eisenstein series is an eigenfunction
of all the Hecke operators. This explains why the L-function associated to the
Eisenstein series has an Euler product.

Proposition 3.14.2 The Eisenstein series E(z,s) is an eigenfunction of all
the Hecke operators. For n > 1, let T, denote the Hecke operator (3.12.3).
Then

T,E(z,5) = n° 20y a,(n)- E(z, 5).

Proof Forn > 1, let

n={(¢ 0)

Then the set S, given in Lemma 3.12.1 is just a set of coset representatives for
[')\T',,. If R is any set of coset representatives for I'o,\I'; then naturally RS, is
a set of coset representatives for I'oo\I';,. On the other hand, S, R is also a set
of coset representatives for I'o,\I',,. It follows that

> E(az.s)

a€l\Iy

. D ez

€L\l a€l\Iy

Z Z S(ayz)’

Y€l\I' a€l\Iy

v Zd‘ S(f) E(z,s)

d|n

ad—bc:n}.

TnE(Za S) =

- Sl- Sl- &l

= " 201 2 (E(z, 5).
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3.15 Converse theorems for SL(2, Z)

We have shown that the L-function associated to a Maass form for SL(2, Z) is
an entire function which satisfies a simple functional equation (see Proposition
3.13.5). The converse theorem of Maass—Hecke states that if a Dirichlet series is
entire and bounded in vertical strips and satisfies the same functional equation
as the L-function of a Maass form on SL(2, Z), then it must be an L—function
coming from a Maass form for SL(2, Z).

Now, L—functions have been studied by number theorists for a long time, and
many different L—functions satisfying all sorts of functional equations have been
discovered. Surprisingly, not a single L—function has been found which satisfies
exactly the right functional equation associated to a Maass form on SL(2, Z).
The closest examples known are the Hecke L—functions with grossencharakter
of real quadratic fields discussed in Section 3.2. If we compare the functional
equation of the L—function of an even Maass form given in Proposition 3.13.5:

1 1
Ap(s) =T (%) r (%) Ly(s)=As(1—s)

with the functional equation of the Hecke L—function with grossencharakter
given in Proposition 3.2.4:

AN® s — 7'r1ynE s+ m’yn
Ay(s) = (;) r (% r 21%6 Ly(s, ¥™)

= Al(1—s). (3.15.1)

with A =N (b)«/ﬁ , we see that the two functional equations would match
up if v= % + fgé”s and A = 1. Unfortunately, A can never equal 1. It turns
out, however, that the functional equation (3.15.1) does match the functional
equation of a Maass form ¢y, for a congruence subgroup of SL(2, Z) and A¢y, =
(% + (17; ;’22)2) - ¢p. The converse theorem for congruence subgroups of SL(2, Z)
was first discovered by A. Weil. It requires a family of functional equations
(for twists of the original L—function by Dirichlet characters) instead of just
one functional equation. This is because a congruence subgroup of SL(2, Z),
considered as a finitely generated group will, in general, be generated by several
(more than 2) matrices. Weil’s converse theorem can be used to prove that the
Hecke L—function Ly, (s, ¥") is, in fact, associated to the Maass form ¢y, of type

1 win

2 loge”

We now state and prove the converse theorem for Maass forms for SL(2, Z).
In order to simplify the exposition, we define what it means for a function of a
complex variable to be EBV (entire and bounded in vertical strips).




92 Automorphic forms and L—functions for SL(2, Z)

Definition 3.15.2 A function f :C — C is said to be EBV (entire and
bounded on vertical strips) if

* f(s) is holomorphic for all s € C.
* For fixed A < B, there exists ¢ > 0 such that | f(s)| < c for A < R(s) < B.

o0
Theorem 3.15.3 (Hecke—-Maass converse theorem) Let L(s) = Y (a(n)/n®)
n=1

(with a(n) € C) be a given Dirichlet series which converges absolul;ly for N(s)
sufficiently large. Assume that for fixed v € C, L(s) satisfies the functional
equation

. s+e—1+v s+e+1—v
A'(s) :=n"°T 3 2 r 3 2 L(s)=(=1A"(1 —s),

with € = 0 (respectively € = 1), where A'(s) is EBV. Then

> an)y/2my - K,_1Qx|nly)e”™ ™
n#0

must be an even (respectively odd) Maass form of type v for SL(2, Z), where
we have defined a(n) = (—1)¢ - a(—n) forn < 0.
Proof Forz e h2, define f@) =Y an) 2wy - KV_%(2n|n|y)e2”i”X,which

n#0
by our assumptions is an absolutely convergent series. Then clearly

Af(2) =v( —v)f(2),

because the Whittaker function v/27yK,_1(27y)e*™™ is an eigenfunction of
A with eigenvalue v(1 — v). We also get for free the fact that f(z) is periodic

in x. This implies that
11
(5 1))=re

Since SL(2, Z) is generated by the two matrices
1 1 0 -1
0o 1)’ 1 0
it follows that all that is left to be done to prove the converse theorem is to check
that
y X _ 0 -1 y X
(@ D)= )6 )
pemm il
= oyt Ay . 3.154
f 0 1 ( )

In order to accomplish this, we need a lemma. d
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Lemma 3.15.5 Let F:h> — C be a smooth eigenfunction of the Laplacian
A with eigenvalue X, i.e., AF = LF. Assume that

f((59) =5 )

Then F(z) is identically zero on h?.

= 0. (3.15.6)
x=0

Proof Since AF = AF it follows that F is real analytic. Thus, it has a power
series expansion in x of the form F(z) = Z;’,O:O b,(y)x". The eigenfunction
equation implies that

0= AF(z) — AF(2)

=Y [— 420+ Dy*bua(y) — y*bi(y) — Aba(y)]x".
n=0

Now, the initial conditions (3.15.6) tell us that bo(y) = b1(y) = 0, and it imme-
diately follows from the recurrence relation

Y2b!() + Abu(y)

b11+2(y) = - (l’[ T 1)(1’! T 2)y2

that b, (y) = 0 for all integers n > 0.
Lemma 3.15.5 implies that we can prove (3.15.4) if the function

Y =
() -o((5 )
satisfies the initial conditions (3.15.6). These can be written
(Y O oY)
/ ((0 1)) - f((o 1)) =0, (3.15.7)
8 0 8 -1 0
% <<g 1)) - ﬁ% ((S 1)) =0. (3.15.8)

First note that if f is even (i.e., a(n) = a(—n)), then it is enough to show that
(3.15.7) holds. This is due to the fact that

TR = —

n#0

L0 ((y7h 0Y) _
e ()R

In an analogous manner, if f is odd, it is enough to prove (3.15.8).

and similarly
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We shall prove (3.15.7), (3.15.8) for even and odd f, respectively, using the
Mellin inversion formulae

. i d

fis) = / hyyy 2 (3.15.9)
) y
| o+ioo

h(y) = — f h(s)y™ ds. (3.15.10)
27i A

These formulae hold for any smooth function /2 : Rt — C and any fixed real
o provided A(s) is EBV.

We apply (3.15.7), (3.15.8) with ii(s) = A"(s). It follows from our previous
calculations that we have the Mellin transform pair:

% /9 \¢ v d
A¥(s) = / (a—) f(Z)} yr 2
0 X x=0 y

o+ioco
3\¢ 1 L dy
— | f(2) = — AV(s)y2% —. (3.15.11)
dx x=0 2mi i y

The functional equation,
A"(s) = (=D A1 — ),

combined with (3.15.11) immediately prove (3.15.7) and (3.15.8) for even and
odd f, respectively. This completes the proof of the converse Theorem 3.15.3.
g

3.16 The Selberg spectral decomposition

Our main goal of this section is the Selberg spectral decomposition for SL(2, Z)
which states that

L2 (SL2, 2)\D’) = C & L3, (SLQ2, Z)\D?) & L, (SL2. 2)\D?),

where C is the one—dimensional space of constant functions,
Lgusp (S L(2, Z)\hz) represents the Hilbert space of square integrable
functions on h? whose constant term is zero, and L2 (SL(2, Z)\h?) repre-
sents all square integrable functions on h? which are representable as integrals
of the Eisenstein series. The reason for the terminology Egusp, L2 is because
the classical definition of cusp form, introduced by Hecke, requires that
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the constant term in the Fourier expansion around any cusp (a real number
equivalent to oo under the discrete group) be zero, and also because the
Eisenstein series is in the continuous spectrum of the Laplace operator. The
latter means that AE(z, s) = s(1 — s)E(z, s), or that s(1 — s) is an eigenvalue
of A for any complex number s.

Let n;(z),(j =1,2,...) be an orthonormal basis of Maass forms for
SL(2,7). We may assume as in Theorem 3.12.8 that each n; is an eigen-
function of all the Hecke operators, so that its L-function has an Euler product.
We shall also adopt the convention that

3
no(z) =4/ =,
P

is the constant function of norm 1. The Selberg spectral decomposition is given
in the following theorem.

Theorem 3.16.1 (Selberg spectral decomposition) Let f € L2(SL(2, Z)\b?).
Then we have

%-Hoo
F@ =S e + | By B as
jZO’-’f 4xi B ' '
where
—dxd
o= [[ reee o

SLQ2,Z)\h?
denotes the Petersson inner product on L£? (S L(2, Z)\hz) .

We shall not give a complete proof of this theorem, but will only sketch one
of the key ideas of the proof which is contained in the following proposition.

Proposition 3.16.2 Let f(z) € £L*(SL(2,Z)\b*) be orthogonal to the
constant function, i.e.,

dxd

= —o.

y

1) = / @

SLQ,Z)\b?
Assume that [ is of sufficiently rapid decay so that the inner product

(fs E(+.5) = / / F@E(z,s) @
y

SL(2,Z)\h?
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converges absolutely for X(s) > 1. Then
1+ioco
O = fe 4 o [ (B IEG s,
I ico
where fo(z) is automorphic ]1‘01* SL(2,Z) with constant term in its Fourier

2

expansion equal to zero, i.e., [ fo(z)dx =0or fy € Leusp-

0

Proof The main idea of the proof is based on Mellin inversion. Recall that if
h(y) is a smooth complex valued function for y > 0 then the Mellin transform
of h is

- o d
(s) = / oy 2.
0 y

The transform is well defined provided there exists ¢ € R such that the integral
converges absolutely for R(s) > ¢, and in this case, h(s)is analytic for fi(s) > c.
The inverse transform is given by

1 c+ioo
h(y) = — / h(s)y™* ds.
2mi
c—i0o
The proof of Proposition 3.16.2 consists of two steps. In the first step it is

shown that the inner product { f, E(x, s)) is the Mellin transform of the constant
term of f(z). In the second step, it is shown that the constant term of

1 4ico
L
— / (f, EGk, ))E(z, s)ds
4mi

is the inverse Mellin transform of ( f, E(x, s)) which brings you back precisely
to the constant term of f(z). Thus,

%-H’oo
1
f(z)— s / (f, E(x,8))E(z,s)ds
3 —i00
is automorphic with constant term equal to zero.
Step 1 Let
f@ =Y Ay

n=—00
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denote the Fourier expansion of f. Recall that for z € h%, I(z) = y*, and o
denotes the action of SL(2, Z) on h?. Since the function f and the measure
dxdy/y?* are invariant under the action o, it follows that for R(s) > 1,

y€l\SL(2,Z) 2

dxd
(f, E(x,5)) = // fo Y Yoo = (3.16.3)

SL(2,Z)\h?

1
=5 X // fne) 2
yel\SL(2,Z)

yo SL(ZZ)\h

o rl dxd

= / / f@y 2y
o Jo y

° dy
= [ Aoy =
0 y

= Ao(s = 1).

The assumption that f is orthogonal to the constant function implies that the
residue ats = 1 of (f, E(x, 5)) is zero. Further, E(z, s) = E*(z, s)/¢(2s) which
implies (by the fact that £ (1 4 it) # O for real ) that Ao(s = D)is holomorphic
for R(s) > % The functional equation (Theorem 3.1.10) of the Eisenstein series
tells us that

(f, EGr, 5)) = p()(f, E(x, 1 —5)),

or equivalently that

Ao(s — 1) = ¢(s)Ap(—s).
Ao(—s) = p(1 — $)Ag(s — 1). (3.16.4)

Step 2 By Mellin inversion it follows that for ¢ > 1,
| c+ioo
Ao(y) = —— f Aols — ) y' ds.
2mwi
c—ioo
Since Ag(s — 1) is holomorphic for M(s) > 5, this implies that we may shift
the above line of integration to N(s) = % It follows from the transformation
s — 1 — s that
%+ioo %Jrioo
1 ~ 1 -
M) =5 [ At =0y ds = [ Asyas.
2mi 27

1 . 1 .
i—lOO E—IOO
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If we now make use of the functional equation (3.16.4), we easily obtain
I+ico
Ao(y) = ﬁ Ag(=5)(y* + ¢(s)y' ") ds. (3.16.5)
3—i00
But for %(s) = 1 we have Ag(—s) = A¢(5 — 1), and by (3.16.3), we have
Ao = 1) = (£, E(x,9)).
Plugging this into (3.16.5) completes the proof of the theorem. O

GL(n)pack functions The following GL(n)pack functions, described in the
appendix, relate to the material in this chapter:

EisensteinFourierCoefficient EisensteinSeriesTerm HeckeCoefficientSum
HeckeEigenvalues HeckeMultiplicativeSplit HeckeOperator
HermiteFormLower HermiteFormUpper SmithForm
SmithElementaryDivisors SmithInvariantFactors Whittaker

WhittakerStar.
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Existence of Maass forms

Maass forms for SL(2, Z) were introduced in Section 3.3. An important objec-
tive of this book is to generalize these functions to the higher-rank group
SL(n, Z) with n > 3. It is a highly non-trivial problem to show that infinitely
many even Maass forms for SL (2, Z) exist. The first proof was given by Selberg
(1956) where he introduced the trace formula as a tool to obtain Weyl’s law,
which in this context gives an asymptotic count (as x — oo) for the number
of Maass forms of type v with |[v| < x. Selberg’s methods were extended by
Miller (2001), who obtain Weyl’s law for Maass forms on SL(3, Z) and Miiller
(2004), who obtained Weyl’s law for Maass forms on SL(n, Z).

A rather startling revelation was made by Phillips and Sarnak (1985) where it
was conjectured that Maass forms should not exist for generic non-congruence
subgroups of SL(2, Z), except for certain situations where their existence is
ensured by symmetry considerations, see Section 4.1. Up to now no one has
found a single example of a Maass form for SL(2, Z), although Maass (1949)
discovered some examples for congruence subgroups (see Section 3.15). So it
seemed as if Maass forms for SL(2, Z) were elusive mysterious objects and the
non-constructive proof of their existence (Selberg, 1956) suggested that they
may be unconstructible.

Recently, Lindenstrauss and Venkatesh (to appear) found a new, short, and
essentially elementary proof which shows the existence of infinitely many
Maass forms on G(Z)\G(R)/K where G is a split semisimple group over
Z and K is the maximal compact subgroup. Lindenstrauss and Venkatesh
were also able to obtain Weyl’s law in a very broad context. Their method
works whenever one has Hecke operators. Although in the case of SL(2, Z),
the proof is perhaps not much simpler than the trace formula, it has the advan-
tage of being much more explicit (it allows one to write down an even cus-
pidal function). However, a much bigger advantage is that it generalizes in a

99
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relatively straightforward way to higher rank (unlike the trace formula, where
one encounters formidable technical obstacles). I would very much like to thank
Elon and Akshay for preparing and allowing me to incorporate a preliminary
manuscript which formed the basis of this chapter.

4.1 The infinitude of odd Maass forms for SL(2, 7Z)

Let A = —y? (% + 83}—22) be the hyperbolic Laplacian on h2. It was shown in
Theorem 3.16.1 that

L2 (SL2, 2)\D’) = C & L3, (SLQ2, Z)\D?) & L2, (SL2, Z)\D?),

where £2(SL(2, Z)\h?) is spanned by the continuous spectrum of A, explic-
itly given by Eisenstein series E (z, % + ir)withr € R,and [,gusp (S L(2, Z)\hz)
is spanned by Maass forms.

Recall from Section 3.9 that a Maass form

f@ =) an/2nyK, 127 |n|y)e™ ™
n#0 )

of type v for SL(2, Z) (as in Proposition 3.5.1) is even or odd according to

whether
o= ((5 1) =7((5 7))

is equal to f(z) or — f(z), respectively.
The following proposition is almost obvious.

Proposition 4.1.1 There are infinitely many odd Maass forms for SL(2, Z).
Proof The image of the endomorphism
J: L7 (SL2, Z)\b?) — L£* (SL(2, Z)\b?),
defined by
Jf(@) = f2) =T f(2),

is purely cuspidal. This is due to the fact that the constant term of f — Jf,
given by fol (f(x+iy)— f(—=x +iy))dx = 0forall y > 0. We leave it to the
reader to show that the image of J is non-trivial. O

The rest of this chapter will be devoted to showing that the space of even
Maass forms for SL(2, Z) is also infinite dimensional. The only other known
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proof of this fact uses the trace formula (Selberg, 1956), see also (Hejhal, 1976),
as we already mentioned earlier.

4.2 Integral operators

In this section we shall adopt the classical model of the upper half-plane h?
and consider z € h? in the form z = x + iy with x € R, y > 0. Note that

Y x) can be put in this form by simply letting it act on

i
every matrix (O ]

i =+/—1.

Let d(z,z") denote the hyperbolic distance between two points z,z’ €
h2, which is characterized by the property that d(az, az’) = d(z, z’) for all
a € SL(2,R) and z, 2’ € h2. It is easy to check that

u(z,7) = ﬂ 4.2.1)
’ 43(2)3(2") o

satisfies this property, and we have the relation

u(z, z') = sinh? (CKZT’Z/)) ,

because the hyperbolic distance between the points i and iy, with yo > 1, is

given by
Yo dq
/ 2~ log(y).
Y

Definition 4.2.2 (The Abel transform) The Abel transform F(x) of an
integrable function f(x) on [0, +00), is given by

o0 2 o0
Flx) = ff<x+%> dE = «/5/ fw)dv

Juv—x

—0Q

Proposition 4.2.3 Let f(x) be a continuously differentiable function on
[0, +00). If F(x) denotes the Abel transform in Definition 4.2.2, then

- OOF/ Y 4
f(x)——gf <X+?> n

is the inverse Abel transform.
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Proof  First differentiate under the integral sign, and then convert to polar
coordinates, to obtain

(g e ] [ Dy e

—00 —00 —00
21w 0o

2
://f’ (x—i——)rdrd@
2
00
ZZﬂ/f/(X+W)dw,
0

where w = 1"2/2 and dw = rdr. This equals =27 f (x + w)|y=9 or —2mf(x)
which proves the proposition. O

Let g(x) be an even smooth function of compact support on the real line with

Fourier transform
o0

h(t) = / g(x)e'™ dx.
—00
Following Selberg (1956), we define a variation of the Abel transform, denoted
k, as follows.

k(u) = —% / (v —u)"7 dg(v), 4.2.4)

where
9w 2= 3 g(2log (VU T T +3).

The relation between k and # is called the Selberg transform. It is clear from
the definitions that £ is compactly supported and continuous. Indeed, if g is
supported in [—M, M], then k(u) vanishes for u > sinh?(M/2).

For z, w € h?, let u(z, w) be given by (4.2.1). Then u(z, w) is real valued
and positive. Define

u = u(z, w). 4.2.5)
Definition 4.2.6 (Point pair invariant) Ler g : R — C be an even smooth

function of compact support. The point pair invariant K :H> x h> — C
associated to g is the function defined by

K(z, w) = k(u(z, w)) = k(u), (forall z,w € [jz),
where k is given by (4.2.4) and u is given by (4.2.5).
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It is clear that K is a continuous function on h> x h%. Moreover, it fol-
lows from the fact that k is compactly supported, that K(z, w) is supported
in d(z, w) < R for some R that depends only on the support of g. Since the
point pair invariant K is a function of the hyperbolic distance, it is plain that
K(az,aw) = K(z,w) foralla € SL(2,R), and z, w € b2

The point pair invariant K can be used to define an integral operator which
acts on functions in £'(SL(2, Z)\h?).

Definition 4.2.7 (Integral operator)  Foranyfunction f € L' (SL(2, Z)\bh?)
and any point pair invariant K (z, w), define the integral operator

K * f(z):= / Kz, w)f(w)d*w
bZ
oo
0

where for w = +iv € b2, the invariant measure d*w = dudv/v?, as in

Proposition 1.5.3.

dudv
T

/K(z,,u—i—iv)f(u-l—iv)

It is easy to check that K % f is also invariant by SL(2,Z), and,
indeed, that f > K * f defines a self-adjoint continuous endomorphism of
L2(SL(2, Z)\b?). The key property of K that we will need is given in the
following lemma.

o0
Lemma 4.2.8 We have [ K(i, t +ie*)dt = e*/*g(x).

—00

Proof It follows from (4.2.1) that

. . (e —1)* 417
N t g =
u(i, t+ie') 100
so that the integral is exactly equal to
r x t?
k ( sinh? (—) dt.
/ (sm 2) T der
—00
But, by (Iwaniec, 1995), we have
o
gx)y= 2 / k(u)(u — sinhz(x/2))’% du,
sinh?(x/2)

from which the lemma follows. O



104 Existence of Maass forms

Remark [t is a basic fact (although we will not need it for the proof, it
provides valuable intuition) that, if ¢, is an eigenfunction of the hyperbolic
Laplacian A with eigenvalue ). = }1 + 712, then

This can be readily established by computing K * y%*'i".

Now, suppose we take g = g/ to be a Dirac §—sequence with j — oco. By
this we mean that
lim | ¢V(x)dx =1,
j—00 R
and the support of g*/) shrinks to {0} as j — oo. In this situation, the Fourier
transform 2 approaches the constant function, so we expect, in view of (4.2.9),
that the associated point pair operators

f—= KD xf

will approach the identity endomorphism. In fact, we have already seen that as
the support of g/ shrinks to zero, then the support of K /) shrinks to zero also.
Moreover, it follows from Lemma 4.2.8, after making the substitution v = e*,
that

[e¢]

o0
/K(j)(i, w) d*w = / / KDG, p+iv) d“g“
b 0 —oo ’
oo o0
=//K(j)(i, wtie*) e dudx
0 —o0

= / e 2gVD(x)dx — 1.

On the other hand, by the point pair property, and the fact that d*w is an
SL(2, R)-invariant measure, we have for any o € SL(2, R) that

/K“)(i, w) d*w =/K<f>(ai, aw) d*w
b2 b
=/K<f>(ai, aw) d*(aw)
bz
szU)(ai, w) d*w.

2
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Now, for any z € bz, we may choose ¢ € SL(2, R) such that z = «i. It follows
that

/KU‘)(Z, w) d*w —> 1
hZ

for any z € b2, as j — oo.
Consequently, for any continuous function f, we have

K9P % £(2) =/[((/>(z, w) f(w) d*w

[]2

_ / KOG, w)fG) dw + / KOG, w)(fw) - F) d*w
b2 b?

— f(2), (4.2.10)

as j — 00. So the corresponding operators K ) will satisfy

K% f(2) > f(2)

for any continuous funtion f and all z € h?.

4.3 The endomorphism O

In Section 4.1, we showed that there are infinitely many odd Maass forms
for SL(2,7Z) by showing that the endomorphism J, given in Proposition
4.1.1, has a purely cuspidal image. The key idea of the present approach
is to construct an explicit endomorphism © of L3, = L2, (SL(2, Z\h?)
whose image is purely cuspidal. The endomorphism ©, however, will use
the arithmetic structure of SL(2,7Z) in a much more essential way than J
did.

Recall that for any rational prime p, we have the Hecke operator T, given
in (3.12.3), which acts on functions f on SL(2, Z)\h? via the rule

1 = k
Tpf(z)= 75 (f(pz)+ dof (%)) : (43.1)
k=0

The Hecke operators T, commute with A, and we showed in Propositions 3.1.3
and 3.14.2 that the Eisenstein series E(z, % + ir), defined in Definition 3.1.2,
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satisfies

1 1 1
AE <z, 5+ ir) = (Z + r2) -E <z, 5+ ir> (4.3.2)

1 N, . 1
T,E (z, 7 + ir> =p"+p ") E <z, 2 + ir) . 4.3.3)

We proceed formally for now. From (4.3.2) and (4.3.3), the operator
CQ=T,-p %’A—p’ i

annihilates E (z, % + ir). Similarly (again at the formal level) © also annihilates
the constant function. The operator © may be given a rigorous interpretation
either in terms of the wave equation or using convolution operators. (In fact, for
technical simplicity in our treatment, we will use not Q but a certain smoothed
version.) For the time being, let us accept — as is indeed the case — that © may
be given a rigorous interpretation and that it is a self-adjoint endomorphism of
the space, ﬁi, of even square integrable automorphic functions.

Since Q Kkills the continuous spectrum and is self-adjoint, it has cuspidal
image. To show that there exist even Maass forms for SL(2, Z), it suffices to
find a single non-constant function in ,Ci not annihilated by Q; this we do by
choosing an appropriate test function supported high in the cusp.

Although we have appealed to the theory of Eisenstein series, this is not really
necessary: it is possible to prove that the image of O is cuspidal directly from
the definition, and in fact the proof we present will be completely independent
of any knowledge of Eisenstein series.

4.4 How to interpret O: an explicit operator with purely
cuspidal image

Let / be the Fourier transform of g. Proceeding formally for a moment, let us
also note that if g were the sum of a §-mass at x = log(p) and at x = — log(p),
then h(r) = p’” + p~'", and so in this case (4.2.9) says — if we can make sense
of it — that f — K * f has the properties we would expect of the operator
p\/E + pfm . In this section we will mildly modify this construction
(because we prefer not to deal with the technicalities that arise by taking g to
be a distribution).

Now, let go be an even smooth function of compact support on R, and
for p > 1 put g,(x) := go(x + log(p)) + go(x — log(p)). Starting from g, for
p = 0, we define k,(u) and K ,(z, w) as in Definition 4.2.6.
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Let us pause to explain the connection of this with the vague idea that
we described at the start of this section. Work formally for a moment and
suppose that gy were the “delta-function at 0.” Then, formally speaking, the
Fourier transform /¢ is the constant function 1, whereas the Fourier trans-
form h,(r) = p'" 4+ p~i". Using (4.2.9) we see (formally speaking — this is not
intended to be a rigorous proof!) that the map f +— Ky * f is just the identity
endomorphism and that the operator f +— K, * f is essentially the operator
pm + p‘m. So f = K, * f —T,(Ko * f), formally speaking, gives
an interpretation to the operator © that we discussed earlier. In practice, to avoid
certain technical complications, we just take go to be smooth rather than the
8 function, and K (resp. K ,) approximates the identity endomorphism (resp.
pm + p’m ); in fact, we rigorously proved at the end of Section 4.2
that, as g¢ varies through a § sequence, the operator K approaches the identity
endomorphism in an appropriate sense.

Lemmad.4.1 Let f € L' (SL(2, Z)\W?).Then K, * f — T(Ko * f)defines
a cuspidal function on SL(2, Z)\b?.

Proof  For any function F on SL(2, Z)\hz, we define for y > 0, the constant
term (denoted F.;):
Fer(y) = / F(x +iy)dx.
R/Z

Using the explicit definition of T}, given in (4.3.1), we see that

(T,yF)er(y) = p~2 Fer(py) + p* Fer(p™'y) (4.4.2)

holds for any F on SL(2, Z)\h>. To prove Lemma 4.4.1, we need to check that,
forany y > 0, (K, * f)er = (Tp(Ko * f))er. So we just need to check that

(Kp* er(y) = p 2(Ko * Per(py) + P (Ko x er(p™'y).  (443)

Now, for any p > 0, we have

(Kp* Pler(y) = / / Kp(x +iy, w) f(w)d*wdx (4.4.4)

xeR/Z weh?

= / / Kp(x +iy, w)f(w)d wdx,

xeR wehz
0<R(w)<1

where we have used the fact that f(w) = f(w + 1) to unfold the integral over
x € R/Z, atthe cost of restricting the w-integration from h2 to b2 /{w — w + 1}.
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Now, using the fact that K (gz, gw) = K(z, w) for g € SL(2, R), we see that
that if w = x,, + iy, then

/K,,(x—i—iy,w)dx: / K,(x +1y, iy,)dx “4.4.5)
xeR xeR
= yw/Kp(x—i—iyy;l, i)dx
xeR

(y)’w)l/z gP(IOg (yyrzl))’

So we get

[e¢]

d
(K % fer(yo) = / o2y 12 g, (og(yoy ™) for () 7y
0

From this and the fact that g,(x) := go(x + log(p)) + go(x — log(p)), (4.4.3)
follows by a simple computation. a

4.5 There exist infinitely many even cusp forms for
SL(2,7Z)

Let notations be as in Section 4.4 and let © be the self-adjoint endomorphism
of L2(SL(2, Z)\h?) defined by f +> K, * [ —T,(Ko* f).Itis easy to check
that © preserves Lgusn + (in fact, all operators in sight do). To show that there
exist even cusp forms, we must show that O £ 0 on Egusp’ +- The idea, in words,
is the following. Let I', be the stabilizer of the cusp at co in SL(2, Z), that is
to say, the group generated by z — z + 1.

High in the cusp, SL(2, Z)\h? looks like the cylinder I'o,\b2. This cylinder
has rotational symmetry, i.e., it admits the action z - z + ¢ of the group R/Z.
It turns out that the maps f +— K, * f and f + T,(Ko * f) behave totally
differently with respect to this action; so this incompatibility forces © to be
non-zero.

Let T > 1 and let

S(T) = Z71 =\ [zeb?|30) > T},

be the Siegel set as in Definition 1.3.1. Then the natural projection: &(T) to
SL(2, Z)\f)2 is a homeomorphism onto an open subset. We can, therefore,
regard C2° (&(T)), the space of smooth compactly supported functions on
&(T), as a subset of C° (SL(2, Z)\b?); similarly £%(S(T)) is a subset of
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L2(SL(2, Z)\h?*). We will make these identifications throughout the rest of this
argument.
If f € C*(6(T)), we define for n € Z, the nth Fourier coefficient a, r(y) to

1
be the function on (7', co) defined by the rule a,, f(y) = f flx+ iy)e‘z’””"dx.

Now, let R be so large that ko(z, w) and k,(z, w) are soupported ind(z, w) <
R,and let Y > peR. Then, one sees from (4.3.2) and Definition 4.2.7 that ©
maps C* (6(Y)) into C* (S(1)). Indeed, it is enough to check that this is true
for f — K, * f and f — T,(Ko * f); we deal with the first and leave the
second to the reader. It is clear from Definition 4.2.7 that K, * f is supported
in an R-neighborhood of the support of f. But an R-neighborhood of G(Y) is
contained in &(Y /R), thus the claim.

Moreover, if the nth Fourier coefficient a,, ¢(y) vanishes identically, then so
does a, g ,«r(y). This follows from (4.4.4):

An K ,f(y) = / g Frinx / K,(x +iy,w)f(w)d*wdx
x€Z\R weh?

= / e 2minx / KyGy,w—x)f(w)d*wdx

YeZ\R weh?

= / / K@y, w)f(w + xX)e T dy dFw,

weh? xeZ\R
and the final integral clearly vanishes if a, ; vanishes identically.
Fix an arbitrary integer N £ 0  (mod p). Let

feCT(B(X) =C )N L, .

be a non-zero even function so that a, s vanishes identically for all n = £N.
Then a, k .y vanishes identically for n # £N. On the other hand, we see from
Lemma 4.4.1 that, for z € h2, we have

Tp(Ko * f)(2) = Ko * f(p2),

so (by the same argument as before), An. T, (Kox ) vanishes identically for
n#=+pN.

It follows that O f is a non-zero even cuspidal function, as long as
Ko * f £ 0. But we are still free to choose the function gy that entered in
the definition of Ky, and it is clear from the discussion of Section 4.2 that, as
we let go approximate the § function, Ky * f will approach f pointwise; in
particular, it will be non-zero.
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We have therefore shown that — for appropriate choice of gy — the function
F = Qf is non-zero, cuspidal, belongs to C°(&(1)), and, moreover, has the
property (as is clear from our discussion above) that a, r(y) vanishes unless
ne{N,—N, pN,—pN}. Since N could be any integer not divisible by p, we
conclude from this that £?

cusp,+ 18 infinite dimensional, so there are infinitely
many even cusp forms.

4.6 A weak Weyl law

The proof given above shows there exist infinitely many cusp forms. It is easy
to make this quantitative. Here we will just explain how to prove a weak
version of the Weyl law and we will say a few words about how to prove
the full Weyl law in Section 4.8. We first recall the following “variational
principle”:

Lemma4.6.1 Suppose H is a Hilbert space and A a non-negative self-adjoint
(possibly unbounded) operator on H with discrete spectrum ,y < Xty <...
Suppose V. .C H is a finite-dimensional subspace and A is such that
JAv|| < Al|v|| whenever v € V. Then #{\A; < A} > dim(V).

Proof Let v; be the eigenvector corresponding to the eigenvalue ;. Let W
be the space spanned by all the v;’s with A; < A. If the claim is false, then
dim(W) < dim(V), so there is a vector in V perpendicular to W. Such a vector
must have the form v = ) j €jvj, where the sum is taken only over eigenvec-
tors v; with eigenvalue > A. But it is clear that such a vector cannot satisfy
|Av]| < Aljv]|, contradiction. O

Proposition 4.6.2 Let N (A) be the number of eigenfunctions of the Laplacian
in E?WHF with eigenvalue < A. Then there exists ¢ > 0 such that N(A) > cA

forall A > 1.

Proof (Sketch only)  We follow the notations of the previous section. Fix a
non-zero smooth function % on the real line, supported in (0, 1). Fix an integer
N > 1.Foreach pair of positive integers j, k satisfying 1 < j, k < N andsothat
p does not divide j, we put fix(x +iy) =h((N(y —Y)/Y) — k)cos(2m jx),
regarded as an element of C*° (&(Y)), C L2 Let W be the span of f, so

cusp,+*

an N* — N [N /p]dimensional subspace of L2, . . Also,let V = Q(W), where

we take the function gy entering in the definition of O to be an approximation
to a § function. Now apply the previous lemmato V. O
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4.7 Interpretation via wave equation and the role of finite
propagation speed

We now comment how © may be understood in terms of the wave equation.
Equations (4.3.2) and (4.3.3) admit a nice interpretation in terms of the auto-
morphic wave equation

Uy = —Au+ %. 4.7.1)

A solution u = u(x +1iy, t) to (4.7.1) may be regarded as describing the ampli-
tude of a wave propagating in the hyperbolic plane. The low order term of u /4
is natural for the hyperbolic Laplacian (see (Lax and Phillips, 1976)).

For every t € R we can define a linear endomorphism U, of

L* (SL2, Z)\b*) N C™ (SL(2, Z)\b*)

to itself, taking a function f(x 4 iy) to 2u(x + iy, t), where u is the solu-
tion to (4.7.1) with u|,—9 = f, u;|,=0 = 0. One may show that this operator
is well defined in a standard way; moreover, it is self-adjoint (“time reversal
symmetry”). Formally speaking, one may write U, = p"/%*—A + ]f’\/%*—A;
in fact, U, gives a rigorous meaning to the right-hand side.

4.8 Interpretation via wave equation: higher rank case

In this section, we briefly detail how the operator pm + p‘m may be
viewed in terms of the wave equation. We then conclude by discussing how the
considerations of this section generalize. For further details, we refer the reader
to (Lindenstrauss and Venkatesh, to appear).

The automorphic wave equation

Uy = —Au+ % (4.8.1)
describes the propagation of waves on the hyperbolic plane. A solution
u=ulx-+iy,t)

to (4.8.1) may be regarded as describing the amplitude (at time ¢ and position
X +iy) of a wave propagating in the hyperbolic plane. The low order term of
u /4 is natural for the hyperbolic Laplacian (see (Lax and Phillips, 1976)).

For every ¢ € R we can define a linear endomorphism U, of

L2 (SLQ2, Z)\h*) N C> (SL(2, Z)\h?)
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to itself, taking a function f(x +1iy) to 2u(x + iy, t), where u is the solu-
tion to (4.8.1) with u|,—o = f, u;|;=0 = 0. One may show that this operator
is well defined in a standard way; moreover, it is self-adjoint (“time reversal
symmetry”). Formally speaking, one may write U, = ¢’ VAT L emt/A-T ; in
fact, U, gives a rigorous meaning to the right-hand side.

Moreover, for any function f € C*(h?), the value of U, f at z € h? depends
only on the values of f at points w with d(z, w) < ¢; this fact expresses the
finite propagation speed of waves in the hyperbolic plane, and corresponds to
the fact that the point pair invariants K we used earlier were supported within
d(z, w) < R for some R.

In this fashion the operator pm + p’m can be regarded as the oper-
ator on functions that corresponds to propagating a wave for a time log p. One
can thereby rephrase our previous arguments using the wave equation.

Finally, we note that the methods of this section can be extended to the
higher-rank case, e.g. existence of cusp forms on SL(n, Z)\SL(n,R); and
moreover, a more careful analysis gives not merely the existence of cusp forms
but the full Weyl law, that is to say, the correct asymptotic for the number
of cusp forms of eigenvalue < A. The idea is that, again, one may construct
operators like “©” by combining Hecke operators and integral convolution
operators.

To write such an operator down explicitly for SL(3, Z)\SL(3, R) would
be rather a painful process! However, it is not too difficult to convince your-
self that they do exist: in the SL(2, Z) case, the crucial point was that both
the Hecke eigenvalue p'’ 4+ p~ and the Laplacian eigenvalue 1/4 + ¢ of the
Eisenstein series E (z, % + it) were controlled by just one parameter ¢ € R, and
S0 it is not too surprising that we can concoct a combination of these param-
eters that always vanishes. A similar phenomenon occurs for higher-rank: the
Eisenstein series is controlled by too few parameters for the archimedean and
Hecke eigenvalues to be completely independent. This is perhaps a bit sur-
prising since, on SL(3, Z)\SL(3, R), there exist Eisenstein series indexed not
merely by a complex parameter ¢ but also by Maass forms (see Section 10.5)
on SL(2, Z)\SL(2, R)!

In the higher-rank case one uses a slightly different approach to see that
the equivalent of “Q” is non-zero. Let us describe this approach in the
SL(2, Z)\b? case; the higher-rank case proceeds analogously but using higher-
rank Whittaker functions. The idea is again to explicitly write down a function
which © does not annihilate; but we will use instead a somewhat more com-
plicated function than before. The payoff will be that © will act on it in a very
simple way.
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Choose 6, r € R and define for £ > 0 the complex numbers
ap = e K0 4 omik=20 Ly kO

Put f(z) = > akﬁK[,.(pky) cos(2p*x). Recall that for T > 1 we defined
=

S(T) = %71 =T\ {z € ?*[3() > T}

to be the Siegel set as in Definition 1.3.1. If we restrict f to &(T),
we may, thereby, regard it as belonging to L*(SL(2,7Z)\h?). One veri-
fies that, if T’ > T is sufficiently large, then for any w € &(T’), we have
Qf(w) = holir)(p"" + p~ — e/ — 7% f(w); here hy is the Fourier trans-
form of the basic function g that was chosen at the start of Section 4.4. In other
words, for this particular function f, “high in the cusp,” © actually acts on f by
a scalar, namely ho(ir)(p'" + p~'" — €' — ¢79). In particular, we can choose
r and 0 so that O f # 0.

It is possible to reproduce this behavior in any rank using higher-rank
Whittaker functions, and this allows one to show that the relevant convolu-
tion operators are non-zero.
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Maass forms and Whittaker functions for
SL(n,Z)

5.1 Maass forms

Maass forms for SL(2, Z) were introduced in Section 3.3. We want to generalize
the theory to SL(n, Z) with n > 2. Accordingly, we will define, for n > 2, a
Maass form as a smooth complex valued cuspidal function on

b =GL(0n,R)/(O(n,R)-R™)

which is invariant under the discrete group SL(n, Z) and which is also an eigen-
function of every invariant differential operator in ©”, the center of the universal
enveloping algebra as defined in Section 2.3. A cuspidal function (or cuspform)
on h? was defined by the condition that the constant term in its Fourier expansion
vanishes which in turn is equivalent to the condition that ¢(z) has exponential
decay as y — oo. These notions are generalized in the formal Definition 5.1.3.

Harish-Chandra was the first to systematically study spaces of automor-
phic forms in a much more general situation than G L(n). He proved (Harish-
Chandra, 1959, 1966, 1968) that the space of automorphic functions of a cer-
tain type (characterized by a cuspidality condition, eigenfunction condition,
and good growth) is finite dimensional. Godement (1966) explains why Maass
forms on G L(n) are rapidly decreasing. It was not at all clear at that time if
a theory of L-functions, analogous to the G L(2) theory could be developed
for GL(n) with n > 2. The first important breakthrough came in (Piatetski-
Shapiro, 1975), and independently in (Shalika, 1973, 1974), where the Fourier
expansion of a Maass form for SL(n, Z) was obtained for the first time. The
Fourier expansion involved Whittaker functions. In his thesis, Jacquet intro-
duced and obtained the meromorphic continuation and functional equations
of Whittaker functions on an arbitrary Chevalley group (see (Jacquet, 1967)).
These papers provided the cornerstone for an arithmetic theory of L-functions
in the higher-rank situation.
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Recall that for n > 2, an element z € §” takes the form z = x - y where

I x12 x13 --- X1, Yiya© o Yn—1
1 xp3 --- Xon YiY2+ et Yn-2
X = ) y= )
1 Xn—1,n Y1
1 1

withx; j e Rforl <i < j<nandy >0forl <i <n-—1.
Let v = (v;, Vs, ...V,_1) € C*~'. We have shown in Section 2.4 that the
function

n—1n—1

L@ =[][]»"" (5.1.1)

i=1 j=1
with

R ifi 4+ j <n,
Y e —-im— ) ifti+j>n,

is an eigenfunction of every D € ©". Let us write
DI,(z) =Ap - [,(2) for everyD € D", (5.1.2)
The function A (viewed as a function of D) is a character of ®” because it
satisfies
ADy-Dy = Ap, * Ap,
for all Dy, D, € ®". It is sometimes called the Harish—Chandra character.

Definition 5.1.3 Let n > 2, and let v = (v, vy, ...v,_;) € C"~!. A Maass
form for SL(n, Z) of type v is a smooth function f € LX(SL(n, Z)\b") which
satisfies

M flyz) = f(2), forally € SL(n,7), z €h",
(2) Df(z) = Ap f(z), forall D € D", with Lp given by (5.1.2),
3) f fuz)du =0,

(SL(n,Z)NUNU

for all upper triangular groups U of the form
I,

Iy
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withry +ry+---+rp, = n. Here I, denotes the r x r identity matrix, and *
denotes arbitrary real entries.

5.2 Whittaker functions associated to Maass forms

For n > 2, let U,(R) denote the group of upper triangular matrices with /s on
the diagonal and real entries above the diagonal. Then every u € U,(R) is of
the form

L wip urz -+ Uy,
I w3 -+ uy,
u= D (5.2.1)
1 Up—1,n
1

with u; ; € R for 1 <i < j < n. Similarly, we define U,(Z) with entries
ujj€Zforl <i <j=<n.

If m = (my,ma,...,m,_1) € Z""", then the function ¥, :U,(R) - C*
defined by

V() = e2m’(m1u1_2+mzuz,3+-~~+m,,,1u,,,L,,)’ (with u € U,(R))
is a character of U, (R). This means that
Ym(u - v) = Y (W)Y (v) (5.2.2)

for all u, v € U,(R). This can be quickly verified in the case n = 3 because

I wip w3 I vip vi3 I uip+vip *
0 1 u3 | -1 0 1 V23 = 0 1 U3z +v3 |,
0O O 1 0o O 1 0 0 1

and it is easy to see that (5.2.2) holds in general.

For n>2, let ¢ be a Maass form for SL(n,Z) of type
v=(,...,V,_1) € C""!. By analogy with the Fourier expansion tech-
niques introduced in Section 3.5, it is natural to introduce the function qg,,,(z)
defined as follows:

1 1
G(z) == / . / G- 2)Yu) [] duij. (5.2.3)

0 0 l<i<j<n
One might reasonably expect that ¢,,(z) is a Fourier coefficient of ¢ and that
¢ might be recoverable as a sum of such Fourier coefficients. Unfortunately,
the fact that U,(R) is a non—abelian group (for n > 2) complicates the issue
enormously, and it is necessary to go through various contortions in order to
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obtain a useful Fourier theory. We shall study this issue carefully in the next
section. For the moment, we focus on the integral (5.2.3).

Proposition 5.2.4 Forn>2and v = (v;,v,,...,v,_1) € C"7!, let ¢ be a
Maass form of type v for SL(n,Z). Let m = (my, ..., m,_1) € Z'~', and let
Y be an additive character as in (5.2.2). Then the function ¢,,(z) defined in
(5.2.3) satisfies the following conditions:

(1) @t - 2) = Y (W) - Pu(2) (for allu € U,(R)),
(2) Dy = ApPpm, (for all D € "),

3) / | (2)|?d*z < o0,

DV
22

where ¥ 5 | denotes the Siegel set as in Definition 1.3.1, and d*z is the left
22

invariant measure given in Proposition 1.5.3.

Remark Any smooth function: h” — C which satisfies conditions (1), (2),
(3) of Proposition 5.2.4 will be called a Whittaker function. A more formal
definition will be given in Section 5.4.

Proof  First of all, the integral on the right-hand side of (5.2.3) is an integral
over U,(Z)\U, (R). Since both ¢ and v, are invariant under U,(Z), the integral
is independent of the choice of fundamental domain for U,(Z)\U,(R).

Every z € h" can be written in the form z = x - y, as in the beginning
of Section 5.1. In the integral (5.2.3), we make the change of variables
u — u - x~'. It follows that

1 1
<;3m(z)=/0 fo G- Ym-x) ] duiy.

I<i<j<n

But (5.2.2) implies that v, (u - x~1) = ¥, ) - Y (x™1) = Y () - Y (x).
This proves that for u € U,(R), ¢(u - z) = ¥, (u - X)P(y) = ¥ (u)@(z). The
second part is an immediate consequence of the fact that ¢ is an eigenfunction
of every D € ®" with eigenvalue Ap.

To prove (3), we use the Cauchy—Schwartz inequality and the fact that ¢ is
in £? to deduce that

1 1
/|¢3m(z)|2d*z</o /O f|¢(u-z)|2d*z [] dui;

I<i<j<n
DN
22

)

)
[~

< / lp(2)|* d*z < oo.

z

o
O
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5.3 Fourier expansions on SL(n, Z)\h"

The classical Fourier expansion theorem states that every smooth periodic func-
tion ¢ on Z\R has a Fourier expansion

$xX) =Y Gu(), (53.1)

mez

where

1
ém(X)=/ G(u + x)e M dy.
0

We seek to generalize (5.3.1) to smooth automorphic functions on
SL(n, Z)\b".

Theorem 5.3.2 Forn > 2, let U, denote the group of n x n upper triangular
matrices with 1s on the diagonal as in Section 5.2. Let ¢ be a Maass form for
SL(n,Z). Then for all z € SL(n, Z)\b"

00 00

7 14

ZCENED MDD M) S ] (LA B ¥
y € Uy 1(Z)\SL(n—1,Z) m;#0 mp=1 m,_1=1

where the sum is independent of the choice of coset representatives y and

1 1
&(nn,...,mn_l)(z) = / o / ¢(u - z) e—2m'(m]u1_2+m2uz_3+~~+mn,1u,l,l,n) d*u,
0 0

withu € Uy(R) given by (5.2.1) and d*u = [, ; _;, dui ;.

If ¢ satisfies conditions (1), (2), but does not satisfy condition (3) of
Definition 5.1.3, then the Fourier expansion takes the form

o= Y > Y Y o >((y 1)2)'

Y €U, 1(INSL(—1,Z) mi=—00 m=0  m,_1=0

The proof of Theorem 5.3.2 makes use of an elementary lemma in group
theory which we shall straightaway state and prove.

Lemma 5.3.3 Let C C B C A be groups. Let f:C\A — C be any function

such that the sum, Y f(y), converges absolutely. Then
yeC\A

Yo=Y ) fE).

yeC\A 8'eC\B SeB\A
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Proof ltisclearthatif § € B\A and §' € C\B then §'8 € C\ A. On the other
hand, every y € C\ A can be written in the form y = ca forc € C,a € A. If
we now set 8’ =c-1 € C\B and § = 1-a € B\A, then we have expressed
y =486. O

Proof of Theorem 5.3.2  Since ¢ is automorphic for SL(n, Z), we have

1 mp
1 my
o] : z| = ¢@)
1 np—1
1
for all m{, my, ..., m,_; € Z. It then follows from classical one—dimensional
Fourier theory that
1 1]
| | 1 %)
P = > / e / o . .
mi,..., my_| €7 0 0 1
Up—1
1
x e 2milmutetm i) gy, Ly, (5.3.4)

Here, we are simply using the fact that the matrices

1 1 1 0 1 0
1 0 1 1 1 0

1 1 0 11

1 1 1

commute with each other and generate the abelian group of all matrices of the
form

1 nmi

My, ...,My_1 e
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We now rewrite (5.3.4) with a more compact notation. For

1 %1

m=(my,....,my_1) €Z", v= . d*v:l_[dvi,

define
. ! 1 _
¢m(Z) ::/ .. / ¢(vz)e*2ﬂl(u,m) d*U,
0 0

where (v, m) = Z;:ll vim;. Note the difference between ¢ and ¢, for
example, ¢ involves integration with repect to all the variables u; j with
1 <i < j <n — 1. With this notation, (5.3.4) becomes

p@) = Y ful2). (5.3.5)

meZ!

The Fourier expansion (5.3.5) does not make use of the fact that ¢ is auto-
morphic for all SL(n, Z). To proceed further, we need the following lemma.

Lemma 5.3.6 Let n > 2. Fix an integer M # 0, and let y € SL(n — 1, Z).

Then
N N 0
brey(@) = bo. o,M)<<g 1).2),

where e,_, = (0, ..., 0, 1) lies in 7"

Proof Let
ai aipn ajn—1
Yy = ,
dp—2,1 A4p—22 ~*°° Ap-2p—1
4! V2 Vn—1
and
1 v 1 V]
1 1% 1 Ué
v= : , v = :
1 v, I v,_,
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Then we have the identity

(76 ?)-vzv’.<’6 ?) (5.3.7)

where
!
Vi =ap v+ - a1 p-1V-1,
!
Uy, = dz,1V1 + -+ az n—1Vn—1,
!
Uy_p = Qp—2,1V1 + -+ aAp—2n-1Vn—1

!

V,_1 =ViV1+ o+ Va—1Un-1.

Now, since y € SL(n — 1, Z), we have ¢p(vz) = ¢ ((J(; (1)> vz) . It then fol-
lows from (5.3.7) and a simple change of variables that

dmy,...My)(2) = Ppme,_,y(2)

:/1'“/1¢<< ) ) e~ Mt tron) g gy
/ / ( ( 0) ) _MM(V],H...W,,,IU,,,l)dvl...dvn,l
Lol )

= do.... 0,M><< ) )

For n > 2, the group SL(n — 1, Z) acts on Z"~! with two orbits:

{0}, Z"'—{0) = Z*-e,

—_

— O

_1-SL(n—1,2),
where Z denotes the positive integers. The second orbit above is a consequence

of the fact that every non-zero m € Z"~! can be expressed in the form

m:(ml,--~7mn—])=M'(Vl,-n,]/n 1)

ZM‘en—1'< * >7
Yi Y2 o Va1

where M = ged(my,...,my—1), M >0, and m; =My, (for j=
1,2,..

.,n—1). The stabilizer of e,_; in SL(n —1,7Z) (under right



122 Maass forms and Whittaker functions for SL(n, Z)

multiplication) is P,_1(Z) where

and x denotes arbitrary integer entries.

Remark 5.3.8 The above argument breaks down when n = 2. In this case,
the orbit consists of all integers M # 0.

It now follows from this discussion and Lemma 5.3.6 that we may rewrite
(5.3.5) as follows:

$(2) = ...+ Y > Prte, v (2)

M=1 yeP,_\(Z)\SL(n—1,Z)

=do...0E) + Z Z bo....0m ((J(; ?) -Z) .

(5.3.9)

my—1,andsetting P,_; = P,_1(Z), SL,—1 = SL(n — 1, Z), we may, therefore,
rewrite (5.3.9) in the form

00 1 1
o b))
my—1=1 yeP,_1\SL,—1

« @2 My Ut d*u, (5.3.10)

where
1 ul,,,
1 uzﬁ,, 1
. . *
U= . : , du:l_[duj,,,.
j=1
I up_in
1

Lemma 5.3.11 The function

! !
?.,....0.m(2) = f . / P(v - 2)e 2T IMu-1 gy
0 0
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where

n—1
. . *
v = - : , d*v = Hdvi,
1
1 Up—1 l

is invariant under left multiplication by matrices of the form

mi mi 2 s myu—r 0
my m 2 s mpu—r 0
m= . : . : € SL(n,Z).
mp—31 my—22 e Mp_2 -1 0
0 0 cee 1 0
0 0 01

Proof We have

1 1
43(0 _____ oy (m - z) = / / oW -m- Z)e—Zm'Mv,,—l d*v
0 0

1 1
= / .. / ¢(m 3 U/ . Z)efzm'Mv,,_] d*v
0 0
1 1 )
= / . / (]5(1)/ . Z)e—Zvan,l d*l),
0 0

where

is chosen so that v - m = m - v/. A simple computation shows that we may take

’
vy =m vy +myavy+ s+ My Uy

/
Uy = My (V1 + MUy + -+ + M2y 1Vp—

V, o =My_21V] + My—22V2 + -+ mMy—2n—1Vn—1

/
n—
/
Un_] = VUp—1.
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Finally, if we make the change of variables v — v, it follows from the above
discussion that

1 1
b....0m(m - z) =/ f d(V - 2)e T IMUL g7y
9 9
= / .o / d)(v/ . Z)e—ZJTl'MU,L] d*v/
Jo 0
= ¢.....0,m(2),
because the Jacobian of the transformation is 1. |

We remark here that in the derivation of (5.3.10), we only used the left
invariance of ¢(z) with respect to P,_(Z). In view of Lemma 5.3.11, we may
then reiterate all previous arguments and obtain, instead of (5.3.10), the more
general form

=3 Y X / [

mp—2=1 my_1=1yy_2€P,2\SLy—2 Yn— 1€P,

Vn—2
x¢lu- 1 _()/,,_1 )-z
| 1

x 6727”[mrz—ZMn—Z,n—]+n7n—]”n—],l1] d*u, (5.3.12)
where
1 Ul 1 M1,n71 0
1 U n 1 M2’n71 0
u= :
Up—2.n—1 0
1ty 1y 1 0
1 1
1 Uin-1 Ui,
1 Uz n—1 Uz n
= 9
Up—2.n—1 Un—2.n
1 Upn—1.n
1
and

l_[ du,-,,,_l . l—[ du‘,',n.

1<i<n—2 1<j<n—1
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Note that by Remark 5.3.8, the sum over m,,_; in formula (5.3.12) will range
over all m,_, # 0 when n = 3.

Lemma 5.3.13 For n>2, define the following subgroups of
SL,=SL(n,7Z):

* * % %
Pn,lz S : :Pn(Z); Pn,2= % ... sk %k % ,
;"'ST 0 -~ 0 1 %
0O --- 0 0 1
* * % %
: Do 1
) : oo ] ! .
P, y= * * % % ’ . Pyn=
0 1 % %
0 0 1 =x 1
0 0 0 1

Thenforr =1,2,...,n— 1, we have

Pn—r\SLn—r = ﬁn,r-‘rl\ﬁn,r’
Pn—r e Fn,r-&-l : (7/ I ) (V € SLn—r)y
f
where I, denotes the r X r identity matrix.

Proof We may write

* % k
SLuy
*
Pn,l = 1 B
1 =%
1
k * k
P,
%
Pn,r+1: 1
1 x
1
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The lemma follows after one notes that a set of coset representatives for the
quotient P, .\ P, is given by

U (")
Y€Pu\SL—,s Ir

O

We now apply Lemma 5.3.13 (in the form P,_;_,\SL,—;_, withr = 1) to
the inner sum

2

Yn-2€Py—2\SLy—2

in (5.3.12). We canreplace y,,—2 € P,_2\SL,—2byy,_, € }N’n_],g\P,,_l, where

Yn—2
1 — <yr:—2 >
1)
1

and where P,_, , is defined as in Lemma 5.3.13. If we then apply Lemma 5.3.3
to the sums

2. 2.

y,;fzef’n,lvz\P,,,] Yn—1€Py 1 \SLy—
it follows that

w2 5 X [0

mya=1 my1=1 yeP, |,\SL,_

x e~ 2rilmattn 2 n1tmn 1] d*u, (5.3.14)

where
Picio=31% % .. % x c SL(n—1,7),
1



5.3 Fourier expansions on SL(n, Z)\h" 127

and
1 Ul n—1 Uin
1 Uz n—1 U n
u = )
Up—2n—1 Up—2.n
1 Upn—1,n
1
d*u = l_[ du,‘,n,l . l_[ duj,,,.
1<i<n-2 1<j<n-—1

All steps previously taken can be iterated. For example, after one more
iteration equation (5.3.14) becomes

00 00 00 1 1
0= N L X o el (7))
my—3=1 my_o=1 my_1=1 yeP, ;5\SL,_;

_Zﬂi[mn—BM»1—3./1—2+mn—2“n—2./1—]+mn—lun—l.n] d*u (5 3 15)
s .

X e
where
ko ok ko ok
Pias=1q|* * *1t c SL(n—1,7),
1 % %
1 %
1
and
1 Ui -2 Uiu-1 Ui,
1 Uz n—2 Uz n—1 Uz pn
u= 1 Up—3n—2 Up-3n—1 Up-3n ’
1 Up—2.n—1 Upn—2.n
1 Upn—1,n
1
*
d*u = 1_[ dl/l,'.n_z- 1_[ dl/{j,n_] . 1_[ a’uk,,,.
1<i<n-3 1<j<n-2 1<k<n—1

Theorem 5.3.2 follows from (5.3.15) after continuing this process inductively
for n — 2 steps, and taking into account Remark 5.3.8. ]
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5.4 Whittaker functions for SL(n, R)

Forn > 2,letv = (v, vy, ..., vp_;) € C"~!. We have repeatedly used the fact
that the function 7, : h” — C (see Section 2.4) given in (5.1.1), i.e.,
n—1n—1
L@ =[]]]»"". (withzepm
i=1 j=1
and
ij ifi +j <n,

bij = .
n—10)n—17j) ifi +j>n,

is an eigenfunction of every SL(n, R)—invariant differential operator in ©".
These are not the only possible eigenfunctions, however. For example, we have
shown in Section 3.4 that the functions

yv’ yl—v’ ﬁKv7%(2n|m|y)eZ7rimx’ ﬁ]l)7%(2n|m|y)e2nimx,

(with m € Z, m # 0) are all eigenfunctions of A = —y? (%22 + %) with

eigenvalue v(1 — v). Of these four functions, only

3 K1 @rlmly)em,

has good growth properties (exponential decay as y — 00) and appears in the
Fourier expansion of Maass forms. This is the multiplicity one theorem of
Section 3.4. We seek to generalize these concepts to the group SL(n, Z) with
n>2.

For n > 2, let U, (R) denote the group of upper triangular matrices with
Is on the diagonal. Fix ¢ :U,(R) — C to be a character of U, (R) which, by
definition, satisfies the identity

Yu-v)=y@y)
for all u, v € U, (R).
Definition 5.4.1 Letn > 2. An SL(n, Z)-Whittaker function of type

-1
v:(VI,Vz,..,,Vn,I)e(Cn I

associated to a character  of U,(R), is a smooth function W : " — C which
satisfies the following conditions:

) W(uz) =v@)W(z) (forallu € U,(R), z € h"),
) DW(z) =ApW(z) (forall D € ®", z € h"),
3) / W) d*z < oo,

¥

1
'



5.5 Jacquet's Whittaker function 129

where Ap is defined by DI,(z) = Apl,(z), the Siegel set ¥ 5 , is as in
22
Definition 1.3.1, and the left invariant quotient measure d*z is given by

Proposition 1.5.3.

The primordial example of a Whittaker function for SL(n, Z) is the integral

1 1
/0/0 ¢w-Yw ] du,

I<i<j<n
given in Proposition 5.2.4. Here ¢(z) is aMaass form for SL(n, Z). This example
shows that Whittaker functions occur naturally in the Fourier expansion of
Maass forms. The importance of Whittaker functions cannot be underestimated.
They are the cornerstone for the entire theory of L—functions.

We shall show in the next section that it is always possible to explic-
itly construct one non-trivial Whittaker function. Remarkably, this special
Whittaker function has good growth properties and is the only Whittaker func-
tion that appears in the Fourier expansion of Maass forms (multiplicity one
theorem).

5.5 Jacquet’s Whittaker function

Whittaker functions for higher rank groups were first studied by Jacquet (1967).
The theory was subsequently fully worked out for GL(3, R) in (Bump, 1984),
and then for arbitrary real reductive groups in (Wallach, 1988). Jacquet intro-
duced the following explicit construction. For n > 2, fix

—1 -1
ln:(””lv“‘»’”ﬂ—l)ezn ) U=(V1,U2,...,Vn_1)€(cn ’
and let
1wy urz -+ U,
L w3 -+ u,
"= | eum.
1 unfl,n
1

In order to simplify later notation, it is very convenient to relabel the superdiag-
onal elements

Uy = Un—-1,n, Uy = Up—2n—1, ceey Up—1 = UL2.
Define v, to be the character of U, (R) defined by

d’m(u) = gzﬂi[’"l141+n12112+---+m,,,1u,,,1] ]
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Note that all characters of U, (R) are of this form.
For z =xy e b (as in the beginning of Section 5.1) and m; # 0,
(1 <i <n-—1),define

WJacquet(Z; v, Yp) 1= / Li(wy, - u - z2) Y, () d*u (5.5.1)
U,(R)
to be Jacquet’s Whittaker function. Here (|.x | denotes the largest integer < x)
(_l)lﬂ/ZJ
1
w, = . € SL(n, 7),
1
o0 o
Un(R) Joo oo ISi<i=n

Proposition 5.5.2 Let n > 2. Assume that R(v;) > 1/n for i =1,2,...,
n—1landm; #0, (1 <i <n —1). Then the integral on the right-hand side
of (5.5.1) converges absolutely and uniformly on compact subsets of b and has
meromorphic continuation to all v € C"™'. The function Wiacquet(Z5 v, W) is
an SL(n, Z)-Whittaker function of type v and character r,,. Furthermore, we
have the identity

WJacquel(Z; V, Ym) = Com - WJacquet (MZ; v, Ym my ”’ﬂ;l)

Tyl Tmpl 2o 1]

=Cypm - Ym(x) - WJacquet(My; v, Y1),

where com #0 (depends only on v, m) and M =

[mymy--ny_y|

myma|
[my]

n—1
n—1 > bijvi—i(n—i)
Remark The reader may verify thatc, ,, = [] |m; |~ . For example
i=1
when the dimension n = 2, we have ¢;,, = [m ['=1, whereas for “n = 3” the

coefficient is ¢z, = |m |22 72 |my |21 Hv2 72,

Proof We shall defer the proof of the convergence and the meromorphic con-
tinuation of the integral until later. At this point, we show that Wyacquet (25 v, ¥)
satisfies Definition 5.4.1 (1) and (2) of a Whittaker function. First of all, note
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that if
I aip a3 - ai,
I a3 -+ ax,
a = € U,(R),
1 An—1,n
1

then after changing variables,

WJacquel(aZ; v, Yp) = / L(w, -u-a-z) Y d*u
U,(R)

:/ I(w, - u-z)Yu(u-a')du
Un(R)
= VYm(a) WJacquet(Z; v, Y.

Second, using the fact that every differential operator D € " is invariant under
left multiplication by SL(n, R), it follows from the definition of Ap given in
Definition 5.4.1, that

DI, (w, -u-z)=Apl,(w, -u-z).

Consequently,

D Wiaeque(Z; v, Y) = f D (I,(wy, - u - 2)) Yy (u) d*u
Un(R)
= f 1wy - - 2) YD) d*u
Un(R)
=Ap - WJacquet(Z; v, Ym).

We have thus proved Proposition 5.5.2 under the assumption that the integral
(5.5.1) converges absolutely and uniformly on compact subsets of h” to an £>
function on the Siegel set £ 5 ;.

2°2
Next, we prove the identity

WJacquet(Z; v, Yp) = Com * WJacquet(MZ; v, wel,ez,...,e”_l)y

with ¢, = m;/|m;|, (i =1,2,...,n —1). We have, after making the transfor-
mations

uy — |myluy, uy — |malus, ces Up_1 —> |Mmy_1lu,_1,
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that

. _oxi e U
WJacquel(MZa v, wel,ez,...,en,l) = / I(w, -u-Mz)e wilern e, ‘]d*u
Un(R)
n—1

— l_[ |mi| / 1,(w, - Mu - Z)e_zrri[‘ml|€1M1+'"+‘mn—l‘fn—lun—l] d*u
Un(R)

i=1
n—1
=[] mi / 1wy M, - wyuz)e”2milmnessmona] gy
i=1 Un(R)
=Com " WJacquet(Z; Vv, Yim),
for some constant Cym € C. Now,

WJacquet(MZ; v, I/fel,ez,...,e,,,l) = Yp(x) - WJacquet(My; v, wel,ez,...,e,,fl)-

To complete the proof of the identity in Proposition 5.5.2 it remains to show
that

WJacquet(My; v, wel,ez,...,e,,,l) = WJacquel(My; v, wl ..... -

Note that this identity holds because My is a diagonal matrix with positive
entries. To prove it, consider (for j = 1,2,...,n — 1) the (n — j + 1)th row:

(O’ .01, Uj, Up—j+1,n—j+2, e u}’l*jJrl,n)v

of the matrix u. It is easy to see that for each 1 < j < n — 1, we can make the
transformation

MJ' = ejuj,
by letting
u = (31' U '8‘,',

where §; is a diagonal matrix with 1s along the diagonal except at the
(n — j + 1th row where there is an €;. Note that the other u,; with
1 <€ <k —2<n—2may also be transformed by ¢;, but, as we shall soon
see, this will not be relevant.
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If we make the above transformations in the integral for the Whittaker func-
tion, then that integral takes the form:

WJacquet(My; v, wel,...,en_l) = / I(w, -u- My)e—Zm[61u1+~~»+e,,,1u,,,1] d*u
U, (R)

= / I, (w, '5j”8j . My)e*ZWi[flMl+~-+uj+~~+e,,,lu,,,l] d*u
U,(R)

= / IU(SJ'U),, -u - Myéj)efzni[fl’41+"'+Mj+~~+e,,71u,,,1] d*u
U, (R)

= f Il)(wn -u - My)€*27fi[Glul+-..+u/.+...+6171u"71] d*u
Un(R)

= WJacquet(My; v, I/fgl ..... 1 .., €n—1)’
——

jth position

One may do the above procedure for each j = 1,...,n — 1. In the end, we
prove the required identity.

The proof of the absolute convergence and meromorphic continuation of the
integral (5.5.1) is much more difficult. We shall prove it now for n = 2. In this

case we may take z = <g x> and v € C. It follows that

1

0 -1 1 u X
|WJacquet(Z;V, Ym)l < / 1Re(v)< (1 O) : (O 1) : <g ]>>du

—00

o0

y Re(v)
= e d
/<(x+u)2+y2> !

rd
_ y1—Re) u
= ylRe( / V= (5.5.3)
—0Q

which converges absolutely for Re(v) > 1/2. For n = 2, the meromorphic
continuation of (5.5.1) is obtained by direct computation of the integral
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0 1
WJacquet(Z; v, YUm) = /oo (#)U e—27‘!imu du
—oo \(x + Lt)2 + y2

oo 672nimuy
_ 2mimx 1—v
=¢ y 2 v
—oo (U +1)

. . 1 :
Wiacquet(Z3 v, ). With the choice ¥, << u )) = ¢2Timu e have

du

2|m|u—%nu Timx
=WﬁKV,%(2n|m|y).e2 ) (5.5.4)

Since the Bessel function, K,(y), satisfies the functional equation
K(y) = K_5(y), we see that the Whittaker function satisfies the functional
equation
Wlticquet(Z; v, Yp) = |m77|7UF(V)WJacquel(Z; v, Ym)
= Wf;cquel(z; 1—v, ¥,). (5.5.5)
O

The proof of the absolute convergence and meromorphic continuation of
(5.5.1) for the case n > 2, is presented in Section 5.8. We shall deduce it using
properties of norms of exterior products of vectors in R”. The theory of exterior
powers of R” is briefly reviewed in the next section.

5.6 The exterior power of a vector space

Basic references for this material are: (Bourbaki, 1998a, 2003), (Edelen, 1985),
(Brown, 1988).

Forn=1,2,..., £=1,2,..., let ® (R") denote the £th tensor product
of the vector space R” (considered as a vector space over R). The vector space
®* (R") is generated by all elements of type

VI QU - & vy,

withv; e R" fori =1,2,..., 4.
We define

AR = @ (R")/ay,

where a, denotes the vector subspace of ®° (R") generated by all elements of
type

VI QU - & vy,
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where v; = v; for some i # j. It is not hard to show (see (Bourbaki, 1998a,
2003)) that A* (R") can be realized as the vector space (over R) generated by
all elements of the form

VIAVIA - AU
where the wedge product, A, satisfies the rules
vAv=0, VAW =—wW AU,
(a1v1 + @) Aw =ajvy Aw + avy Aw,
for all v, vy, v2, w € R" and a1, a; € R.

Example 5.6.1 Consider the wedge product in R?, where the canonical basis
for R? is taken to be ¢; = (1, 0), e, = (0, 1). Then we have

(arer + azez) A (brey + byes) = (aiby — azby)e; A ey.
There is a canonical inner product, {, ) : R” x R” — R, given by
(v,w) :=v- 'w, (5.6.2)

for all v, w € R”. It easily follows that we may extend this inner product to an
inner product ( , )g¢ on ® (R") x ®" (R") by defining

l
(. w)ee = [] (v wi), (5.6.3)
i=1

forallv=v Q@0 ---Qu,, W=w Qur®---Quwy € ®(R"). Note
that this agrees with the canonical inner product on ®f (R x @ (R").

Our next goal is to define an inner product (, )¢ on A (RY) x A* (RM).
Lete; =(1,0,...,0), ... ,e,=1(0,...,0,1)denote the canonical basis for

R”, and let
a = Z Qiy,..ip € N Nej,

1<iy,...,i¢<n

denote an arbitrary element of A* (R").
Consider the map ¢, : A“ (R") — ®° (R") given by

1 .
¢ula) == I Z ai,...i, Z Sign(0) - €5(i)) @ €o(in) @+ ® €o(iy),

C1<iy,..,ig<n gESy

(5.6.4)

where S; denotes the symmetric group of all permutations of {1, 2, ..., £} and
Sign(o) is plus or minus 1 according to whether o € S, is an even or odd
permutation, i.e., it is a product of an even or odd number of transpositions.
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One easily checks that the map (5.6.4) is well defined and shows that AR
is isomorphic to a subspace of ®° (R") generated by

e, e, --- Ve,
where 1 < iy, iy, ...,i; < n are distinct integers. We may then define

(v, w)pe = (Pe(v), Pe(w)) g, (5.6.5)

for all v, w € A* (R").

Now, the group SL(n, R) acts on the vector space R” by right multiplication.
Thus, if v = (ay,...,a,) € R" and g € SL(n, R), then the action is given by
v-g, where - denotes the multiplication of a row vector by a matrix. This
action may be extended to an action o of SL(n, R) on ®° (R"), by defining

vog =928 - ® (v -9g),

forallv =1, @1, ® --- @ v, €  (R"). In view of the isomorphism (5.6.4),
one may also define an action o of SL(n, R) on At (R™) given by

vog = - OAW-gA-- AV 9Q),

forallv=vi Avy A---Avg € AZ(]R”).

We now prove two lemmas which will allow us to construct, using norms on
A’ (R™), afunction very similar to the function /,,(z) as defined in Section 2.4. In
fact, the sole purpose of this brief excursion into the theory of exterior powers
of a vector space is to ultimately realize Jacquet’s Whittaker function as an
integral of certain complex powers of norms on exterior product spaces.

Lemma 5.6.6 Letk € O(n, R)withn > 2. Then for £ > 1, we have

(v, wipe = (Vok, wok)ye,
]l := v/ {v, v)ae = [[v o k]],
forallv,w e AY(R"). Here || || denotes the canonical norm on A (R").

Proof  First note that for the inner product on R”, we have
Wk, w-ki=@-k):-"w-bH=v-k-"k-"'w=v-"w= (v, w),
for all v, w € R". It immediately follows from (5.6.3) that
(vok, wok)gimrn = (v, W)gtwrn),

for all v, w € ®¢ (R"). Finally, the invariance of the action by k on the inner
product can be extended to AP @RY by (5.6.5). d
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Lemma 5.6.7 Fix n>2. Let e =(1,0,...,0), ..., ¢,=(0,...,0,1)
denote the canonical basis for R". Then for all
L wip wis -0 Ui
1 Uz -+ Up
u= € SL(n,R),
1 Up—1,n
1

and every 1 < <n — 1, we have

(g N---ANep_1ANey)ol = e,_¢N---Neu_1 A e,.

Proof  First of all, we have
(en—e N - Nep 1 ANeg)ou = (e -u) A+ A(ep1-u)A(e, - u).

Since e; - u = e; + linear combination of ¢; with j > i, we see that the extra
linear combination is killed in the wedge product. O

Lemma 5.6.8 (Cauchy-Schwartz type inequalities) Lern > 2. Then for all
v, we A (R™), we have

2

IA

[{(v, w)ael (v, V)ar - {w, w)ae,

llv Awllac < [lvflac - [[w]|ac.

A

Proof The classical Cauchy—Schwartz inequality
|<U, w>®e|2 =< <U, 'U)@(’ ' (w’ w>®l

is well known on the tensor product space ®¢ (R"). It extends to AP @RY by the
identity (5.6.5).
To prove the second Cauchy—Schwartz type inequality consider

¢
v = Z i iy....i €, @€, ®@---®e;, € AR,

i1,02,.0000
= . X Lmon
w= E bii i€ ®e,® --Qej, € A(R").
JUsJ2ses Je

Note that we are thinking of v, w as also lying in ®° (R"). Then

2 2 2 2
Wi = D i wlie= Y 1bjpeil

01,02, i jlqu ----- jt’
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and
2 2 2 2
Noll3e HwllRe = Z ([CZR N [0 N 1
1:1.1‘2.,...1?
J1502s 0t
Now
VAW
= Z Aiy,ip,....ig bjlﬁjz-w,je ((3,'1 ®e, @ eit) N (ejl ®e, Q- ® ej‘)
o
1 . . /
=y Z iy insoie Dt i it Z Z Sign(o) Sign(c"’)
( ) R o€eS;0’€Sy
J1:J2500 00

X (eoiin ® -+ ® €iy ) ® (o) ® -+ ® €or(j)-

The result now follows because ||u—+—u’||é),_7 < ||u||é[ + ||u’||é[ for all
u, € @ R". 0

5.7 Construction of the /, function using wedge products

We now construct, using wedge products and norms on A* (R"), the function
1,(z) as defined in Section 5.4. Recall from Section 1.2 that every z € h” can
be uniquely written in the form

I x12 X13 -+ X Y12 Ya—t
I X3 -+ X YiY2© Yn2
zZ =
1 Xn—1,n Y1
1 1

(5.7.1)

Lemmals.7.2 Forn > 2, let z be given by (5.7.1) and let || || denote the norm
on A*(R") as in Lemma 5.6.6. Then for v = (v1, ..., v,—1) € C"~!, we have
the identity

n—2 nilivni’_
I,(z) .= (l_[ ||(en7i Ao Aen_| Aey)o ZH—nwm) . |Det(z)|1; )
i=0
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Proof It follows from Lemma 5.6.6 that the function

n—1

n—i

n—2 .
IJ(Z) = (1_[ ||(e”71- Ao Aey_1 Aep)o Z||—I‘1Uni1> . |D6t(z)|f§ ’
i=0

is invariant under the transformation
z—>z-k

forall k € SO(n, R). Here, we have used the fact that Det(z - k) = Det(z) since
Det(k) = 1. It also follows from Lemma 5.6.7 that I/(z) = I;(y) with

Yiy2- - Yn-1
YiY2: - Yn-2

One also easily checks that
IY(az) = I}(2)

fora € R*. Thus [ f(z) is well defined on h". To show that /7(y) = I,(y), note
that

en—i "y = Y1 Vis €1y =1 en-y =1
Consequently,

—NVp—i—1

|(eni A= Aew—t Aoy =Gy o Greeey)

i —NVp_i—1
— i+1-¢
= [T :
(=1

n—1

"i]iv i n—l I;iv,,,,-
Det(z)] = " = (1‘{ng> :
=1

from which the result follows by a brute force computation. O

Furthermore,

In order to demonstrate the power of the exterior algebra approach, we
explicitly compute the integral for the Jacquet Whittaker function on GL(3, R).

Example 5.7.3 (GL(3, R) Whittaker function) Let n =3, v = (v, ;)

I uy u3 Yiy2
eC? u= 1w l|y= yi |- and for fixed m = (my, my) € Z?

1 1
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define v, (u) = e>¥(™mui+mu2) Then we have the explicit integral represen-
tation:

WJacquet(y; v, Yim)
00 00 00
2 n —3v1/2
Zyij1+2v_y§v1+v_/ / f [yfy%%—u%y%—i—(uluz—ug)z] v/
—00 —00 —00

X [y12y§ +u§y12 +u§] v2/ o~ 2imuuy+mauz) duydurdus.

Proof In view of (5.5.1), it is enough to compute /,(wsuy). It follows from
Lemma 5.7.2 that

_3y _3y v2+2v
I (wsuy) = |leswsuy||>" - [|(eqwsuy) A (eswsup)|[ 7" - (y1y2) " .
(5.7.4)
We compute
-1 1 uy uj yiy2
eswsuy = (0,0, 1) 1 1 u; Y1
1 1 1
Yiy2 uzyr us
=(1,0,0) iU
1
= y1y2€1 + uzyiex + uses.
Hence
1
lleswsuyl| = [yiys + w3y} +u3]?
Similarly,
-1 I ux us3 yiy2
ewsuy = (Oa 17 0) 1 1 up Y1
1 1 1
Yiy2 U2y1r us
=(0,1,0) iU
1
= yiex tujes,
so that

(exwsuy) A (e3wsuy)=yiyrei A ez + (Uiuay; — usy1)eaA e3 + uryry2ei A e;.
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Consequently

1
|[(e2w3uy) A (eswzuy)l| = yi [y7y3 + iz — us)* + uiy3]* .

The result follows upon substituting the results of the above computations into
(5.7.4). O

5.8 Convergence of Jacquet’s Whittaker function

Assume Re(v;) > 1/n (fori =1,2,...,n — 1.) The absolute convergence
of the integral (5.5.1) has already been proved for the case n = 2 in (5.5.4). The
proof for all n > 2 is based on induction on n and will now be given.

Recall the notation:

(_I)LH/ZJ
1
w, = e SL(1, 2,
1
Lowip urz -+ upy, YiY2+ e Yn—1
L w3 -+ Uz, YiY2 et Yn-2
u = ) y=
1 Up—1,n Y1
1 1

It is enough to prove the absolute convergence of
Wiaeiv )= [ L) T@d'n. (58D
U,(R)

Now, it follows from the Cauchy—Schwartz inequality, Lemma 5.6.8, and
Lemma 5.7.2, that

n—2
[y (wauy)| < lley - wyuyl| ™" (H |(eni A+ Aewt)o wnuyH_"w””"‘)>,
Y i=1

(5.8.2)

where
n—2
V=2 R0,
i=0

The « constant in (5.8.2) is independent of # and depends only on y. It appears
because Det(w,uy) = Det(y) does not depend on u, but only on y. In view of
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the identity
llen - wauyl|l = ller - uyll
2 2 2 213
=[O Y ) Uiy yu2)? 4+ Uramiy)? + @)’

it immediately follows from (5.8.2) that (5.8.1) converges absolutely for
Re(v;) > 1/n (1 <i <n—1) if the following two integrals converge
absolutely:

o0 o0
V)2 T
/---/[<y1-~-yn,1>2+(u1,2y1---ynfz)2+~--+(u1,n)2] P duss.
k=1
—00 —o0

(5.8.3)

® n—2
/ (1_[ @i A+ Aesi)o w,,uy||_"v”"> 1_[ du; ;.
i=1

00
/ l<i<j<n
—00

—0Q

(5.8.4)

Clearly, the first integral converges absolutely if Re(v;) > 1/n, for
1 <i <n— 1. Furthermore, if | <i < n, then ¢; - w, = e; for some £ # 1.
This immediately implies that

e - wyuy = e; - wuu'y'

where
1 0 0 - 0 1
1 w3 -+ Uy, ViY2© et Y
u' = , ¥ =
I up_yn »
1 1

It follows that the second integral (5.8.4) may be rewritten as

00 0 s
[ f ([l necpems==) T
AR AN i=1 I<i<j<n

(5.8.5)

The remarkable thing is that the integral in (5.8.5) can be interpreted as a Jacquet
Whittaker function for SL(n — 1, Z). This allows us to apply induction from
which the absolute convergence of (5.8.1) follows.

Recall the definition of w,, given just after (5.5.1). To see that the integral
(5.8.5) is a Jacquet Whittaker function for SL(n — 1, Z), we use the matrix
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identity:
0 1 1 0
0 1 0 (=
w, =
0 1 0 1
1 0 0 1
Further,
0 1
0 1
2 = €r+1
0 1
1 0

for 1 < ¢ < n — 1. It immediately follows from these remarks that (5.8.5) may
be rewritten as

o0 oo n_2
/ . (1_[ (ensii Ao Aen)o w,’m’y’H"V"""') H du; j,
i=1 l<i<j<n
—00 —00
(5.8.6)
where
1 0
0 (=1
o . _(1
" o B Wp-1)
0 1
0 1

Furthermore, we may write

() =)

with u € U,_1(R) and n a diagonal matrix in GL(n — 1, R). With these obser-
vations, one may deduce that

n—2
1_[ ||(e,1+1,,- A Aey)o w;u/y/H—nuﬂ,,;,
i=1

(n—1)—2 o
N )

i=0
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It follows that

o0

n—2
(H ||(en+17,- A Aey)o w;u/y/||—nv,ul> l_[ du;
i=1

/ l<i<j<n
00 00
<
y / o / }](nv/(n_])),n—] (wn—ll'”))’ d“7
SN —o0

where [, ,_; denotes the [/, function (as defined in Section 5.4) for
GL(n — 1, R). By induction, we obtain the absolute convergence in the region
Re(v) > 1/n.

5.9 Functional equations of Jacquet’s Whittaker function

In order to explicitly state the group of functional equations satisfied
by Jacquet’s Whittaker function, we need to introduce some prelimi-
nary notation. Fix an integer n > 2, and let W, denote the Weyl group
of SL(n,Z) consisting of all n x n matrices in SL(n,Z) which have
exactly one +1 in each row and column. For each fixed w € W,, and

every v—1=(y -1 ... v, —1)eC"!, let us define V' so that
V=L ==L v — 1) e C satisfies

1, 1(y) =1, _1(wy), (5.9.1)
for all

Yiy2: - Yn—1

Yiy2- - Yn-2
y =
1
1

Definition 5.9.2  Fix an integer n > 2, and let r be a character of U, (R). We
define

n—1
1, 1
lecquel(Z; v, Y) = WJacquel(Z; v, ¥)- l—[ l—[ AR <§ + vj,k) s

j=1j<k=<n-1

where

J
v Z nv, i — 1
Jk = ’
i=0 2

and Wraequei(z; v, V) denotes Jacquet's Whittaker function (5.5.1).
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We may now state the functional equations of the Whittaker functions.

Theorem 5.9.3 Fix an integer n > 2, and fix y = 1 1....1 so that

n—1
270 )" e 4

Y =e =

foru € U,(R). Then the Whittaker function Wf;cquet(z; v, ¥) has a holomorphic
continuation to all v € C*1. For each w € W,,, let v, V' satisfy (5.9.1). Then
we have the functional equation

WJZCquet(Z; v, ¥) = WJZcquet(Z; U/, ).

Whittaker functions of type v and character . It follows from Shalika’s multi-
plicity one theorem (Shalika, 1974) that the functional equation must hold up to
a constant depending on v. The assumption that ¥ (u) = v ;... 1 iS not restric-
tive because Proposition 5.5.2 tells us that there is a simple identity relating
thcquet(z; v, ¥,,) and szcque[(MZ; v, Y1)

Before giving the proof of the functional equation, we will obtain explicit
versions of the functional equation v — v’ given by (5.9.1). The Weyl group

W, is generated by the simple reflections

Remarks It is clear that Wy . (z;v,¥) and Wy . (z;V',¢) are both

I i
o; =

I

where I, denotes the a x a identity matrix. We adopt the convention that /; is the

I, 0 -1
empty set so that o = 0 -1 )ando,_1={1 0
1 0 I,_»
Since 0; (i = 1,...,n — 1) generate W,, it is enough to give the functional

equation v > V' for the simple reflections w = ;. Fix an integer i with
1 <i <n—1.1Inthis case, V' is defined by the equation

I =1, 1(oiy) =1, 1(oiyo; ") =1, 1(y) (5.9.4)
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where

Y1 Yn—1

yl...

Yi
S YViYi+1

V1

is the diagonal matrix y with the (n — i)th and (n — i + 1)th rows interchanged.
It follows that if we put y” in Iwasawa form

’

Y1

then we must have

Ye
’ YeYe+1

forl<i<n—landl <l <n-—

/
“Yn-1

Vi

ife£i—1,i,i+]1,

ifl=i—-1,
ifl =i,
if¢=i+1,

1. Equation (5.9.4), together with the def-

inition of the [, function given in Definition 5.4.1 imply (for | <i <n —1)
the following system of linear equations:

n—1

Zbe,<v,——> Zbg,(v——), (for £ # i),

(5.9.5)

n—1 n—1
1 1
E b;, E bi_ b; b; —-—.
J ( ) ( L,j — Vi,j + +1, j) (V I’l>
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For each 1 <i <n — 1, the system of linear equations (5.9.5) has the

solution

1
Vi = . + Vp—io1 + Vi, (fi #n—1),
, 2
Vi = 3 7 Vn—is
/ 1 e
Vn—it1 = _; + Vn—i + Vn—it1, (fi # 1),
v=v, (C#n—i—-1ln—in—i+1).

(5.9.6)

Example 5.9.7 For n = 2, 3 the functional equations (5.9.6) take the explicit

form:

v =1-—vy, n=2),
2

Ué:g—l)z, U;:—§+U1+V2, (n:?,,l
2 1

Uizg—l)l, vé:—g—i—vl—l—vz, (n=3,i

It immediately follows from these computations that Theorem 5.9.3 can be

put in the following more explicit form.

Theorem 5.9.8 Fix an integer n > 2 and fix an integeri with 1 <i <n — 1.

Let v, V' satisfy (5.9.6). Then we have the functional equations:

WJtlcquet(Z; v, Y) = WJZcquet(Z; V/, V),
r(*5)
(%)

n_(l_%vn—i) r (1 — %)

2

moie T (M)

o
2 Vn—i

Whacquer(z3 v, ¥) =  Wiacquet (23 v, ¥)

[0
T 2Vn—i

: WJacquet(Z; v, ).
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Proof  Fix a simple reflection o; with 1 <i < n — 1. The second functional
equation in Theorem 5.9.8 is equivalent to the first and can be obtained by
computing the affect of the transformations (5.9.6) on the v; ; given in Defini-
tion 5.9.2. It remains to prove the second functional equation in Theorem 5.9.8.
Recall that

(— 1
w, = ) € SL(n, 7Z),
1
where |x | denotes the smallest integer < x. Define
w; = ai_lw,,.

The group N = U,(R) of upper triangular matrices with coefficients in R and
1s on the diagonal decomposes as

N = (w;'Nyw; ") - N/ (5.9.9)

where N; is a one-dimensional subgroup with 1s on the diagonal, an arbitrary
real number at position {n — i, n — i + 1}, and zeros elsewhere, and N,-’ is the
subgroup of N with a zero at position {n —i,n —i + 1}.

Lemma 5.9.10 Forl <i <n—1, we have w,-_lN,Awl-_l = N,_;.

Proof Note that if

then

1

Further, conjugating this by w, moves the —a to the position {i, i + 1}. O
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It follows from (5.9.9) that we may factor every u € U,(R)= N as
u =n;-n; withn; € wl-_lNiwi and n; € N;. For example, we may take

1. 0 0 0 O
0O 0 -1 0 O
oco=]101 0 0 0},
00 0 1 0
0O 0 0 01
1 0 0 0 O 1 0 0 0 O
01 %« 0 0 01 0 0 O
Ni=3]10 0 1 0 0]¢%, w'Njw; =410 0 1 % 0
00 0 1 0 00 0 1 0
00 0 0 1 0 0 0 0 1
1 % *x x x
0 1 *x *x =x
N/ = 0 0 1 0 =
0 0 0 1 =
00 0 0 1

Furthermore, by Lemma 5.9.10, we may express Jacquet’s Whittaker function
(5.5.1) in the form

Wiacquet(z; v, ¥) = / L(wy - u - 2) Y (u) d*u

Un(R)

= / I:/ Iv(a,n,w,n:Z)‘ﬁ(nz) dnl] 1ﬁ(n;) d}’l:
N LIN;

The inner integral above (over the region N;) is a Whittaker function for the
group SL(2, R), and has a functional equation of type (5.5.5). This functional
equation is independent of the choice of w;n;z, and is precisely what is needed
to complete the proof of Theorem 5.9.8. We shall find the functional equation
by examining the case when w;n}z is the identity matrix.

We first compute /,(o;n;) for

L L
g; =

I, I,
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It follows that

@+ D" —u/w?+ 1)

oin; = 1
0 W?+1)?

Iy,

for some orthogonal matrix k. If we then put o;n; in standard Iwasawa form,
we have

I”*ifl ap---ay_
I —u/@® +1)
ojn; =
0 1 .
liy, .
with
! ife#i—10i+1
_ W +1): ife=i—1
@+ ife=i
W+1):  ife=i+]1.
Consequently
nil(bifl,;,‘—Zb,-Aj+b,.+lyj)”7f
I (oin;) = (u* + 1)~ '
The functional equation now follows from (5.5.5). 0

5.10 Degenerate Whittaker functions

Jacquet’s Whittaker function was constructed by integrating /,,(w, z) where w,
is the so-called long element of the Weyl group as in (5.5.1). Since the 7,
function is an eigenfunction of the invariant differential operators, its integral
inherits all those properties and gives us a Whittaker function.

It is natural to try this type of construction with other Weyl group elements
besides the long element w,,. To get a feel for what is going on, let us try to do
this on GL(4). As an example, we shall consider the Weyl group element

0 00

S O O -

0 0
1 0
0 1

S O =
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Let
I wip w3 urs Y1y23
v 0 1 uys uzs ’ y= yiy2
0 0 1 uzg »
0 O 0 1 1

With a brute force computation, one sees that for v = (v, vy, v3) € C? we have

30 +53) )

(a4 — uz3u34)> + (u3 4 + )’12))’22)2

§ (ylz ((142,4 _ u2,3u3,4)2 + (M%A + ylz) y%) )(U1+2vz+3l)3)/2
(34 + Y12)2

x (((u24 — uzsuz ) + (U354 +37)¥3)y3)

Bui+2v2+v3)/2

Clearly, the function does not involve the variables u; 5, u; 3, u;4, soitis not
possible to integrate the function 7, (wuy) over the entire u space. We may only
consider some type of partial integral which does not involve all the u#-variables.

We leave it to the reader to work out a general theory of degenerate Whittaker
functions and only briefly indicate how to define these objects. Let U = U, (R)
denote the group of upper triangular n x n matrices with real coefficients and
Is on the diagonal (upper triangular unipotent matrices). For each element w
in the Weyl group of SL(n, R) define

Upy=w - U-wnU, UT,=@w''U-wnU.

For example, if

1 0 0 O
10 0 0 1
YZlo 10 0
0 0 1 0
then
1 * *x =x 1
1 =* - 1 *
Uy = 1 , U, = 1«
1 1

We may think of U ,, as the group opposite or complementary to U,, in the upper
triangular unipotent matrices. These spaces have natural Lebesgue measures.
For example in the above situation we may write every element u € U, in the
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1 Uz 4

formu = , With uy 4, u3 4 € R. The natural measure, du*, on

1 usq
1
the space U ,, is du* = du, 4 dus 4.

Definition 5.10.1 Forn > 2, letz € h", v =1, Vs, ..., v,—1) € C"!, and
let W, be a character as in (5.5.1). Then the degenerate Whittaker function
associated to w is defined to be

/Iu(wuz)m d*u,
Uy
where d*u is the natural measure on U .
Remark It may be shown that the degenerate Whittaker function can be

meromorphically continued and satisfies the same group of functional equations
as Jacquet’s Whittaker function as given in Theorem 5.9.8.

GL(n)pack functions The following GL(n)pack functions, described in the
appendix, relate to the material in this chapter:

FunctionalEquation IFun ModularGenerators
Wedge d Whittaker
WhittakerGamma WMatrix.
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Automorphic forms and L-functions for
SL(3,7Z)

6.1 Whittaker functions and multiplicity one for SL(3, Z)

The generalized upper half-plane h? was introduced in Example 1.2.4 and con-
sists of all matrices z = x - y with

I xi2 X133 yiy2 0 0
x=10 1 x3], y= 0 y 0O},
0 0 1 0 0 1

where x; 7, x13,X23 € R, y;, y» > 0. A basis for the ring D3, of differen-
tial operators in 9/9dx; 2, 3/9x1,3, 3/9x2.3, /0y, d/dy, which commute with
GL(3,R), can be computed by Proposition 2.3.3, and is given by (see also
(Bump, 1984)):

2 82 82 82

Y5 — i+ )} (X12,2 +Y§) P
X3

A ==
1 y 2

dy?
6.1.1
5 5 52 (6.1.1)
+7 + Vi 2y g,
9x3 5 axi, Cx2,30x1 3

83 3 3 33
Ay = —ylz)’zz— + )’1)75—2 - yi%y%zi + )’1)’327
dy;0y> dy10y; 8x1’38y1 8x1,28y1
2 9’ 2 2\ .2 9’
—2yiyax g 4 (—x7, + —_—
Y1Y2X1.2 %2 39%1 39 ( 12 )’z)Y1)’2 Bxlzﬁayz
’ 2.2 9’ 2.2 9’
— 12 —_—+2 B ST ———
) Y12 9x230x1 201 4 Y1y2X1.2 ax1’28x12$3
2 § 2 g 2 g 2 2\ .2 9
+yvi— — Vv — + 2y X120——— + (x], +
’ »2 8y2 Y1X1.2 9323971 3 ( 12 yz) N 3X12,3

153
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Let m = (my, mp) with my, m, € Z and let v = (vq, v), with v, v, € C.
The Jacquet Whittaker function for SL(3, Z) was introduced in (5.5.1), and
takes the form

00 00 00
W.Iacquet(zs v, wm) = / / / Iu(w3 ‘U - Z)wm(u) d”1,2du1,3d’/‘2,3a (612)
—00 —00 —00

where
1 I wip uis
w3 = —1 R U= 1 us |,
1 1
and
2mi(myuz3+mou vi4+2v; 2v1+v,
Yn(u) = FTI0minatmainz) () = iRy,

It was shown in Section 5.8, 5.9 that Wyacquet(2, v, ¥1,1) has meromorphic con-
tinuation to all vy, v, € C and satisfies the functional equations:

Wiacquer(Zs (V15 02), ¥r11) = Wﬁcquel(Z, (vi+v2— 12— ), Y1)
= Wﬂcque[(Z, (z—vivi+v—1),¥11),

where
* L_3y,-31, 31)1 31)2
WJacquet(Z’ (U], 1)2), 1//1,1) =m? - :r 7 I 7
v+ 3, — 1
x I <lf> WJacquet(Zv v, i 1).

Vinogradov and Takhtadzhyan (1982) and Stade (1990) have obtained the
following very explicit integral representation

W;;cquet(y’ (v, v2), Wl,l)

[e¢]

= 4y Ty / Kupes (2my2V/1+072)

0

3v-3v d
X K sy (2nyn/1 n u2) w4 (6.1.3)
2

u

Using the above representation, or alternatively following Bump (1984), one
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may obtain the double Mellin transform pair

< si-1 51 dy1 dy,
Wracquet(s, V) :://W]acquet(y Wi, v, YD)y ! v P2
g yio»n
7.[—3‘1 —52
= 4 . G(SI’ Sz), (6.1.4)

Wltlcque[(y7 (‘)l ) V2)7 1,//1,1)

| 24i00 2+io0
= G / G(s1, )(yn)' " (yn)' " 2dsidsy,
2—ioco2—ioo
where
C(2Ee )\ (SB[ (S \ (2= \ (228 \ [ (S2=Y
Gt = PEEICHTCENCENCANCE) g
2
and

oa=—-v —2v,+1, B =—v + vy, y =2vi+v, — L.

The Gamma function,

o0 d
I'(s) =/ e "u’ —u,
0

u

is uniquely characterized by its functional equation I'(s + 1) = sI'(s), growth
conditions, and the initial condition I"(1) = 1. This is the well-known Bohr—
Mollerup theorem (Conway, 1973). A simple proof of the Bohr—Mollerup
theorem can be obtained by assuming that if there exists another such function
F(s) then F (s)/T"(s) would have to be a periodic function. From the periodicity
and the growth conditions, one can conclude (Ahlfors, 1966) that F(s)/I(s)
must be the constant function. Remarkably, this method of proof generalizes to
SL (3, Z) with periodic functions replaced by doubly periodic functions. The
following proof of multiplicity one was found by Diaconu and Goldfeld. It is
not clear if it can be generalized to SL(n, Z) with n > 3.

Theorem 6.1.6 (Multiplicity one)  Fix v = (v;, v;) € C?. Let W,(2) be an
SL(3,Z) Whittaker function of type v associated to a character ¥ as in
Definition 5.4.1. Assume that V,(z) has sufficient decay in yy, y, so that

yy
/fylysz(n fant

Yiy2
0 0
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converges for sufficiently large o\, 02. Then
v, (z)=c- WJacquet(Zv v, V),
for some constant ¢ € C.

Proof Itisenough to prove the theorem for the case when v (x) = €™/ (v23tx1.2)
since, in general, W, (z) = W, (y)¥(x) for z = xy € h>. For s = (51, 52) € C?,
consider the double Mellin transform

oo o0
= [ [siseo )dy‘dy2
0 0

which is well defined for N(s;), N(s,) sufficiently large by the assumption in
our theorem. Define

Jo(2) == )y yy

forz = xy € h3.
Define the inner product, {, ), on £>(U(Z)\h?) by

co oo I 1 1
_ dy,d
(f.g) = f / / / / F8@ dxiadnysdags e,
1y2)
0 0 0 0

)

forall f, g € £2 (U(Z)\h?). Taking f(z) = W,(z) and g(z) = J5(2), it follows
that

o) = [ ooty 29 )
- Yiy2

where s* = (s{, s5) with s{ =51 — 2, and 5] =5, — 2.

Let D denote the polynomial ring over C of GL(3, R) invariant differen-
tial operators generated by A, A, given in (6.1.1). Then since W,(z) is an
eigenfunction of every D € D, we may write

DV, = Ar,(D)Y, (6.1.7)

for some 1, (D) € R. Since D is a self-adjoint operator with respect to the above
inner product, it follows that

)\U(D)\ilv(s*) = (DV,, J5) = (¥, DJs). (6.1.8)
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Lemma 6.1.9 Let Ay, Ay € D be given by (6.1.1). Let s = (s1, 52) € C. We
have

A= Y cls,0, A ie(2),  (i=1,2),
o=(01,07)€S
where the sum ranges over the finite set S = {(0, 0), (0, 2), (2, 0)}, and
(s, (0,0), A) = A¢(A),  (=1,2),
c(s, (2,0), Ap) = (s, (0,2), Ay) = —(2mi)?,
(s, (2,0), Ay) = @mi)*(1 — 52),
c(s,(0,2), Ay) = Qmi)’(sy — 1),

where s’ = (—252373‘l , —25‘;52) .

The proof of Lemma 6.1.9, first obtained by Friedberg and Goldfield
(1993), is given by a simple brute force computation which we omit. Note
that the map s > s’ denotes the linear transformation of C? such that
Yy =I(z) with 1,(z) =y 22" for all w = (wy, wy) € C2.

|

It immediately follows from (6.1.8) and Lemma 6.1.9 that

WA = D s 0. AT+ o), (6.1.10)

o=(01,02)€S

for i = 1,2, and where s* = (s; — 2, s, — 2) as before. From (6.1.10), we
obtain

(A(AD) = A (AT (™) = 477 (T, (5" + (2,0) + Pu(s™ +(0,2)))
(M(A2) = A (AW, (s%) = =47 (1 — s) W (5™ + (2, 0))
+ (51— DU (s™ + (0, 2))).
Consequently, W, (s) must satisfy the shift equations
Wy (s) = APy (s +(2,0) = B(s)W,(s +(0,2)),

for certain meromorphic functions A(s), B(s).
Stirling’s formula for the Gamma function (Whittaker and Watson, 1935)
tells us that

17 2e 3 < IP(o +in)] < [r]7 250 ©.1.1D

for o,t € R and [¢| sufficiently large. If we combine (6.1.11) with the Mellin
transform (6.1.5), we obtain

7 Lop —5—-2) —%
WJacquet((Slv $2), V) ;; |1‘1|01+2 Wothty=n=2) =3Il (6.1.12)
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fors; = oy +ity, s, = 0, + it and with |¢;| — oo and s, fixed. We also have
a similar estimate for s, fixed and |t;| — oo.
Let us define the quotient function

W, (s)
F,(s)i= ——F—.
WJacquet(Sa V)

If we fix s, and let N(sy), N(s,) be sufficiently large, then (6.1.12) implies that
Fy((s1,52)) < ez (6.1.13)

as t; — oo. Similarly, for s; fixed and 9i(s;), NR(s,) sufficiently large, we have

Fo((s1,52)) < ez (6.1.14)
as t) — oo.
Note that the shift equations imply that
Fy((s1,82)) = Fu((s1 + 2, 52)) = Fu((s1, 52 + 2)). 6.1.15)

Since F,(s) is holomorphic for R(s;), R(s,) sufficiently large, it follows that
F,(s) is entire. If we fix s, and consider F, ((s, s2)) as a function of sy, it is an
immediate consequence of (6.1.15) that F,((sy, s2)) will be periodic (of period
2) in s;. Thus, for fixed 55, F,,((s1, s2)) will be a function of z; = ¢™*! and will
have a Laurent expansion in the variable z; of the form

oo

Fu((s1,50) = Y calsa)z,

n=—0o0

where the coefficients ¢, (s3) are entire and periodic of period 2. If we fix s, € C,
then

o0

2 2 -2 2 —2nk

[Fu((s1, )P dsi = ) lea(s)l? e = Jei(sy)]” e
N(s)=0 n=—

forevery k =0, £1,+2, ...
Therefore, we have the Fourier expansion

o0 [ee] ) )
A= 30 3w

=60 n=—so
The bound (6.1.13) implies that
1
|Fu((s1, ) dsp < e™!nl,

N(s1)=0
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for || — oo and s; fixed. This implies that c;(sy) = 0 for k = £1, £2, ...
Similarly,

[Fu((s1, )17 dsz = Jag,j|7e 70"
R(52)=0

for j =0,£1,£2,... We also have by (6.1.14) that

1

|Fu((s1, )17 dsy < e,
R(s2)=0

for |t;| — oo and sy fixed. It follows that ag ; = 0 for j = +1, £2, ... Thus
F,((s1, s2)) must be a constant. This completes the proof of Theorem 6.1.6.

6.2 Maass forms for SL(3, 7Z)

We want to study Maass forms for SL (3, Z). To this end, let us recall Theorem
5.3.2.1f U, denotes the group of n x n upper triangular matrices with 1s on the
diagonal as in Section 5.2, and ¢ is a Maass form for SL(3, Z), then for all
z € SL(3, Z)\b

o0 o0
P(z) = Z Z Z Qg(ml,mz) ((V 1)Z>’
yeUy(Z)\SL(2,Z) m;=1 mp=—00
20

where the sum is independent of the choice of coset representatives y and
; 1 pl opl '
Gonymy)(2) == / / / o(u - z) g~ 2rilmutmanz) d*u,
o Jo Jo

I wip uij I wuy w3
u = 1 uzs = 1 u € U3(R)
1 1

with

and d*u = du,dusdu; 3. Note that we have relabeled the super diagonal
elements u; = uy3, U = u; as in Proposition 5.5.2.

Now, we have shown that ¢, u,)(2) is a Whittaker function. Further, @, m,)
will inherit the growth properties of the Maass form ¢ and will satisfy the
conditions of Theorem 6.1.6. The multiplicity one Theorem 6.1.6 tells us that
only the Jacquet Whittaker function (6.1.2) can occur in the Fourier expansion
of a Maass form for SL(3, Z), and that ¢, ,»,) must be a constant multiple of the



160 Automorphic forms and L-functions for SL(3, Z)

Jacquet Whittaker function. It follows from Theorem 5.3.2 and Proposition 5.5.2
that if ¢ is a Maass form of type v = (vy, v;) € C? for SL(3, Z) then

o=y Yy Amem)

yeUr(Z)\SLQ2,Z) mi=1my#0

|mimy|

XWJacquet mj <V | ) zZ, V, wl% s (621)
1
I uy w3
where A(m;, m;) € C and Ve o0 1 ui — e2mieui+eur)
1

The particular normalization A(my, my)/|mim;| is chosen so that later
formulae are as simple as possible.

Lemma 6.2.2 (Fourier coefficients are bounded) Let ¢ be a Maass form for
SL3,7Z)asin(6.2.1). Then for all integers m; > 1, my # 0,

A(my, my)
—— =0().
|myms]|
I x x13 yiy2
Proof Let:z= 1 x Y1 . A simple computation
1 1
shows that
mym
A(m1,m2) | 1 2|)’1y2
EErE—— 'WJacquet miyi , Y, 1»[/1 Ul
|mym; | il
1
111
///¢(Z)€ 2 m]lermzxz] dxldxzdx13
0 0 0
We choose y; = lmi| e, Y = |m2| =2 ¢,, where ¢y, ¢, are so chosen that
C1C2
Wihacquet C1 y Y, w1,‘z_§‘ #0.
1

Since ¢ is bounded everywhere, this implies that

A(my, my) = O|mimy|). 0
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6.3 The dual and symmetric Maass forms

Let ¢(z) be a Maass form for SL(3,7Z) as in (6.2.1). We shall now define,
#(2), the dual Maass form associated to ¢ which plays an important role in
automorphic form theory.

Proposition 6.3.1 Let ¢(z) be a Maass form of type (vy, v;) € C* asin(6.2.1).
Then

$(2):=gp(w-'"") - w), w = -1 ,

is a Maass form of type (vy, vy) for SL(3, Z). The Maass form ¢ is called the
dual Maass form. If A(my, my) is the (my, my)th Fourier coefficient of ¢ then
A(my, my) is the corresponding Fourier coefficient of ¢.

Proof  First, for every y € SL(3, Z),
Py =¢w-"(y)™)-w)=d(y'w-'c")w) =d@)

since y’ = w - (1) - w € SL(3, Z). Thus ¢ satisfies the automorphic condi-
tion (1) of Definition 5.1.3 of a Maass form.
Next, note that if

I x xi3 yiy2
zZ = 1 X1 Vi s
1 1
then
I x; xpxp—Xx13 yiy2
w-'C Y w= 1 X2 . 2 ) (6.3.2)
1 1

It easily follows that

1 1 1 1
//(5(2) d)(zdxl’3 = / f (5(2) dxldxl,g = O
0 0 0 0

Thus ¢ satisfies the cuspidality condition (3) of Definition 5.1.3.
Now

Ly @) =y 223 =1, (w17 - w)

since the involution z — w - “(z~') - w interchanges y; and y,. It then follows
from (6.1.1), using the chain rule, that ¢ is a Maass form of type (vy, v;).
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Finally, it follows from the identity (6.3.2) that if we integrate

1 1 1
/ff‘ﬁ(z) 672ni[m1.r1+mzxz] dXIdXZ dx1’3
0 0 0

to pick off the (m;, my)th Fourier coefficient, then because x; and x, are
interchanged we will actually get A(m,, m). O

In the SL(2,7Z) theory, the notions of even and odd Maass forms
(see Section 3.9) played an important role. If a(n) is the nth Fourier coeffi-
cient of an SL(2, Z) Maass form then a(n) = a(—n) depending on whether
the Maass form is even or odd. We shall see that there is a quite different situa-
tion in the case of SL(3, Z) and that there are no odd Maass forms in this case.
The cognoscenti will recognize that there are no odd Maass forms on SL(3, Z)
because our definition of Maass form requires a trivial central character.

Consider a diagonal matrix § of the form

3162
8= 81
1

where 81, 8, € {+1, —1}. We define an operator T which maps Maass forms
to Maass forms, and is given by

Ts¢(z) := ¢(829).

Note that
I x x13 yiy2
T(gd) 1 x1 * yl
1 1
1 X282 X1,3(3152 yiy2
— ¢ 1 X168 . Y1 . (6.3.3)
1 1

Clearly (T5)? is the identity transformation, so the eigenvalues of Ts can only
be £1.

Definition 6.3.4 A Maass form ¢ of type v = (vi, v,) € C? for SL(3,Z) is
said to be symmetric if Ts¢p = £¢ for all Ts as in (6.3.3).

We shall now show that every Maass form ¢ for SL(3, Z) is even, i.e.,
816>
Ts¢p = ¢, forall Ts = 81 with 61, 6, € {+1, —1}. The reason is
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that a Maass form ¢(z) is invariant under left multiplication by elements in
SL(3, Z), in particular by the elements:

-1 -1 1
-1 , 1 , -1
1 -1 -1
It is also invariant by the central element
—1
—1
-1

Since these elements generate all the possible T, this proves our assertion.

Proposition 6.3.5 Let ¢ be a Maass form of type v = (v1, ;) € C? for
SL (3, Z) with Fourier—-Whittaker expansion

o0

b= Y Zzw

eUs(BSLR.7) mimaZo  IMim2]

|myms| y
X W.Iacquet mi ( 1)2’ v, wl Lib)
1

* |myp|

as in (6.2.1). Then for allmy > 1 and mp # 0,

A(my, my) = A(my, —my).

-1
Proof LetTs = 1 . Then since 6z8 transforms x, — —x, and
1
X1,3 — —Xx) 3 it easily follows that

1 1 1
/ / / T8¢(Z)e—2m'm1x1e—Zﬂimzxz dxldxzdxm
0 0 0

picks off the A(m, —m,) coefficient of ¢(z); and this equals A(m, m,) because

Ts¢(z) = ¢(2). ]

6.4 Hecke operators for SL(3, Z)

We recall the general definition of Hecke operators given in Definition 3.10.5.
Consider a group G that acts continuously on a topological space X. Let I'
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be a discrete subgroup of G. For every g in Cg(I"), the commensurator of
I'in G, (i.e., (¢g"'T'g) N T has finite index in both T" and g~'T"g) we have a
decomposition of a double coset into disjoint right cosets of the form

gl = U Ta;. (6.4.1)
For each such g, the Hecke operator T, : £2(I'\X) — £*(I'\X) is defined by
T f() =Y flex),
i

where f € L2(I'\X), x € X, and o; are given by (6.4.1). The Hecke ring con-
sists of all formal sums

Z Ck Tgk
k

with integer coefficients ¢; and g; in a semigroup A as in Definition 3.10.8.
Since two double cosets are either identical or totally disjoint, it follows that
unions of double cosets are associated to elements in the Hecke ring. Finally, we
recall Theorem 3.10.10 which states that the Hecke ring is commutative if there
exists an antiautomorphism g — g* (i.e., (gh)* = h*g*) for whichI'* = I" and
(I'gl)* =T'gl forevery g € A.

We now specialize to the case where

G =GL(3,R), I'=SL3,Z), X=GL3G,R)/(0O3,R)-R*)=h.
For every triple of positive integers mg, m, m, the matrix

moniny
mom € Cg(l),
no

the commensurator of I in G (defined in (3.10.2)). We define A to be the
semigroup generated by all such matrices. As in the case of SL(2, Z), we have
the antiautomorphism

gl—)’g, g eA,

where’ g denotes the transpose of the matrix g. It is again clear that the conditions
of Theorem 3.10.10 are satisfied so that the Hecke ring is commutative.

The following lemma is analogous to Lemma 3.12.1, which came up in the
SL(2, 7Z) situation.
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Lemma 6.4.2 Fix a positive integer n > 1. Define the set

a by ¢

1 1 a,b,c > 1

Sn = 0 b (&) abc=n

0 0 c 0<by<b, 0<c1,co<c
Then one has the disjoint partition
mom ny
U r mom, r=|Jre 6.4.3)
m%m%mz:n mo a€ES,

Proof  First of all we claim the decomposition is disjoint. If not, there exists

Yi,n Y12 V13
1 2 3| €T
V3.1 V32 V33
such that
Vi1 Y12 Y13 a b ¢ a by ¢
w1 Y2 23110 b c]=10 b C/2 . 6.4.4)
V3.1 V32 V33 0 0 ¢ 0O 0 (¢

This implies that y, | = y3.1 = y32 = 0. Consequently, y; 1a = d’, y22b = b/,
and ys 3¢ = ¢’. But 1122133 = land a, b, c,a’, b, ¢’ > 1. It easily follows
that y, 1 = y22 = y3.3 = 1. Note that the above shows that a’ = a, b’ = b,
¢’ = c. Therefore, (6.4.4) takes the form

L yi2 »nas a b o a by ¢
1 2.3 . 0 b (&) = 0 b 6/2
1 0 0 ¢ 0 0 ¢

Since 0<b;,b] <b and 0<c, ¢, ¢}, ¢, <c, one concludes that
Y12 = Y1.3 = 2.3 = 0, and the decomposition is disjoint as claimed.

Now, by Theorem 3.11.2, every element on the right-hand side of (6.4.3) can
be put into Smith normal form, so must occur as an element on the left-hand
side of (6.4.3). Similarly, by Theorem 3.11.1, every element on the left-hand
side of (6.4.3) can be put into Hermite normal form, so must occur as an element
on the right-hand side of (6.4.3). This proves the equality of the two sides of
(6.4.3). O

By analogy with the SL(2, Z) situation (see (3.12.3)), it follows that for
every integer n > 1, we have a Hecke operator T, acting on the space of square
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integrable automorphic forms f(z) with z € h3. The action is given by the
formula

| a by ¢
Lf()=- Yoo b o]z, (6.4.5)
0 Sa(bl(’L:zn( . 0 0 C
0<b;<b

Note the normalizing factor of 1/n which was chosen to simplify later formulae.
Clearly, T is just the identity operator.

The C-vector space EZ(F\[')3) has a natural inner product, denoted (, ), and
defined by

(f.g) = / ey

r\p?
I xi2 x13 yiy2 0 0

for all f,geEZ(F\b3), z=10 1 x93 |- 0 y 0] ep’
0O O 1 0 0 1

and where

dy] dyz
1y2)?
denotes the left invariant measure given in Proposition 1.5.3.

In the case of SL(2, Z), we showed in Theorem 3.12.4 that the Hecke oper-
ators are self-adjoint with respect to the Petersson inner product. For SL(n, Z)
with n > 3, it is no longer true that the Hecke operators are self-adjoint. What
happens is that the adjoint operator is again a Hecke operator and, therefore,

d*z =dx1pdx13dx23

the Hecke operator commutes with its adjoint, which means that it is a normal
operator.

Theorem 6.4.6 (Hecke operators are normal operators) Consider the
Hecke operators T,,(n = 1,2, ...) defined in (6.4.5). Let T, be the adjoint
operator which satisfies

(Tuf, &) =(f. T,;8)

for all f, g € L2(T\b). Then T} is another Hecke operator which commutes
with T, so that T, is a normal operator. Explicitly, T) is associated to the

following union of double cosets:
mimim,
U r m2mim, r. 6.4.7)

mimimy=n mgm 1
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Proof It follows from (6.4.3), and also from the fact that transposition is an
antiautomorphism (as in the proof of Theorem 3.10.10), that

moninz

U r mom; r= U Fa = U al.  (6.4.8)

mgmfmzzn mo €S, €S,

Since the action of the Hecke operator is independent of the choice of right
coset decomposition, we obtain

. 1 e
(T.f, 8) = ;// Y flaz)g@)dz

I\ a€ES,
1 -
— 1 *
= n/ff(z)Zg(a 2 d*
I'\b? aEeSs,
1 n
= —/ f(@) Zg n a”lz | d*z, (64.9)
n
M\ a€ES, n

after making the change of variables z — «~'z. Multiplying by the diagonal

n
matrix n above does not change anything because g is well defined
n
on 3.
1
Now, it follows from (6.4.8) that for v = -1 , we have
1
-1
mohni Ny
UFa_1= U I'-w momi o ' T
aES, mgmfmz:n mo
mgl
= J r (momy)~! .T.
mimim=n (momymy)™!

(6.4.10)
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Finally, if we multiply both sides of (6.4.10) by the diagonal matrix
n
n , with n = m}m?ms, it follows that the adjoint Hecke operator
n
defined by (6.4.9) is, in fact, associated to the union of double cosets given in

(6.4.7). This completes the proof. O

The Hecke operators commute with the differential operators A, A, given
in (6.1.1) and they also commute with the operators T given in (6.3.3). It fol-
lows by standard methods in functional analysis, that we may simultaneously
diagonalize the space £2(SL(3, Z)\h?) by all these operators. We shall be inter-
ested in studying Maass forms which are eigenfunctions of the full Hecke ring
of all such operators. The following theorem is analogous to Theorem 3.12.8
which came up in the SL(2, Z) situation.

Theorem 6.4.11 (Multiplicativity of the Fourier coefficients) Consider

[e¢]

fo= % Zzw

VU SL0.Z) mimimazo  IMmal

lmym| y
X Wiacquet mq ( 1) zZ, v, ¥ K
| 2

a Maass form for SL(3, Z), as in (6.2.1). Assume that f is an eigenfunction of
the full Hecke ring. If A(1, 1) = 0, then f vanishes identically. Assume f # 0
and it is normalized so that A(1, 1) = 1. Then

T,f = A, 1) - £, Vn=12,...

Furthermore, we have the following multiplicativity relations

A(mim', momy) = A(my, my) - A(m', m}), if (mymy, mymy) = 1,
midy  mad;
An, DA(m,, = A , ,
(n, DA, my) = Y (dl d2>
dodydr=n
dilmy
dy|my
m1d2 mZd()
A(l, n)A s = A )
(1, Ay, my) = Y < a & )
d(]d]d2=n
dy|m
dy|my
m; m
AGm DA m) = 3 A(SH ).

d|(my,mz)
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Proof Letz =x -y with

I x x13 Yiy2
X = 1 X1 , y = Y1
1 1

In view of Theorem 5.3.2 and (6.2.1), we may write (for m; > 1, m, # 0)

1 1 1
//‘/‘f(z)€72ni(mlx1+mzxz) d.X1$3 dx1 dXQ
0 0 0

mym
A(ml,mz) | 1 2|}’1YZ

‘WJacquet miyi , Y, 1»[/1 .
[myms| Tl

(6.4.12)

If f is an eigenfunction of the Hecke operator 7, defined by (6.4.5), then we
have T, f(z) = A, f(z) for some eigenvalue A,. We can compute A, directly
using a variation of (6.4.12). We begin by considering

n n on
1 .
—3///ﬂlf(z)e_Z”’(""x‘J”mZXZ) dX1,3 dx1 dXQ
n

0 0 0
mym
Amy.m) el
- An‘ : WJacquel miyi s Y, WL my
|m1m;]| . o]
| a b1 1 I x xi3
= e Z /// 1) 0 1 xp -y
abc=n Ogilblcizc c 0 0 1
x e Fimntman) gy s dx; dx,. (6.4.13)
Next, if we let
a b] C1 1 X2 X1.3 1 oy o013 a
0 b C 0 1 X1 = 1 (03] b 5
0 0 ¢ 0 0 1 1 c
then we may solve for o, o, 1 3, by considering
a axy+by axiz+bix;+c a bay capj
b bx1 + ¢ = b coy

c c
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It follows that the right-hand side of (6.4.13) can be expressed in the form

4
n abc—n 0<c| c<c

<by<b
1 ax, + by ax1,3+b1x1 + ¢
b c ayiyz
<fllo 1 by te by
c c
0 0 1
% e—2711(mlxl+m2xz) dxl,B dX2 Xm,
which after the elementary transformations
,  axy+b; , bxi+oc , axi 3+ bix; +c
Y =——"FT" Y= M3y =————
b c ’ c
becomes
ab?+2 aPeql @?py i
1 chc /
" 2 -Zz 2
n aa
abc=n 0<cy,co<c ¢ v
0—51}71 ib 2 1771 bx 1{+( 1
/ !
1 Xy xj; ayiy,
/
X f 0 1 X by,
0 O 1 c

) ,(ml('z mzhl) B exf
e 2 Ry e e 2711(ml 5 +n12 )dx13dx2dx1

In view of the fact that the integrand above is periodic and does not change
under transformations of the form
x| — x|+ ab?, xh — x) + a’c, X3 = X3+ 1

we immediately deduce that the above integral is the same as

ab®* d*c a*b

1 2 I x x13 ay1y»
i) Dl / f / F110 xl ‘ by
n abc=n a 0

1
0 0 0 0 ¢
2 mlnz+m2h1 _2 I"'Z
x Z i i )dxmdxzdxl. (6.4.14)
0<cy,cr<c

0<b;<b
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But the above integral vanishes unless b|mc and a|m,b. Furthermore, in the
case that b|mc and a|m,b, we have

2ﬂi(m+m) {czb if bim, a|lm,,
E e b a =
0

0<cy,ca<c otherwise.

0<bi <b

Consequently, it follows that our triple integral (6.4.14) may be written in the
form:

1 c?
— — .ab?-d?c-a*b-c*b
3D
blmy, alm,
Ll 1 Xz X13 ay\y
x///f 0 X1 . by,
00 0 0 1 C

—27i(m S 4m h‘—z)
X e ( PP dxy 3 dxy dxy.

Here we have used the fact that if ' : R — C is a periodic integrable function
satisfying F'(x + 1) = F(x), then for any integer M > 1, we have

M 1
/ F(x)dx:M~/ F(x)dx.
0 0

Finally, the triple integral above can be evaluated with (6.4.12) and has the value

A (m_lc m_zb) |myma|y1ya2c
b ? W
e mab Jacquet mpyic , Y, 1/’1 ‘:;
|T “a c
A (e, mb lmymaly1y2

b’ - W, m v, ¥

= m

|M ) m_zb Jacquet 1)1 , 1, \m; s

b a 1

from which it follows from (6.4.13) and (6.4.14) that

|mimz|y1y2
A(my, m») n
- Jacquet miyi , UV, 1/11 i)
: b
1 C2 A (Tuc
=— Z —2~ab2-a26~a2b-czb-(b7’:)
n - a |ﬂ . m_2|
abc=n b a
blmy, alm,
[mymaly1ya
X WJacquet miyi , VY, wl L]

? ma|
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If we cancel the Whittaker functions on both sides of the above identity and
simplify the expressions, we obtain

© mab
b Ay mp) = A(%, "%) (6.4.15)

abc=n
blmy, a|lmy

We now explore the consequences of the assumption that A(1, 1) = 0. It fol-
lows easily from (6.4.15) that A(n, 1) = O for all integers 7, and then the left-
hand side of (6.4.15) vanishes for all n, m| as long as m, = 1. By choosing
my = 1,m; = p,n = poneobtains A(1, p) = 0. Arguing inductively, we may
choosemy = 1,m; = p,n = p" for¢ = 1,2, ... from which one can conclude
that A(pz, p) = 0forall¢ =0, 1, 2, ... One then obtains that the left-hand side
of (6.4.15) vanishes as long as m; = p. One can continue in the same manner
to show that A(p’, p/) = 0 for all non-negative integers i, j. One may then
proceed to products of two primes, products of three primes, etc. to eventually
obtain that if A(1, 1) = 0 then all coefficients A(m, n) must vanish.

If f # Othen we may assume it is normalized so that A(1, 1) = 1. If we now
choose m| = my = 1, it immediately follows from (6.4.15) that 1, = A(n, 1).
Substituting this into (6.4.15) proves the identity

A, DA m) = Y A(ﬂ, m—zb)

abc=n b a
blmy, alm;
The rest of the proof of Theorem 6.4.11 follows easily. O

6.5 The Godement—Jacquet L-function

Let
= A(my, ma)
fao= > > > ===
yeUrs(ZNSLQR,Z) mi=1 my20 mims|
|mmy|
X Wiacquet mi <V 1) zZ, V, 1/f1,|;1;§‘ >
1

be a non-zero Maass form for SL(3, Z), normalized so that A(1, 1) = 1, which
is a simultaneous eigenfunction of all the Hecke operators as in Theorem 6.4.11.
We want to build an L-function out of the Fourier coefficients of f.Lemma6.2.2
tells us that we may form absolutely convergent Dirichlet series in a suitable
half-plane.
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The sum over y € Uy(Z)\SL(2,7Z) in the Fourier expansion of f
creates seemingly insurmountable complications, and it is not possible to simply
set

X1p=x13=2x3=0,

and then take the double Mellin transform in y;, y, which would be the analogue
of what we did to create L-functions in the SL(2, Z) situation. The ingenious
construction of the L-functions and the proof of their functional equations was
first obtained by Godement and Jacquet (1972) and is based on Tate’s thesis
(Tate, 1950). The original construction of Godement and Jacquet did not use
Whittaker models. We follow here a different method of construction as in
(Jacquet and Piatetski-Shapiro and Shalika, 1979). The Godement—Jacquet L-
function is also commonly referred to as the standard L-function.

By Theorem 6.4.11, the Fourier coefficients, A(m, m;), of f must satisfy
the multiplicativity relations

A(mym', momy) = A(my, my) - A(my, m5), if (myma, mim}) = 1,
mldz mzdo
A, n)A(my, = A , ,
(1, n)A(my, my) E ( a & )
dodydy=n
dy|m
dymy
mp ny
AGm, DAL my) = Y A(-,-).
(mq1, DAL, my) ) 74
[(my,m2)

It follows that

k
A(p. DAL Py =" A (g %) = AL P+ A(p. pY)
dlp

k+ld

AL, p AL phH = A(dz, ”dz O) = A1, p"*) + A(p, ph),

dydy=p
dzlﬂkH

with the understanding that A(1, p~H=0.

Therefore,
A(p, DA(L, p*) — AL, p)A(L, pHY AL, p*=h — AL, pF2)
pks = pks :
6.5.1)
If we define

> A1, pF
6p(5) :=Z%,

k=0
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then, after summing over k, equation (6.5.1) implies that

A(p, 1) - ¢p(s) — AL, p) - [dp(s)p* — ']
= ¢,()p~* — [,(s)p™ — p™ — AL, p)p°].

Multiplying through by p=%

dp(s) = (1= AL, p)p~* + A(p, Dp™> = p~)7".

In a manner completely analogous to the situation of SL(2,7Z), as in
Definition 3.13.3, it is natural to make the following definition.

in the above and solving for ¢, (s) yields

Definition 6.5.2 Let s € C with N(s) > 2, and let f(z) be a Maass form for

SL(3,7Z) as in Theorem 6.4.11. We define the Godement—Jacquet L-function

L ¢(s) (termed the L-function associated to f) by the absolutely convergent

series

o0

Lys)=Y Al mn~ =[] (1= A1 pp~ + A(p, Dp™ — p>) 7.
n=1 p

Remark It is clear that the L-function associated to the dual Maass form f
takes the form

o0
Lis)=> A hn~ =[] (1 - Ap. Dp~> + A, p)p™ — p~>) 7.
n=1 P

By analogy with the GL(2) situation, we would like to construct the L-
function L ¢(s) as a Mellin transform of the Maass form f. Before taking
the Mellin transform, it is necessary to kill the sum over G L(2) in the Fourier—
Whittaker expansion (6.2.1). The procedure to do this uses an auxilliary integral
which requires some preliminary preparation.

Set
|mom | 1 x10 x13 yiy2
M = || , X = 1 x3], y= V1
1 1 1

A simple computation gives

1 |malx12  [mima|xy3
M- -x= 1 |my|x23 -M.
1

To simplify the subsequent notation, it is very convenient to set

X1 1= X233, X2 1= X1,2,
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so that the super diagonal elements of the matrix x are x;, x,. We also define
z1 =X +iyy, Zy =X +iys.

It follows from Definition 5.4.1 (1), that that for any integers €1, €;, the Jacquet
Whittaker function satisfies

WJacquel(MZa v, wel,ez)

[ ] Yiy2
_ 2mi||m e x1+|ma|erx
=e€ I l€rxitimalerx2 'WJacquet M Y1 , UV, wel,ez

(6.5.3)

Further, for any SL(2, Z) matrix

iy ym Xy, 3)

>, we may put the GL(3) matrix,

a b
c d into Iwasawa form:
1
a b YiY2 YiXa X13 1Yy YViXs X|3
c d i x| = yioox (mod Z50(3, R)),
1 1 1
(6.5.4)
where
az; +b
zy = x5+ iy, i d yi = leza +d|y,
xX; =cx13+dx, X3 =ax;3 +bxy.
It immediately follows from (6.5.3) and (6.5.4) that
a b
WJacquel Mlc d z, V, wel,ez
1
_ ezm[lmwel(cmwxl) + mlen (22
yiy2
|czo+d|
X W.lacquel M Y1 |CZZ +d| s Y, wel,ez . (655)
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Lemma 6.5.6 For all veC? €, c{£l}, and any matrix

Yiy2
y= Vi with y1, y» > 0, we have

1
WJacquet(y, v, wel,ez):WJacquet(y, v, I/fl,l)-

Proof Recall the definition

00 00 00 1 1 Uy U3
WJacquet(ya v, wEl,Gg): / / /Iu -1 1 Ui y

—00 —00 —OQ 1 1

x ¢~ FriCimteaur) duyduydu, 3

00 00 o0 s 2 ™2 V1421,
f// yl\/(ul,a—umz) + (uf + ¥1)y3

- i 5+ i (3 +53)
—00 —00 —00
2v1+1y

i s + 333 +53)
(1,3 — uruz)® + (uf + yi)y3

X

% e—2ni(slul+ezug) duldugdum.
To complete the proof of the lemma, we simply make the transformation

Uy — €y, Uy — €Uy, Uiz — €162U13.
O

Finally, we obtain the following theorem, which is the basis for the
construction of the L-function L y(s) (given in Definition 6.5.2) as a Mellin
transform.

Theorem 6.5.7 Let f(z) be a Maass form of type v for SL(3, Z) asin (6.2.1).
Then we have the representation

00 ,
f(Z) _ Z Z A(mla m2) . e27ri[ml((,'x1_3+d.\’1)+mzﬂ?(f_;§i2)]
b w i mZo  Immal
Ux(Z)\SL(2,Z
<Cd)€ 2Z\SL(2,Z)
jm.1ma| o]
X WJacquet n Y- lczo +d| s UV, %,1 .

1 1
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Proof  The proof follows from Theorem 6.4.11, (6.5.5) and Lemma 6.5.6. O

Corollary 6.5.8 Let f(z) be a Maass form of type v for SL(3, Z) asin (6.2.1).
Then

11 1 s
//f 1 oy |-z | e ™ duidus
0

_ Z Mezm(m+mzxz)
|m3]|

Ima|y1y2
'WJacquet 1 , v, Y

Proof By Theorem 6.5.7, we see that

11 1 s
//f 1wy |-z | e duydus
00 1

]

Z Z Z A(my, my)

ab mi=1mp#0 |m1m2|
( ) €UL(L)\SL(2,Z)
cd

1 1
. : azp+h .
« /feZm[m](c(143+x1,3)+d(u1+.\1))+m2§7im;ﬂ,]efzmul duldug
0 0

Y1y
lm | lcz+d]
X WJacquet mj Y1 lczo +d| , Y, 1a”l,l .
1 1
The integrals
1 1
erH[nlch3 du3, /eZﬂi(mldfl)u] dI/l],
0 0

vanish unless ¢ = 0 and md = 1, in which case they take the value 1. The
proof of Corollary 6.5.8 follows immediately from this. O

Our next objective is to construct L-functions associated to a Maass form
and show that they satisfy functional equations. In view of the SL(3, Z) Hecke
theory we have shown that the natural definition of the L-function associated
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to a Maass form f is given by Definition 6.5.2:
— —1
Lis)=Y Almn~ =]](1 =AW p)p~* + Alp, Dp™ = p~>) .
= P

This L-function appears naturally in a Mellin transform applied to the integral
in Corollary 6.5.8. It, therefore, seems prudent to consider

o0 ! us yiy2

dyd
/ /f Loup |- yi e 2 duydus y)'yy: N
o s 1 1 Yiy2

where the inner double integral fol fol has the sole function of picking off the
Fourier coefficients A(m, my) of f with m; = 1. This is the analogue of the

Mellin transform
o0 . dy
Lo(C))s
0 y

which occurs in the SL(2,Z) theory in Section 3.13. The functional equa-
tion in the SL(2, Z) case arises from the symmetry f(z) = f(w - z), where

o= (, ).

One is, thus, highly motivated to try to generalize this idea to SL(3, Z) by

considering symmetries f(z) = f(w - z) where w is in the Weyl group. Curi-
-1

ously, the choice w = 1 does not work in the SL(3, Z) situation,

but fortunately the choice w = 1 | does.

1
We shall now prove Lemma 6.5.9 which contains the symmetry required

to obtain the functional equation of the Godement—Jacquet L-function. A new
feature which does not appear in the G L(2) theory is the unbalanced nature of
this symmetry. One side has a double integral, while the other side has a triple
integral!

For the following Lemma 6.5.9, we define for any function f : h3 — C, its
dual function

f@=f(w' Hw), w = —1 :
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as in Section 6.3. We also introduce

1 1
wp = 1 s w/l = —1 s
1 |
and
1 1
7F = 1Y 1
1 -1
yiy2 X3 y{l
Ifz= y1 x1 |,then z*= yfl X3y2_] y1i X1
1 1

Lemma 6.5.9 Let f : b — C be such that f(z) has a Fourier-Whittaker
expansion of type (6.2.1). Then for any z € b3, we have the identity

11 1 U
//f wy - 1wy |-z | e ™ duydus
0 0 1
11 1 u; —us
= //f wi - 1 cw'E Hw | e T duydus
0 0 1
oo 1 1 1 us3 1
= / /f 1 u 1 2 e duydusdu.
—00 0 0 1 1

Proof By assumption

Consequently

1 us 1 upy —us
f | w 1w |-z =7F|w) 1 cw- 'Y w

(6.5.10)

Integrating both sides of (6.5.10) with respect to u;, u3 gives the first identity
in Lemma 6.5.9.
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It follows from (6.5.10) that

1 us
flw 1w |-z
1
1 Ui —Uus
=f|w 1 wi ™ wiew @ ww)
1
1
=fllus 1w | wiw ' ww™ . (6.5.11)
1
1
Note that wjw = —1 |.Recall that z* = wjw - '(z" ') - ww| " If
1

we integrate both sides of (6.5.11) then

11 1 U
//f 1wy |-z | e duydus
00 1
11 1 1
=//f 1 u; uz 1 2| e T duydus.
00 1 1

Finally, the proof may be completed by applying the following Lemma 6.5.12
to the integral above. O

Lemma 6.5.12 Assume [ : > — C has a Fourier—Whittaker expansion of
type (6.2.1). Then for any z € b, we have the identity

11 1 1
/ff 1 u u 1 sz | e dyydu
00 1

oo 1 1 1 ;
=//ff 1 u u 1 sz | e duydusdu.
-0 0 0
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Proof  For any integer m note that since f is automorphic for SL(3, Z), we
have

1 1 U3 1
//f u m 1 sz | e duydus
00

1 1
1 1 1 us3
=//f m 1 1wy —mus |-z | ™ du,dus
5 1 1
11 " | |
://f up | -z | e e MG gy dus. (6.5.13)
1

Furthermore, by Fourier theory

us
f(Z) _ // u .z e—2mm1u|€—2mm3u3 dl/lldl/tj;,

my,m3€” 1

which implies that

1
1 1 1 1 U3
= Z ///f I wuy+4& |-z
mems€l 55 1
Xe—27'rim|ule—2nim3u3e—2niél du]du:;d%-l
11 1 s
= Z //f Uouy |-z | e e 2msus gy dus.  (6.5.14)

m€l o 1

Changing &; to u; in (6.5.14) and combining with (6.5.13) we obtain

11 us 1
f/ f uq m 1 cz | e duydus.
meZO 0
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Replacingzby | u 1 - z and then integrating over u in the above identity
1
yields
11 1
//f 1 u u 1 z | e 7™ duydu
00 1 1
111 1 us 1
ZZ///f Lowug |- u+m 1 z | e duydusdu
mEZO 00 1 1
oo 1 1 1 U3 1
=///f I wp ) u 1 z | e duydusdu.
—00 0 0 1 1
O

Theorem 6.5.15 Let f be a Maass form of type v = (vy, v») for SL(3, Z)
with dual f as in Proposition 6.3.1. Then L ¢(s)(respectively L §(s)) (given in
Definition 6.5.2) have a holomorphic continuation to all s € C and satisfy the
functional equation

Gy($)Ls(s) = G,(1 — )L (1 — 9),

where

Gv(s)zn_*wzf‘ s+1—2v — v r s +v — 1 r s —1+v + 2, ’
2 2 2

SR (I ETE B NETRR IR )

Proof  An indirect proof of Theorem 6.5.15 was obtained by Bump (1984)
who showed that the functional equation of a Maass form must be the same as
that of an Eisenstein series which can be easily derived. We shall follow this
method later in this book for the case of SL(n, R) with n > 3.

A direct proof is much more difficult. We present a proof of Hoffstein and
Murty (1989) which makes use of a double Mellin transform. This is different
than the proof of Jacquet and Piatetski-Shapiro and Shalika (1979) which uti-

yiy2
lizes a single Mellin transform. Accordingly, let us set z = ¥
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Since we are assuming that f is a Maass form, then we know that f(w;z) =
f(2), and Lemma 6.5.9 takes the form

Lo Yiy2 us _
//f yi U e~ duydus
0 0 1
o 1 1 ) 1 13 ¥y ! |
Z//ff 1w uy; 'y e duydusdu,
% 0 0 1 1

(6.5.16)
The left-hand side of (6.5.16) can be evaluated by Corollary 6.5.8. We have

Lo yiy2 us A
//f v Uy e~ duydus
00 1

[ma|y1y2
A(17 mz)
———  Whacquet Y1 , (v, v2), Y

(6.5.17)

In a similar manner, the right-hand side of (6.5.16) can be evaluated to give

L] yiy2 us )
//f vioowy || e duydus
0 0

1
-1
Ami 1) [ i1y,
15
- Cmy| / Wiacquet uy;' oy s (v, v), Y11 | du
my#0 1 s |
Ami, D) [ Imily;"
= ﬁ / yZ-WJacquel u Y1 s (‘)2, Vl)a WLI du
m0 M 1
(6.5.18)
(]

Note that the right-hand sides of (6.5.17) and (6.5.18) are identical. Then
the double Mellin transforms in y;, y, of the right-hand sides of (6.5.17) and
(6.5.18) must be the same. For MN(s;), N(s,) sufficiently large, the double Mellin
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transform of the right-hand side of (6.5.17) converges absolutely and is:

oo oo 1 1
yiy2 us
) dy, d
////f oo o2t y~lY1 1 2 lduld ayp ay:
5 A yio»

0 1
<X yiy2
=2Lf(52)'/fWJacquet ! » (v, v2), Y
00 1
' dy; d
sy lypt AR (6.5.19)
yro »

Similarly, for —9(s;), —N(s,) sufficiently large, the double Mellin transform
of the right-hand side of (6.5.18) converges absolutely and equals:

oo oo 1 1
Yiy2 us
) dy, d
////f yiou e—2mu1yf11 s2— lduld _)71 y2
0 0 0 O

1 yi »
= 2L (1 -5 f f / Wiaee || 1 31 | (o). v | du
00 \oo 1
dy; d
s yilyp D12
yro»
= 2L (1 -5 / / / Wiaee || & v | Gaovi), v | du
0 0 \oo 1
dy; d
s ypilyy 02 (6.5.20)

First, the holomorphic continuation of L ¢(s) follows by Riemann’s trick of
breaking the line of integration in the y, variable into two pieces [0,1], [1,00],
and then making the transformation y, — 1/y, in the first piece [0,1]. The

proof of the functional equation in Theorem 6.5.15 follows immediately from
the following lemma.

Lemma 6.5.21 The ratio of double Mellin transforms
/ /Wlacquet i , (v, 1), Y yvl lyzvz 1 4y dyz
1 i Y2
0 0
0o 00 %) J ) —
// / WJvauel u yi , (2, v0), Y | du |y - 1}’2 , @)1 42
0 0 oo 1 yio »
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is precisely equal to

GV(SZ)
Gu(l - 52) .
Proof  The triple integral in the denominator of (6.5.21) can be evaluated as
Y2
follows. We first put the matrix | u  y into Iwasawa form to obtain
1
v yiya/\Jur + 31 uya/\Ju* + i
u y 1 = /M2 2 (mod O(3,R)-R*).

1

To simplify notation, we also write W (z) instead of Wyacquet(z, (V2, V1), ¥1,1).
It follows, after successively making the transformations, u +— u -y,

Y2 ya-Au?+ 1,y =y - 1/4/u? 4 1, that

FT(Fw((x ))ar) ootz
1 yi o »n
0 0 00

yiya/\Jut + v uya/\Jut+yi

00

/W 2 2 du
Jus+y

- 1

1
s1—1_ —s dyl dy2
XYy Y
yr o »n
00 00 00 yg/vu2+l Ltyz/\/l/t2+1
:// /W yivu? 1 du
0 0 \-o 1
S| .. =8 dyl dyz
XYYy " —— ——
yr o »n
TX(F Y2 uy2
5145 dy; d
5 - 1 yro»
00 00 yiy2 00 . e
=/ f v » / 2 (12 4 1) du
0 0 1 00

iy 41 02
Y1 2
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It is well known that

[o¢]
2miuy; (Lt 4 1) S du = 2 y? ZKV__(ZJTyz)
/ L(s)™?
—00
Consequently, the denominator in Lemma 6.5.21 takes the form:
oo o0 [o¢] 2
s1—1_ —s dyl dy2
Uy du ]l yi' 'y, 7 == —=
1 yio»
00 oo
gt T F yiy2
w
TG+ 2/2)) o
sp=sp—1 d d
X Koo (232) 3117y, @ dr (6.5.22)
yi »

The double integral in (6.5.22) was first evaluated by Bump (1984) and is
equal to

2 (S5 () () (442)
r() |

(6.5.23)

where
oa=—-v—21»m+1,
B=—vi+,
y =2v+v— 1.
A number of years later Stade (1990) found another method to obtain (6.5.23).
Finally, we may complete the proof of Lemma 6.5.21 by evaluating the

numerator of the expression in Lemma 6.5.21 using (6.1.4) and then explicitly
computing the ratio of double Mellin transforms given in Lemma 6.5.21. O

6.6 Bump’s double Dirichlet series

In (Bump, 1984) it was shown that if
— A(my, my)

f@) =

el @SL@.Z) m—imzo  1M1Ma|

[myma| y
X WJacquel ny ( 1) Z, V, WL% (661)
1
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is anon-zero Maass form for SL(3, Z), normalized so that A(1, 1) = 1, whichis
a simultaneous eigenfunction of all the Hecke operators as in Theorem 6.4.11,
then the double Dirichlet series

i Z Al m3) (6.6.2)

mm2

has ameromorphic continuationto all sy, s, € C? and satisfies certain functional
equations. This result is a consequence of the following proposition.

Proposition 6.6.3 Let f be a Maass form for SL(3, Z) as in (6.6.1). Then we
have the factorization

i i A(my,my)  L(s)Ly(s2)

my'm3 Z(s1 + s2)

my=1mp=1

Proof By Theorem 6.4.11, the Fourier coefficients of f satisfy

AGmy, DAL my) =YY A ( )

d\my d|mj

It follows that
o0

o A(m, D A(Lmy) TN —
X tRRER )

Wl]=1 m2=1

— — —  A(my/d,my/d)
= Z Z Z 81,52
=1  m=1 =1 my nty
m=0 (modd) my= O (mod d)

L2 Y
={(s1+52) - Z Z A(ml’mZ).

mi=1mp=1 m }?12 0O

A direct proof of the meromorphic continuation and functional equation of
Bump’s double Dirichlet series (6.6.2) has been found by M. Thillainatesan.
By Proposition 6.6.3, this gives a new proof of the functional equation of the
Godement—Jacquet L-function L ¢(s). The new proof of the functional equation
of (6.6.2) is based on the following two propositions.
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Proposition 6.6.4 Let f be a Maass form of type v for SL(3, Z) as in (6.6.1).
For N(sy), R(s2) sufficiently large, define

1 0 u3 yiy2

oo oo 1
A(Sl,S2)=///f 0 yi
00 0 1 1

dy, dyz

51— l 2 1
Xy dus
! Y1 »

Then

AL j(sDLs(s2) y12
A(sy, $2) = /f Jacquet Y1 , v, Y
Z(s1 + s2) )

sy lye! dydy,
Yy oy

Proposition 6.6.5 Let [ be a Maass form of type v for SL(3,Z) as in (6.6.1).
For (s1), —R(s2) sufficiently large and N(sy + 52) > %, define

oo oo 1 1 0 U3 Y12
AI(SI»SZ):///fl 01 0 »
A 00 1 !

0 0 1
where fi(z) = f(w)' ")) withw,=|1 0 0|.Then
010

Ai(st, 52)
AL 7(s)L (1 — M
- WJacquet Y1 , VY, 1;ﬁl,l
C O D((s1 + S2)/2)§(S1 + Sz) |
L dy, d
A () D12
yr »n

Since f is automorphic, it is clear that f = f; and A(sy, s2) = A1(s1, $2).
The proof of the functional equation (in Theorem 6.5.15) of the Godement—
Jacquet L-function now follows from Lemma 6.5.21 and (6.5.22).

Proof of Proposition 6.6.4 We may substitute the Whittaker expansion in
Theorem 6.5.7 into the integral for A(sq, 7). The integral over u3; forces ¢ = 0
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and d = %1 (see below), and kills the sum over SL(2, Z). We have
A(s1, 82)

= A(my, my)

= Z 2. 2

mi=1 my#0 |m1m2|

eUz(Z)\SL(Z Z)

o0
% / 2m mlcu;-&-mz‘ﬁ(fﬁZﬁ)] du3>
0

00
0
( Yiyami|mo|

—
o
U‘

[ciyr+d|
X Wiacquet yimy - |ciys +d| , v, Y
1
x yilyee 1dyrdy,
2 yr »n
= A(ml ms) yiyami|mz]|
=2 Z // WJanuet miy; ,V, 1//1,1
mi=1my70 |m1m2| |
i 1 s-1dy1dys
Y2
yr »
SR Ay, mo) yiy2
:4 W ’ v’
le:l ,,;1 m |’772|s2 // Jacquet Y11

vl | ldyl dy2
Yo »n

yr »n
O
Proof of Proposition 6.6.5 By definition
Ai(s1, 82)
%] 1 0 u iy
dy, d
=///f| 0 10 i ¥y du hen
0 oo 1 1 —=u 0 )/1)’2)’2_1
- dy, d
=[] ]7{lo 1o N N P
00 b 0 0 1 1 o
% e 0 I u O yiy2
- dy, d
=///f O 1 0 y] yll —5 _51 1d yl y2
5o 0 0 1 1 oy’
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where the last identity above is obtained after making the successive transforma-
tions y, = y; L yiy2 — y», and u — —u. We now substitute the Whittaker
expansion of Theorem 6.5.7 into the above. In this case the sum over SL(2, Z)
is not killed. Remarkably, however, the integral can be significantly simplified
after several clever transformations. We have

oo oo 0
Ai(st, 52) = > > 2 AFZ;ZI)///
00 -1

my=1 my#0
(? 3) € U»(Z\SLQ2,7)

Y1yomi|nty]
znimzsﬁ((zx(uﬂyth) |c(utiyz)+d|
e ki /. WJacquet yimy-|c(u+iya)+d| , v, Y
1
dy, d
s1—s7 _.s1—1 1ady2
Xy Uy, du——.
Y1 2

The term corresponding to ¢ =0 will be killed in the above integral
over u. So, we may assume ¢ # 0. Note the identity: (az + b)/(cz +d) =
(a/c) — (1/c(cz + d)). Hence,

SR(a(u—i—i}’z)-l—b)_(ﬁ(a 1 >

cwu+iy)+d) " \c  clcutiy)+ad)’

With this in mind, in the above integrals, make the transformations
cu+d e cu, d=cqg+r(1 <r <ic|, (r,c)=1).

Consequently

00 el .

2mimyr A(Mo, my)

Mo =Y Y XY Y e A
my=1 my#0 geZ c#0 r=1 |m1m2|

oo 49tz

oo
_ 2ximpu
X e lewtiP?
0 0 g+z-1
Yiyami|mo|
leQutiy2)|
X WJacquet yimy-|c(uiys)| , Vs Y
1
1, dy dyz
x yi oyl gy (6.6.6)

yi 2
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Note that for fixed r, c,

q+% 00
Z / = / (6.6.7)
g€z g+r-1 %

Next, we combine (6.6.6) and (6.6.7) and then make the successive transfor-

mations

1 U “ Vo > 72
7.’ _? 2 5.
lc(u + iy2)l c?

Y1 [xd
c2?

We obtain

el 271n121

00 00 00

A(mor. m 2imyu

M= 3y L Amem) ¢

, 1 0 =0 =1 |C|S]er2 |mlm2|
mi=1my#0 c# r( 1 0 0 —

Yiyami|ms|
|M+iyz|2 S1—S82 . S1— 1
XWJacquet yini sV, Y Y Y2
1
dy d
X i+ iys |2 du 2LE2 (6.6.8)
yr 2
We now successively make the transformations
U u-y yr—>y~|m2| yr—)£
2, 2 2 A 1 m

in (6.6.8). It follows that

lcl anmzr

00 00 00
A m-. m _ 2mimpu
INURSES DD P b iy e
’ le[s1F52 [myms]
0 0 —o0

my= lmz;éOL#O r—l

yumi|ms|
Y2 (u+1) s s
X WJacquet yimi , v, Y yll ’yy
1
, dy, d
% (M2 + 1)(52—31)/2 du ayidy
yir »
o Ie] 2mimyF
_ Z Z e A(my, my)
Foppet W ey s S 10 K my T g |1
(r,c)=1
-1
T T 2miu M2 ylyz
X///e 72 ‘mz‘WJacquel Y1 , VY, 1/fl,]
0 0 —o0 1
S1—S52 .S dvi d
1 2
AN ey (6.6.9)

w2 + Dotz 4 o»m
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Note that the Dirichlet series completely separates from the triple integral of the
Whittaker function in (6.6.9). To complete the proof, we need two lemmas. The
first lemma evaluates the Dirichlet series in (6.6.9) while the second evaluates
the triple integral of the Whittaker function.

Lemma 6.6.10 We have

2imyF

00 el 4Lf(§‘1)Lf(1 — Sz)

YY Yy L Amem)
|C|s1+sz mi+51—52 |m2|1ﬂ2 B {(sl—i-Sz)

=1 0 c#0 r=1
m my#0 c# 5L

B
r,c

Lemma 6.6.11 We have

—1
rrT 2riu | M Y1y,
///6 2 ‘"IZ‘WJacquel 1 .V, Y
0 0 —o0 1

182,52

NN ddn
(U2 + DErtD2 20y, y

T yiy2
://WJacquet Vi s, Y, 'Wl,l
00 1

Lo dy, d
TR K () L2,
2 yi»

Proof Toprove Lemma 6.6.10, we apply Proposition 3.1.7. Since every Maass
form is even, we obtain

o el e(2m'mzf‘)/c

D3PI

mi=1 my#0 ¢#0 (r";l

A(ma, my)

|C|s1+s2 mi+x1—32 |m2|1*f2

- 4 i i Z A(my, my)
= ¢(s1+$52) s ds1+s2_1m}+slfs2mé,n
4 S . A(mad, my)

4 SR A(mad, my)

) mmlzﬂ n;l ; (mima)' =52 (md)"
4 25 A((mad/m?), my)
= mm; ; mi|(dm2) mé_‘vzdsl
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_ She (d D A(my, 1)
B (Y1+92 Z dZ e

my=1 m,
_ 4L f(s1)L (1 — 52)
$(s1+52)
Finally, to prove Lemma 6.6.11, we use the identity

o0
/ e
—0o0
p) s N T

* du

The lemma immediately follows after applying the transformation y, > y, L
This completes the proof of Proposition 6.6.5. O

Remark 6.6.12 Note that Bump’s double Dirichlet series is generalized to
G L(n) in (Bump and Friedberg, 1990). This is a Rankin—Selberg construction
involving two complex variables, one from an Eisenstein series, one of “Hecke”
type. For GL(3) it produces the Bump double Dirichlet series.

GL(n)pack functions The following GL(n)pack functions, described in the
appendix, relate to the material in this chapter:

ApplyCasimirOperator GetCasimirOperator
WeylGenerator Whittaker
WhittakerGamma. Special WeylGroup



7
The Gelbart-Jacquet lift

7.1 Converse theorem for SL(3, Z)

It was shown in Theorem 6.5.15 that the Godement—Jacquet L-function asso-
ciated to a Maass form for SL(3, Z) is entire and satisfies a simple functional
equation. The development of a converse theorem for such L-functions (which
generalizes Theorem 3.15.3) is really due to the efforts of Piatetski-Shapiro over
several decades. In (Jacquet, Piatetski-Shapiro and Shalika, 1979) a Dirichlet
series % A(n, 1)n™* (with A(1, 1) = 1) is considered. It is assumed that this

n=1
Dirchlet series is entire and bounded in vertical strips (EBV) and that the A(m, n)

satisfy the Hecke relations as given in Theorem 6.4.11. They proved that if all
the twists

[e ]
Z A, Dx(n)n™"*, (x a Dirichlet character)

n=1

satisfy a suitable functional equation (very similar to the functional equation
given in Theorem 6.5.15 with v € C?) then

- A(my, m)

f@) =

yeUs@SLR.Z) m=imgo  M1lma2l

mi|ms] y
X Wjacquet nmi ( 1)27 v, Yy m
1

’

* lma|

is, in fact, a Maass form for SL(3, Z). This is the converse thoerem for SL (3, Z),
and provides a generalization of the converse theorem for SL(2, Z) as given in
Section 3.15.

The idea of introducing twisted functional equations to prove a converse
theorem is due to Weil (1967). Cogdell and Piatetski-Shapiro have obtained

194
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a vast generalization of Weil’s original converse theorem. In (Cogdell and
Piatetski-Shapiro, 1994) it is shown that to prove an L-function is automor-
phic for GL(n), it is necessary to twist by GL(n — 1) while in (Cogdell and
Piatetski-Shapiro, 1999) this is improved to twists by GL(n — 2). In (Cogdell
and Piatetski-Shapiro, 2001) there is an improvement in a different direction
which involves restricting the ramification of the twisting. These papers have
proved of fundamental importance in establishing cases of Langlands conjec-
tures. A non-adelic version of the GL(3) converse theorem was obtained by
Miller and Schmid (2004). We shall present a new proof found recently by
Goldfeld and Thillainatesan.

Interlude on Dirichlet characters A Dirichlet character (mod ¢) is a
character of the cyclic group (Z/qZ)* . If x is not trivial then x(n) =0 if
(n,q) > 1, and, otherwise is a ¢(g)th root of unity. It is a periodic function
of n with period ¢. If g is the least period, then x is said to be primitive. The
Dirichlet characters (mod ¢), both primitive and imprimitive, form a basis for
the functions on (Z/q7Z)* . For Dirichlet characters x (mod ¢) and (n, g) = 1,
we have the following well-known identity (see (Davenport, 1967))

q q
T(0) - x(m) = Y x@OST 1) =Y x0T, (7.1
=1 (=1

where t(x) is the Gauss sum. This allows us to represent y(n) as a linear
combination of ¢th roots of unity. Note that in (7.1.1), the condition (1, g) = 1
can be dropped if x is primitive. We may also represent each gth root of unity
as a linear combination of characters by the formula

> xOt(x) = (7.1.2)

x (mod ¢)

$(@)

Theorem 7.1.3 (SL(3, Z) Converse theorem) For integers my, m, # 0, let
A(my, my) € Csatisfy: A(my, mp) = A(—my, my) = A(my, —my), A(1,1)=1,
and also the multiplicativity relations given in Theorem 6.4.11. Assume that for
every primitive Dirichlet character x (mod q), the Dirichlet series

o A(m, 1)x(m) . o A(L, m)x(m)
Ly (s) :=;T’ L, (s) 5=;T,
converge absolutely for R(s) sufficiently large, and for fixed v = (v, v,) € C?,
satisfy the functional equation

.k T(X)z

3 3 ~ ~
PGu(s+ KL, () =iF"—2 . 4209G 14+ k—s)L;(1—ys),
7 * AN *
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where k =0 or 1 according as x(—1) is +1 or —1, G,,G, are prod-
ucts of three Gamma functions as in Theorem 6.5.15, and the functions
Go()L(s), G,(s)L(s) are EBV. Then

= A@my, mj)

U (ST Ml g0 1M1M2]

|myms| y
X WJacquet ni < 1>Zv v, ¥y m
1

’

T Imal

is a Maass form for SL(3, 7).

Proof of the converse theorem, Step I ~ Define

F(o) = - A(my, my)
v eUs(ZNSL(2,Z) my=1 ma70 |mym;|
|myms| y
XWJacquet my ( 1) Z, (vlv v2)9 I//.l,‘::ﬁ ) (714’)
1
and

7o) = Z i Z A(ma, my)

VU (NSLO.Z) mm g0 IMiM2]

[ ymy| y
XWJvauel n ( 1) zZ, (Uz, V]), Iﬂl,% . (715)
1

In the following, let

1 0 us 0 0 1
u=10 1 u |, wr,=|1 0 0
0 0 1 010

If f is automorphic then

f@=F(wy-'z7")

forall z € b3 and

1 1 1 1
/ / f(Auz)e™ ™™ 0 duduy = f / Ffws - "(Auz) He ™™ quydus
0 0 0 0

(7.1.6)
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with o € Q. Our aim is to prove a

—_ o O

1 0
forallzeb3,keZ,A: a 1
0 0

converse to (7.1.6).

Basic Lemma 7.1.7 Let f, f be defined by (7.14), (7.1.5), respectively.
Assume

1 1 1 1
f / f(Auz)e 29" dy dusy = f / F(wa - "(Auz) e 4" du dus
0 0 0 0

1 0 0
forallz e b, h,qeZ, A=|h/qg 1 0|, withq #0.Then f isaMaass
0 0 1

form of type v for SL(3, Z) and f is its dual form.

Proof of Lemma 7.1.7 First of all, we claim that

* kK
f(pz) = f(2), fpz)=f(2), VpeP=|x* % x| CSL@3, 7).
0 0 1
(7.1.8)
This is due to the fact that P is generated by elements of the form
a b 1 r
c d , 1 s ), (witha,b,c,d,r,s €Z, ad —bc =1).
1 1
a b
We first check that (7.1.8) holdsforp = | ¢ d . This follows easily

because

= BBy A

y€Us(ZN\SL2,Z) my=1 my#0

? my|

lmyms]| y
XWJacquet mi ( 1) pz, v, 1»/fl Ul
1

= f(),

since the sum over y is permuted by p. A similar argument holds for f.
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1 7
It only remains to show that (7.1.8) holds for p = 1 s |.Toshow
this, we just use the identity
|myms| a b 1 r
m c d 1 s
1 1 1
1 r’ |mym;| a b
= 1 S/ . mi C d )
1 1 1
where
r' = |mymay|(ar + bs), s' = mi(cr +ds).
It follows that
. = A(my, my)
CEE D DD DD D reves
VU (BSLO.Z) mm maZo 1112
1 r’ |m1m2|
X WJacquet I s |- mi <V )Zs v, wl my
1 2 ma|
1 1
because
1 r’
WJacquel 1 5] -z, ¥ = WJacquet (z,v,¥)
1

forall z, v, ¥, if r', s’ € Z. Again, a similar argument applies for f

Lemma 7.1.9 We have

f(w2 . 1271) _ f(wz . ’(pz)fl)

1 r
forall p = 1 s |,withr,s € Z.
1

Proof By (7.1.8), we may, without loss of generality replace w, by

100
wy=[0 0 1
010
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We compute:

1ot =1 r=1 / /=1
wy-'pTiw,  =w) - 1 cw, =|-r 1 —s| € P.

Here we have used the fact that f is invariant under left multiplication by

elements in P. ]
1 0 0

Now, if (7.1.6) holds for all z € h3 andallh,q €eZ, A=|h/qg 1 0],
0 0 1

with ¢ # 0, then on choosing z = A~'z’, we must have

1

1
/ f FAUA™ Z)e 9 duy dus

0 0
1 1
// 5 (AuA™ ) De M dy  dus
0 0

for all z € h3. Since

0 us
1 hlf—ﬁ-ul ,
0 1

AuA~! =

(= e

it easily follows after a change of variables that
11
//[f(uz) — Fwy - "(uz)™")]e e M quydus = 0, (7.1.10)
0 0

forall z € b3, and all h, g € Z, with g # 0.
We will next show that (7.1.10) holds for all & € Z and ¢ = 0. In fact, this
case holds without any assumptions on f.
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1
Lemma 7.1.11 We have f[f(uz) — f(wz-’(uz)_l)] du; =0, where
0

Proof Tt follows from Theorem 6.5.7, after integrating in u, that

1
/ [fuz) = fws - "(uz)™H]du,
0

2 | A, m) 0 10
= Z Z 7WJacquel M1 0 0]z
m—tmzo | Milm2 0 0 1
A(map, my) - _
- 4WJacquet(Mw2 -z l) s
my|my|
mi|ma|
where M = m , and Wiacquer 18 given as in Theorem 6.4.11.
1
But
1
T _ t_—1 -1 _
WJacquet(Z) = WJacquel (w3 CZ Wy ) s w3 = 1
1

The proof follows upon noting that

7 -1 —1 -1
WJacquet(MwZ Sz ) = WJacquet(w3 ' Mw2 Sz s Wy )

010
- WJacquet M ! 1 0 0]z ’
0 0 1

where M’ is the same as M, but with m, m, interchanged. O

It follows from Lemma 7.1.9, that the function f(z) — f(wz )Y s
1 *

invariant under left multiplication by the group 1 x| .It, therefore, has
1
a Fourier expansion in x1, x3. The identity (7.1.10) together with Lemma 7.1.11
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tells us that every Fourier coefficient vanishes. Consequently
f@O=Fr-'@")=7(wn™)

withy = w»,forallz € h3. Finally, we may complete the proof of Lemma 7.1.7.
Note that f(z) = f(t(y z)""ymusthold forall y € SL(3, Z)because it will hold
with y replaced by p;yp, and p;, po € P. To see this note that p; € P implies

I
that p is either of the form ( Y | ) or of the form ( 14 | ) wo ( Y | ) with

v,y € SL(2, Z). In the former case, the invariance due to multiplication by p,
on the left follows from (7.1.8), while in the latter case we have already proved
the invariance of w, on the left, so we are reduced to the first case. The invariance
due to multiplication by p, on the right follows by letting z — p, . 2. So, we

have shown that f is automorphic. O
1 00

Proof of the converse theorem, Step I Fix A= | h/g 1 0] with
0 0 1

h,q € Z,and g # 0. Let f, f be defined as in (7.1.4) and (7.1.5) and set

1

1
F(z,h,q)=f/f'(Auz)e’2”iq"‘ duidus,

00
1

Fl(Z,h,q)=/ff(wz-’(Auz)_l)e_z”’q”‘ duidus,
00

1 us 1
where we recall thatu = 1 up |, wp=11 . If we can show
1 1
that F(z, h,q) = Fi(z, h, q) for all z, h, g, k then the basic Lemma 7.1.7 tells
us that f is a Maass form for SL(3, Z). It remains to show that the functional
equations for L, (s) stated in Theorem 7.1.3 imply that F(z, h, q) = Fi(z, h, q)
for all z, h, g. We shall do this in two remaining steps. First we show that the
functional equations for L, (s) imply that

a7 a1\ a\ '/ a1\
dx1 0Xx> X1 =1y=0 0x1 0x7

In the final step 3 of the proof, we extend the above result and prove the basic
Lemma 7.1.7 in all cases.

X1 :)Q:O
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The key point is that the functional equations for L, (s) imply that

dyd
(2 (@) Jrenons i
ax1 ax; Y12y ==0
=< )( )//ﬂ(th)y“‘;“ ek
0x1 0x2 e yiy2

and then by taking inverse Mellin transforms we obtain the desired identity.
The above idea is exemplified in the following two lemmas.

’

X1 =J(2=0

Lemma 7.1.12 Let g, h € Z with q # 0. Define § .= (h,q), qs :=q/$,
hs :==h/8, and hs - hs = 1 (mod gqs). Then for integers 0 < £, k, we have

k
() ) [rnans e
3)(1 8x2 V2 Yiy2

0 0

Qmig)* Z A8, my) (27Tim2>k62niMz/_m/<Is

x1=x,=0

B qgl_zxﬁ_ly] ma#0 Im|* C]52
ayi dyz
x / Wiacquet(¥, v, ¥1, l)yS] : 52 : :
0 0 o

Proof Note that

a b 1 0\ (a+bh/qg b\ (a b
(6‘ d>.<h/q 1>_(6'+dh/q d)_<c’ d)'

It follows from Theorem 6.5.7 that

oo oo 1 1
dy\dy, - A(ml, my)
si—1_ s—1
//F(th)yl < yyz:ZZ Cmylma| ////
(c,d)=1 m;=1my#0 1 00 0 0

> e2mm1(¢+( ))(\S'HM) 27-[1m|d(,\1+u]) 2niqu16277i”12ﬂt((,r;313)

my|na|yiy
[c'zo+d|

X WJacquet npyp - |C/ZZ +d| » Vs % |Z:§\
1

dy, d
)yt hyp! ﬂﬂduldm

yi »
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The integrals over u, us are zero unless ¢ = —dh/q, m;d = q. Hence ¢’ = 0,
and d=g¢g/m;. Since ad —bc=1 it immediately follows that
a(g/my) +b(h/m;) = 1. Consequently, m; =(q,h):=35, and Iletting
gs =q/8, hs =h/8, hs = hgl (mod g;), the above identity becomes:

dyd
//F(Z ]’l q)ysl 1 2?7 1ayiay?
Yiy2

95

2imyx
_ Z A(S, m2) 2mmzh5 27”(”16 2%

o) |m2|
00 00 Slmaly1y2
95 o1 s—1dy1dys
X/ / Wiacquer g | [T S
00 1 1 2

The lemma follows after taking partial derivatives and then performing a simple
variable change. |

Lemma 7.1.13 Let g, h € Z with q # 0. Then for £,k € Z with £ > 0,
k € {0, 1}, we have

dyi dy,
F I’l s1—1 vz 1
<3X1> (3X2> // e g) iy i oy

.X1=.1’2=0
s1+sz . k
(277151)e+k Z Z A(ma, my) <1m2)
(]Y"HZF .\1+S2 ml\qmzqéo 2k+l 2s2|m |k+l 52 \ |ma)
q/m

2rim, —hr+myF
Z e q WJacquel(yv (v2, V1), %,1)

r=1
(r,é’—]):l 0 0

dts;—so—1 dAvy d
X KY['HZ 12k (Zﬂyz)y2k+ﬁ Yﬂyﬂ—Z Y1 y2

yi »
Proof Note that
I —uz—x3  —uy — xp 4 24t
t —1 -1 X2 ke
wy - ((Auz)™) - w, = 1 —h/q — P
1
Y1y2
4/.x22+y22
X 22 mod (0 (3, R) - R™),

x% +y§
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//F1<th>y“ LR
0 0

yr o2
cooo 1 1 d d
:////f(w2.(’(Auz)’1).w ) e Fmian gy, du3y“_1y£’ 14N dy:
0000 e
If we now make use of Theorem 6.5.7, in the above, we obtain
dy, d
//FI(Z h q)ySl 1 ;2 1 yl y2
yi o »2
co o 1 1
S Sy A [ [ [ [l
= e
CDLimZimZo  milm2] A
. . ’2+h
« 672mmld<;+x%ﬂ%)emezJ\ ,2+d> —omiquy dul
mi|ma|yi1y2
N X3+Y3 - lezh+d|
X Wiacquet %y’;d' , (v, V1), Yo
1
x dusyi~lyp LD
J1 yz
where

/

Zy = —U3 — X3 +iy1,/x§+y§.

The integral in #; above, namely

1
f e—melcule—quul dM]
0

vanishes unless mic = —q. Further, letd = ¢c +r withf € Zand 1 <r <c¢

where (, ¢) = 1. If we make the change of variables u3 +— usz + € +rm/q,
then we may re-express the above identity in the form

dy, d
//FI(Z hoq) vy vy yll yy;

27”4)” Z Z A(my, my) Z q/Xm:' eiZninql'h _ 2nimymyr

¢ e q
wTemzo Milmel =

- 4

*my

=1
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0o oo (L

// / _2qu2<m+Y;> 2imyN ;l
e

””l

3N

milma|y1y2
«/xzeryzz-lcz/z\
X WJacquet ’")IC§2T|(~22\ , (2, V1), WI,I
2TY2
1
“1_s-1401 d)’2
x duzy' " vy

1 yz

which after summing over £ € Z, and, then successively making the transfor-
mations: us > uz — X3, Uz —> U3 - y1,/X3 + y3, becomes

q/m

i Z Z A(mz,ml) Z 2n1m]1h Zjumlmzl
i 1g a0 Cmilmal| =1
(rit)=1
00 00 OO _amigxyyiuz 2rim3myus
X// /e N 3+53 eqzyh/xgﬂg(u%ﬂ)
0 0 —x
milmaly
22 7]
g\x3+y; uz+
/2
X WJacquet gny/uztl , (v, 1), Y
A3+
1
1 > dyidy

SRR & AT

If we now take partial derivatives with respect to x;, x,, set x; = x, = 0, and

make the substitutions

m |m2|y2

Y1
> — b
q,/u%—l—l q,/u3+1
it follows that
dy, d
) //Fl(z h q) yS]*l 2&‘271 yl y2
0x1 8xz Yy »2

m
(27qu) A(mz, my) a/m dwimyrh 2wimymyF
S1+Sz Z Z m 2€2|m |1 . Z e 1 e q
milg my#0 01 r=1

l,m =1

,\’1:)(2:0
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00 00 ) k y2—l
Tiqyiu3
X // ( ) WJacquet Y1 , (v2,v1), Y1
JogAm A 1

[o.¢]
2iuzm ‘s dy; d
X v/eil‘z\zmzz\ (u +1) ()2 dus y'yy nan
—00

Yy oy
Next, make the successive transformations: y, — y, Ly vy We
obtain
(27.[16])Z Z Z A(mz, ml) q/Xm:l 627Ti"71 (—/u-:mﬁ)
Sl+_§2 1925 1—s 25, 1—s,
miylg my#0 m, |m | r=1
r,-L)=1
r
oo o0
27”5])’1)’2 Yiy2
X Wracquet V1 , (v, 1), Y
m3|m;|
00 1
i dy, d
miugy, M2 —(s1+52)/2 1 - 14y
% /e 2mu3y2""2‘(14§+1) (s1+52)/ Lté dus ylvl Y2y2 5, Y1 ay2 .
yr »
—0Q

We may complete the proof of Lemma 7.1.13 by invoking the identities:

oo
2iuys (1,2 1 1S du = 2 s S_lK 2
[ et w0 du =22k,
—0Q
oo
/ X2 (42 4+ 1) udu—2< ) 327 y2)).
r Si*
. [y2] (s)

O

Lemmas 7.1.12 and 7.1.13 involve additive twists of the Godement—Jacquet
L-function which have very complicated functional equations. We would like
to pass to twists by primitive Dirichlet characters which are much easier to deal
with. This is the motivation for the next lemma.

Lemma 7.1.14 Assume

d d

() (&) [ [renomossm
0x 9x2 YooYz Iy —n=0
(Y () [ [ remast it
8x1 8x2 e y 2

(7.1.15)

X1 =X2=0
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forall h,q,t € Z with q #0, £ >0, and k € {0, 1}. Define § := (h, q) and
qs == q/8. Then

Gus)  _w(og™! ZA(&mzu(mz)(zmmz)k
Gu(l —sy+2k) TOOTEHHD/2 £ 851y a3
. A(ma. mp)x(—=my) (im;y\*
= (2mq)l‘ —— —
me;n;O m%k+1 232|m2|k+1—sz |m|
q/n1l 2rrinllrr12F
x> xe 0, (7.1.16)

r=1
(r.(g/m)=1

for every character x (mod gs), with G, G, as in Theorem 6.5.15. Further, if
(7.1.16) holds for every character x, each k € {0, 1}, and all sy, s, € C, then
(7.1.15) holds for all h,q, € € Z,k € {0,1}, £ > 0and q # 0.

Note The identity (7.1.16) is a formal identity. It is understood that all series
are well defined by analytic continuation. We present (7.1.16) and its proof in
this form to simplify the exposition of the ideas.

Proof We have h = h; - . Consequently if (7.1.15) holds, then

LT dyi dy,
( ) < ) ff X(hs)F (z, hss, @)y} " y5 ™!
dx1 /) \0xz A= Yoy
o0
- <8x1> (8)(2) /
0

The result follows after several routine computations using Lemmas 7.1.12,

7.1.13, and formula (7.1.1). For example, on the left-hand side we will have
from Lemma 7.1.12 the character sum

X1 =X2=0

qs

o1 sn—1dy1d
x(hs)Fi(z, hss, @)y~ yyp ! 2L 52

hs=1 yr »

x1=x2=0

qs B qs )
3 X ()T maTlas = 3 g (hg) PTG = 1 () - y(ma),

hg:l h5=1

alternatively, on the right-hand side we will get from Lemma 7.1.13 (for
(r, gs) = 1), the character sum

qs
DD x(hgye I = N e (g (—mir) = Y TGOX(—mir),

mylq hs=1 milq mi|é

since x (my) = 01if (my, gs) > 1.
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The last statement in Lemma 7.1.14 is a consequence of formula (7.1.2)
which says that every gth root of unity can be expressed as a linear combination
of Dirichlet characters (mod ¢). a

Let us explore Lemma 7.1.14 in the special case that k = 0, x is an even
primitive character (mod ¢) and (4, g) = 1 so that § = 1. In this case (using
(7.1.1), Lemma 6.5.21 and (6.5.22)), the functional equation in Lemma 7.1.14
takes the simple form

T(x)?

q%SGU(S)LX(S) = ‘L’()_()ﬂ

3(1—9) A 7
cq VG (1 =)Ly (1 =),
where

Ls)= Z A(mnls)x(n), L) = Z A(l,:s)x(n)’

n=1 n=1

and where G,(s), G ,(s) are products of Gamma functions as defined in Theorem

6.5.15. Note that if we take £ = 1 in the above situation, then the identity (7.1.16)

holds automatically because each side will simply vanish since the sum over

my with positive and negative terms will cancel out. We may also consider odd

primitive characters x. In this case, the identity (7.1.16) automatically holds if
k = 0 and we get a functional equation

T(x)?

t(OVa

when k£ = 1. The two functional equations may be combined into a single
functional equation

47Gy(s + DLy(s) =i 209G, 2 — )Ly (1 —5),

k T(X)z

@G +k — )L y(1 =),
NG 7

g3 G (s + KLy (s) =i
(7.1.17)

where k = 0if y(—=1)=1landk = 1if x(—1) = —1.

These are the simplest instances of the type of twisted functional equations
needed to obtain the converse theorem. Once one knows these functional equa-
tions, then all the other required functional equations follow by the usual tech-
niques (modified for the G L(3) situation) for constructing functional equations
with imprimitive characters. We shall not pursue this further as the technical
complications become extremely messy.

Proof of the converse theorem, Step III ~ We have proved that if L, (s) sat-
isfies the functional equation (7.1.17) for all primitive Dirichlet characters
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X then
4 8k 84 ak
—F(z, h, = — Fi h, , 7.1.18
Tt eme| = gaggheh (7.1.18)
forall{ =0,1,2,3,...,and k = 0, 1. Note that the proofs of Lemmas 7.1.12,
7.1.13 imply that F(z) := F(z, h, q), F(z) := Fi(z, h, g) are independent of
x3 and are functions of x;, x, y1, y» only. Consequently, if

\1=X2=0

I x x3 Yiy2
z = 1 X1 Y1 s
1 1

then the function F'(z) — F;(z) does not depend on x3.
Since F (z) — Fi(z)is areal analytic function, it has a power series expansion
of the form

oo o0
F()=Fi(2) = > cijyn, y)xixy.
i=0 j=0
It immediately follows from (7.1.18) that
cex(y1, y2) =0, (fort=0,1,2,3,..., k=0,1). (7.1.19)

Now, F, F, are eigenfunctions of the invariant differential operators on
GL(3, R). In particular, they are eigenfunctions of A; given in (6.1.1). Recall
that

) 82 82 82 s ) 32

A= + + x5 + —
1=V532 3y2 Y2 8y2 — N2 5L 91072 yl( 2 Y2)ax%
92 2 ) 92 ’

2 .

e ax? +y28 2 + y1x28X18x3

We calculate the action of A; on F — F and use this to prove F'(z) — Fi(z) =0

by showing that ¢; ; = O forall i, j > 0.
2 2.

o 9% 107¢; j 9%
LY 2 ij 2 .
Al(x’lxg c,;_,') = )’1x§xéa—ylz Ti‘)’zlxllxz dy 2 — Y1)2X] 2 8 5};2
+ )’12i(i - l)xll_zx%ci,.l + Y2J(J - l)xlxz ‘1}./'7
> o o 9%¢; 3%¢; 3%c;
A x| = xXjx3 (y1 ] Ly - )
<i;o i:gj::o y 8y§ 8y18y

oo
+ Yy — Dx e

i=2, j=0

o0
+ D WG = Dxixd e,
i=0, j=2
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A i it i j j( 2% | 20%; 32%’)
| xpxjcig | = xpay ( y —
i « 142%1,) . 142 1 8_)’12 2 ay% ay] 8y2

+ Y Y42 + Dxjx)ci,

i=0, j=0
00 L
+ Y U+ + Dxixfci .
i=0, j=2

For fixed (i, j) we have
2 826',‘,‘,' y2 326‘,',]‘ — Y1y 82ci,‘,-
" ay? ? 9y3 0y10y2
+ 3G +2)(j + Deijra — vici; = 0. (7.1.20)

+ y2i +2) + Deigaj

Now assume for fixed j, we have ¢; ; = 0, this is certainly true for all
provided j = 0 or 1. Then from (7.1.20), it follows that ¢; j1» = 0. Further,
from (7.1.19) and induction on j, we see that ¢; ; = 0 for all i and j. This
completes the proof of the converse Theorem 7.1.3.

7.2 Rankin-Selberg convolution for GL(2)

Let
f&) =) am) 2ty - K, _1(2xinly)- &, (7.2.1)
n#0
g =) bmy2ry- K, _1Qxlnly)- ™, (7.2.2)
n#0

be Maass forms of type vy, v,, respectively, for SL(2, Z) as in Proposition 3.5.1.
Both Rankin (1939) and Selberg (1940) independently found the meromorphic
continuation and functional equation of the convolution L-function

o0 b—
Liug(s)=10025)) w (7.2.3)

n=1

They introduced, for the first time, the bold idea that L ¢, ,(s) can be constructed
explicitly by taking an inner product of f - g with an Eisenstein series. This
beautiful construction has turned out to be extraordinarily important and has had
many ramifications totally unforeseen by the original discoverers. The Rankin—
Selberg convolution (for the case of Maass forms on SL(2, Z)) and its proof
are given in the following theorem.
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Theorem 7.2.4 (Rankin-Selberg convolution) Let f(z), g(z) be Maass
forms of type v¢, v, for SL(2,Z) as in (7.2.1),(7.2.2). Then L ¢, ,(s), defined
in (7.2.3), has a meromorphic continuation to all s € C with at most a simple
pole at s = 1. Further, we have the functional equation

Apug(s) =Gy, 0 (L prg(s) = Aprg(l —9).

where G, ,,(s) is the product of four Gamma factors

I s+1—vp—v, r s+ve—v, r s—vr -+, I s —14vs+ v, .
2 2 2 2

If
Up - a;, B
Ls(s) = 1— =2 1— -2
76 U( p)( pf)
and
) (-%)
L = 1- = 1 - — ,
o) l:[( P P
then

AN AN AN AR A
) () () (2

Proof Let E(z, s) denote the Eisenstein series given in Definition 3.1.2. We
compute, for N(s) sufficiently large, the inner product

— _—__dxd
£29)(fg, E(,5)) = {(25) f f f()8@ EG 5 ’;zy
SL(Q2,7)\bh?
25 S dxd
> f / FO30 Ly S5
yerASLRD) () 5o y
2 - dxd
- £ [ row@y ©5
y
T \b?
oo 1
2 — .dxd
-2 / / foe@ y S
y
0 _
=1L (2s) ia(n)b(n)
n#0
0o s dy
X/Ku,f%(ZﬂInly)Kur%(Zﬂlnly)y .
0

00
1—s _ydy
= @0 Ly [ K, 0K, 0y S
0
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where
o0
s dy
K, 1K, 1)y —
: y
0

s+1—vr—v, s+vE— s=vf+v, s=14vr+v,
_ o TEE) (e r()

I'(s)

This computation gives the meromorphic continuation of L ;..(s). By
Theorem 3.1.10, the Eisenstein series E£(z, s) has a simple pole at s = 1 with
residue 3 /7. It follows that L s, ,(s) has a simple pole at s = 1 if and only if
(f, 8&) # 0. Finally, the functional equation for A f., is a consequence of the
functional equation for the Eisenstein series

E*(z,8) =1 T(){2)E(z,s) = E*(z, 1 — 5)

given in Theorem 3.1.10.

Finally, it remains to prove the Euler product representation for L s, (s). We
shall actually prove a more general result (see (Bump, 1987)). Letu, v:Z —C
be functions. Let z be a complex variable. Assume that

o0

Z un)z" = (1 —az) ' —a'2)™",
n=0
Y v =1 =) (1= g2,
n=0

and for |z| sufficiently small, the above series converge absolutely. We will
show that
0 1— IRR! 2
> (" = ao ppz . (25
— (1 —afz)(1 —a’'Bz)(1 —af’z)(1 —a'B'z)
In fact, let us now show that (7.2.5) implies the Euler product representation of
L ¢, in Theorem 7.2.4. Recalling (7.2.3), it follows that

(i) a(p"B(p) p)

L) =[] (= — (7.2.6)

p

One may now easily check that our result follows from (7.2.6) and (7.2.5) if we
choose

u(n) = a(p"), v(n) = b(p"), z=p".
To prove (7.2.5), let us define

o0 oo

U@z) = Z u(n)z", V(z):= Z v(n)z",

n=0 n=0
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and consider the integral

1 dz;
— UG -zpV(zTh) =,
g U 0V E)
where C is the circle |z1]| = €. Here, € > 0, is sufficiently small so that the poles

of U(zz,) are outside C and the poles of V(z_l) are inside. It follows that

_/U(z )V (z )le = utny(n:".

n=0
Thus, to prove (7.2.5), it is sufficient to show that
d
/(1 —azz) M1 —a'zzy)” (1 — ﬁzfl) (1 - Bz 71) gt}
Z1
_ 1 — ao'BB 2>
(L —ap2)(l —a'B2)(1 —ap'z)(1 —a'B'z)
This is easily proved, however, because the left-hand side is just equal to the
sum of the residues at the poles: z; = 8 and z; = ', and summing these gives
exactly the right-hand side of the above formula. d

2mi

This completes the proof of Theorem 7.2.4. O

7.3 Statement and proof of the Gelbart-Jacquet lift

The functional equation of a Maass form of type (v, v,) for SL(3, Z) is given
in Theorem 6.5.15 and involves a product of three Gamma factors:

r s+1—-2vi—1 r S+v—1 r s—14+v +2v, .
2 2 2

If the Maass form is self dual then v{ = v, = v, say, and the Gamma factors
take the simpler form:

(2 ()

In this case, if L,(s) denotes the L-function associated to the SL(3, Z) Maass
form, then its functional equation will be

a2 (S () (S e = v o

2 2 2
(7.3.1)

This represents the simplest type of functional equation we may have on
SL@3, Z).

An intriguing question that arises in the mind of researchers first encoun-
tering this field is whether there might be any candidate L-functions occurring
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somewhere in the G L(2) theory which have the functional equation (7.3.1). If
one could prove that all the twists by Dirichlet characters of such a candidate
L-function satisfy the functional equations and other conditions given in the
converse Theorem 7.1.3, then the candidate L-function would have to be asso-
ciated to a Maass form on SL(3, Z). The fact that this phenomenon occurs is
the substance of the Gelbart—Jacquet lift. In fact, if f is a Maass form of type
vy for SL(2, Z), then by Theorem 7.2.4, and the functional equation

0 (3)6) = 70 W?r(l . )c(l_s)

of the Riemann zeta function, we see that

n_mr<s +1- 2V.f)r(§)r<s — 1+ va)fof(S)
2 2 2 2(s)

zn_%(l_s)r 2—s—2vf r 1—ys r —s + 2vy fof(l—s)’
2 2 2 (1l —s)

which exactly matches the functional equation of a self-dual Maass form on
SL(3,7Z) of type (2vs /3, 2vf/3). We now state and prove the Gelbart-Jacquet
lift from SL(2, Z) to SL(3, Z).

Theorem 7.3.2 (Gelbart-Jacquet lift) Let f be a Maass form of type vy for
SL(2,Z) with Fourier expansion (7.2.1). Assume that f is an eigenfunction
of all the Hecke operators. Let L (s) be the convolution L-function as in
(7.2.3). Then
Lyxy(s)
g(s)

is the Godement-Jacquet L-function of a self-dual Maass form of type
(2vs/3,2v5/3) for SL(3, Z).

Proof  Let us define, for 9i(s) sufficiently large,
Ly
L(s) := f;(f)(s) ZA(n Dn~. (1.3.3)

We need to show that if we define A(n, 1) = A(1,n) foralln=1,2,3,...,
then for 9i(s) sufficiently large,

L) =[] (1= A, Dp™ + AU p)p™> = p™>) ", (7.3.4)
p

and, in addition, we also must show that for every primitive Dirichlet character
X, the twisted L-function

L,(s):= Z Aln, Dx(m)n™*

n=1



7.3 Statement and proof of the Gelbart-Jacquet lift 215

satisfies the EBV condition and functional equation given in the converse
Theorem 7.1.3. The proof will be accomplished in three independent
steps. a

Proof of the Gelbart-Jacquet lift (Euler Product), Step I ~ Consider the L-
function, L ¢(s), associated to the Maass form f. Since f is an eigenfunction
of all the Hecke operators we know by (3.13.2) that, for $i(s) sufficiently large,
L ¢(s) has a degree two Euler product

o, \ ! al\ "~
o 1(-2) (-3
1;[ P P

= 1 for every rational prime p. O

1

/
where ), - o,

Lemma 7.3.5 For R(s) sufficiently large, the L-function, L(s), (defined in
(7.3.3)) has a degree three Euler product

o2 -1 o\ ! o2 -1
L(s):l_[(l——’:) (1—”—Y"> (1— ")
. p' p p

Proof This follows immediately from the Euler product representation in
Theorem 7.2.4 because the term [] » (1= (oz,,oz;, / ps))f1 just corresponds to
(s)sincea -’ = 1. O

Note that Lemma 7.3.5 immediately implies (7.3.4).

Proof of the Gelbart-Jacquet lift (Functional Equations), Step Il ~ In order to
show that the candidate L-function

L(s) = Lf;(f)(s) ZA(n Dn~,

originally defined in (7.3.3) is actually the Godement—Jacquet L-function of
a Maass form for SL(3, Z) it is necessary to show that for every primitive
Dirichlet character x, the twisted L-function

o0
Ly(s) =Y Aln, Dx(mn™",

n=1
satisfies the functional equation specified in the converse Theorem 7.1.3. Such
functional equations, in some special cases of holomorphic modular forms,
were first considered by Rankin (1939). This method was later generalized in
(Li, 1975), (Atkin and Li, 1978), (Li, 1979). Also, Manin and Panciskin (1977)
obtained the required functional equations for the case of x (mod ¢) where ¢ is



216 The Gelbart-Jacquet lift

a prime power. An adelic version of the Rankin—Selberg method for G L(2) was
given in (Jacquet, 1972), but the requisite functional equations are not given
in explicit form. We briefly sketch the method for obtaining such functional
equations. O

Interlude on automorphic forms for ['o(N) It is necessary, at this point,
to introduce automorphic forms for the congruence subgroup

To(N) := {(‘C’ z> € SLQ2,7)

c=0 (mod N)}

with N =1,2,3,... A function F : b2 — C is said to be automorphic for
[o(N), with character v, if it satisfies the automorphic condition F(yz) =
Y(y)F(z) for all y € To(N), z € h?, and for some character v of the group
I'o(N). Note that if yx is a Dirichlet character (mod N), then

(e 2=

will always be a character of I'y(N). To simplify notation, we will sometimes
write x ((a Z)) to denote y (d). The cusps of I'g(V), denoted by Gothic
c

letters a, b, c, ..., are defined to be elements of Q U {ioo}. Two cusps a, b,
are termed equivalent if there exists y € ['g(/V) such that b = y a. The stability
group of a cusp ais an infinite cyclic group, (y,), generated by some y, € T'o(N)
which is defined by

(va) = {y e To(N) | ya=a}.

Then there exists a scaling matrix o, € SL(2, Q) (which is determined up to
right multiplication by a translation) by the conditions

. _1 1 1
0qi00 = a, Oy YaOq = 0o 1)

If F(z) is automorphic for I'g(N) and a is any cusp, then F(o,z) is invariant
under the translation z + z + 1. It, therefore, has a Fourier expansion

F(0a2) =) Aaln, y)e™™™,
nez
with A4(n, y) € Cforalln € Z, y > 0. Wesay F isacusp formif A,(m, y) =0
for all cusps a, every m < 0,and all y > 0. If, in addition, F is an eigenfunction
of the Laplacian —y?((8?/9%x) + (82/9%y)), then F is said to be a Maass form.
If F does not come from a form of lower level then we say F is a newform.
More precisely, if F is automorphic for I'o(N) then forr =2,3,4, ..., F(rz)
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will be automorphic for I'y(r N) because of the identity

(6 D 2)=(0 D)6 )

In this case F(rz) is called an old form coming from F which lives on level N
which is a lower level than r N .

The key ideas for obtaining meromorphic continuation and functional equa-
tions of the twisted L-functions L, (s) are based on the following two lemmas.

Lemma 7.3.6 Let
F(z)= Z A(n) 2]'[y K\;f%(zﬂlnb’) eZm’nx
n#0

be a Maass form of type v for T'o(N ) with trivial character. Let x be a primitive
character (mod q). Then

Fy(2) =) Amx(n)y2ry K, 12w |nly) ™™
n#0
is a Maass form for To(N q%) with character x*. If N = 1, then

-1\ (0

Proof  Since y is primitive, the Gauss sum 7(j ), given by (7.1.1), cannot be
zero. It also immediately follows from (7.1.1) that

d 14
Fr@) =t ) 70 F(z + 5).
[_

=1

Assume thaty = (a b > € To(Ng?). We have the following matrix identity:
c

d

Le dt cd*?
Lot (a b\_[9F e P@l=DY =5 (1 ey
0 1 J\c d c 4 ot o 1 )
q

It follows that

o d>¢
Fy(yn) =)' Y x(0)- F(z + 7)
(=1
4 d>¢
=70 ) x(td*)x(dy - F(z + 7)
=1
= x(@)Fy(2).

This shows that F, is automorphic for ['o(N ¢?) with character x°.
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For the last part, suppose that (¢, g) = 1. Then there exist integers r, s such
that rq — s€ = 1. Further, we have the matrix identity

1 2/q 0 -1y (0 —¢q q - 1 s/q
0 1 > 0) \g O — r 0o 1)
NotethatF<<2 _Oq)z) = F<<? _01 )z) = F(z)forall z. Settings = £

where £€ = 1 (mod q), it follows from the prior matrix identity that
() = Sror((3 0L 7))

(s V))

-3 x(e»v((é e{")z)

= 1(0F3(2).

M=

Il
o~
< | MQ
i

o~

g

Lemma 7.3.7 Let x be an even primitive Dirichlet character (mod q). The
Eisenstein series

N

1 y
E DR} = = d) ——-
(z,8, %) > (C-Ed)=1 x(d) oz 1 d®
c=0 ’(mod %)

is an automorphic form for T'o(q?) with character x . For any fixed z € b2, the
function
5\ S
q 2
E*(z,s, x) = (—) L(2s, x)T(9)E(z, s, X)
T

is entire in s and satisfies the functional equation

T s

—1
E*(z,s,x)= —-E (—,l—s,)‘().
NG gz

Proof ltis easy to see that E(z, s, x) is automorphic when it is written in the
form:

1
EGs,0=5 )  x03r2).

7€l \T'o(¢?)
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Let w = u + iv with v > 0. The function _ |m + w|~% is periodic in u
mez
and one may easily derive the Fourier expansion

o res—1 e
2s 1-2s
E |m + w| =2r 7F(s)2 |2v]

meZ

1_ s—1 2
Y|m|\" ZKS_%(2n|m|v)e mimu

F( ) w20

It now follows from the definition of the Eisenstein series and the above Fourier
expansion (after making the substitution d = mcq? + r) that

L(2s, x)E(z,s, x)

= y'L(2s, x>+ZZx< ) Tea Z+d|2y

c=1 deZ

=y'L(2s, x) + (%) Z |c|*ZSZ Xy
= y'L(2s, x)+< ) Z el > x(r)

r@s — 1 o
x [2717( S Dy 20 >
n

Ks—% (271 |m |y)627rim (A-&-“’?)]

=y'L@2s, x) + Z| 72K,y 2 |m]y)e?™ i

4VF( ) m##0
0 qu 2mimr
X Z le| 7% Z x(r)e « . (7.3.8)
c=1 r=1
Next, we show that
cq - ¥(0)-gc ifm=lcq,
Z X(’,)eZﬂlml/qu — r(X)X( ) qc¢ 1m cq (739)

oy 0 otherwise.

In fact, this follows easily because every r in the above sum is of the form
r=ry+tgwithl <r; <gand0 <t < cq. Hence, the sum takes the form

qc=1

g 2”"1”’ 271»!11
YN xe e

ri=1 t=0
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and the inner sum over ¢ above is zero unless m = £cq for some £ € Z. Com-
bining (7.3.8) and (7.3.9), we obtain

L(2s.Y)E(z,5,%)

2m* 025—1(m, imax
. lﬁ 25-1(m, X) S__(zﬂlmlqy)emeqA’
g 7 0(s) o |Im|° 2

=y'L2s, )+ t(x)

(7.3.10)

where

os(m, x) = Z x(m/L) - ’%‘S
i

Next, we compute the Fourier expansion around z = 0. We make use of the
0 -1

fact that w, = ( 2 ) ) is a normalizer for I'g(¢?). This means that
q

weTo(gHw, " = To(g?),

which can be easily seen from the calculation

0o -1 b 0 ) d .
<‘12 0)(6‘22 d><—1 ?) >:<—bq2 ;) € To(g?).

Thus, for every y € I',o\I'o(¢?), there exists a unique ' € 'y, \I'o(¢?) such
that yw, = w,y’. It follows, as in the computation for (7.3.8), that

1
L(2SX)E<q2,sx> —L(Zs,x) Y xywyz)

y€ls\lo(¢?)

1
=5L@s. 0 Y X0)wey2)

y€l\To(q?)

L2, x) N -1 '
T2 2 2@ “S(q2~<az+b)/<cz+d>>

(‘: Z) € Ta\lo(q2)

s 00 0
» _xla) » a) —2s
S LYY O - EYED Y fem
a=1 beZ a=1 mez r=
22! Zsy'—sr(zs— 1)
271\/— drimx
ro2s—1(m, Y)K_1Q2m|m[y)e™"".
2YF(S),MZ#)|m|‘

The functional equation follows after comparing the above with (7.3.10). O
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Finally, we return to the problem of determining the functional equation of

Loty = 2t 00 _ 2

L(s, x) L(s, x)
where f is a Maass form for SL(2, Z). By Lemma 7.3.6, we know that f, is a
Maass form for I'g(¢?) with character x 2. It follows, as in the proof of Theorem
7.2.4, that we may construct L s 7, (s) as a Rankin—Selberg convolution

(f. fz-E(x, s, x%),

proving that L ¢ 7, (s) has a meromorphic continuation to all s € C. If x%isa
primitive character, then we have the functional equation of Lemma 7.3.7. One

may then easily show that L, (s) has exactly the functional equation given in
the converse Theorem 7.1.3. This method will also work if X2 is not primitive,
and we leave the details to the reader.

Proof of the Gelbart-Jacquet lift (EBV condition), Step IIl  In Step II we have
shown how to obtain the meromorphic continuation and functional equation for
the twisted L-function

R s _ Lyxs(s,x)
L,(s)= ;A(n, Dx(mn™ = T
It does not follow from these methods that L , (s) is entire, however. The problem
is that we do not know that L(s, x) divides L ¢, ¢(s, x), and, for all we know,
L, (s) could have poles at all the zeros of L(s, x).

With a brilliant idea, Shimura (1975) was able to show that L(s, x) always
divides L s (s, x), so that L, (s) is entire for all Dirichlet characters x. We
now explain Shimura’s idea.

It follows from the methods used to prove Lemma 7.3.5 that

o0

o0

L(s. 30 ) x(ma®n™ = x(man)’n™, (7.3.11)
n=1 n=1

where a(n) is the nth Fourier coefficient of f as in (7.2.1). Here, notice the

difference from a(n?) to a(n)?. Shimura showed that

o0
> xman*n~
n=1
is entire by considering the Rankin—Selberg convolution of f with a theta
function

oo

1 S
0x(2) = 5 > xmynde

n=—0oo
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where § = 0 or 1 according as x(—1) = 1 or —1. It is known (see (Shimura,
1973)) that the theta function is an automorphic form for I’o(4q2) where x is
a primitive Dirichlet character (mod ¢). The automorphic relation takes the
explicit form

0,(yz) = )_((d)<71> (2)658+1(cz + d)5+z 0,(2),

where (5) is the Kronecker symbol and

| ifd=1 (mod4)
€] =
‘Tl ifd=3 (mod4).

Note that 0, is automorphic of half-integral weight. The multiplier (factor of

automorphy)
1\’ /¢
o(y) = <7> (5)e.

assures that we are always on the same branch of the square root v/cz + d
function. In order to proceed with the Rankin—Selberg convolution, we need
to construct an appropriate Eisenstein series which transforms with the same
half-integral weight multiplier system. For example, we may construct

EGs.o= Y. o) x@dez+d) ™ 23(yz)
¥€Tao\o(4¢7)
r=(21)

It is known that E(z, s, x) has analytic continuation in s € C with at most a
simple pole at s = 1 — ((26 + 1)/4). The Rankin—Selberg unfolding method
gives

oo 1
0. E dxd . dxd
/ f(Z)QX(Z)E(Z,S,X) );zy ://f(z)gx(z)ys “;zy
To(4g?)\b? 5 o

0 2,8 <
:mza(n)nx(n) X ;(y)y‘_% dy.

n=1 (27.”12)_?—%

It now follows from this and (7.3.11) that

Lyxr(s, x)
Ly(s, x)
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has at most a simple pole at s = % — % Actually, such a pole can only occur if
X 1is the trivial character, and in this case, we know from the Rankin—Selberg
convolution in Step II that it cannot occur. The residue of the half-integral

weight Eisenstein series is, up to a constant factor, y%Q(z), where

> 2
0(z) = Z lerin‘z

n=—00
denotes the classical theta function. As a consequence, one obtains the inter-
esting result that
dxdy

2 =0.

£ 100Gy

To(4gH)\b?

Finally, from the growth properties of E(z, s, x), one may obtain the EBV
(entire and bounded in vertical strips of fixed width) conditions needed for the
completion of the proof of the Gelbart—Jacquet lift. O

7.4 Rankin-Selberg convolution for G L(3)

The Rankin—Selberg convolution has been extended to automorphic forms on
G L(n) by Jacquet, Piatetski-Shapiro and Shalika (1983). A sketch of the method
in the classical setting had been given in (Jacquet, 1981). We now work out,
following (Friedberg, 1987b), the convolution for the special case of the group
SL3, Z).

It is necessary to introduce the maximal parabolic Eisenstein series for
SL(3,7Z). Let

k
x| e SLG, 7).
1

=

Il
O ¥ ¥
O ¥ ¥

Lemma 7.4.1 The cosets of '\SL(3, Z) are in one-to-one correspondence
with the relatively prime triples of integers via the map: I'y — last row of y.

Proof One easily verifies that the map is well defined and injective. It is
surjective because every relatively prime triple of integers can be completed to
amatrix in SL(3, Z). d

Lemma 7.4.2 Let z € b have the representation

I x x3 Yiy2
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* ok ok
Lety = | x x x| be a representative for the coset T\SL(3, Z). Then
a b c
Det(z)
Det(yz) =

30
(yilazo + bI> + (axs + bx; + ¢)?)?

where zo = X, + iy,, and Det: b — R denotes the determinant of a matrix,
where the matrix is in Iwasawa canonical form as in Proposition 1.2.6.

Proof  Brute force computation. O

We now introduce the Eisenstein series
Det(yz)*
E(z,s):= _—
o= 3, =
yelM\SL@3.Z)

Lemmas 7.4.1 and 7.4.2 then imply that the series above converges absolutely
for %M(s) > 1, and has the explicit representation

(ylzyZ)S

2
wheez (vilaza +b[" + (axs + bx + )2
(a,b,c)=1

1
E(z,s) =~

7 (7.4.3)

The most important properties of E(z, s) are given in the next proposition.

Proposition 7.4.4 The Eisenstein series E(z, s) has a meromorphic continu-
ation to all s € C and satisfies the functional equation

7135/2F<37S)§(SS)E(2, §) =g G732 <¥> (B —=39)E(z,1—5),

where E(Z, 1 —s)= EWw'z"'w, s) is the dual Eisenstein series, and w is the
long element of the Weyl group, as in Proposition 6.3.1. Furthermore,

E*(z,s):=n~ %" <3§>§(3S)E(Z, s),

is holomorphic except for simple poles at s = 0, 1, with residues —2/3, 2/3,
respectively.

Proof Theresults will follow from the Fourier—Whittaker expansion in exactly
the same way in which they were obtained for Eisenstein series on SL(2, Z)
in Theorems 3.1.8 and 3.1.10. We break the sum for E*(z, s), given in (7.4.3),
into two pieces corresponding to @ = 0 and a # 0. It follows that E*(z, s)
= Ej(z,s) + E3(z, s) where

3 2y,)°
Ef(z,s) = n3s/2F(—S Oir)

2 ) beezia0.0) (YiD? + (bxy +¢)?

)3s/2’
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and

o]

E(zs)_ZnyZYZ Z //

a=1 jl=—o0 ¥ = *
j.[73s/2r(3s/2) . ef2ni(ju+Kv)
X
2
(v |azo +u|” + (axs + ux; + v)?

1 s
But Ef(z, 5)is (yf yz) times an SL(2, Z) Eisenstein series with Fourier expan-

dudv. (7.4.5)

)3s/2

sion given by Theorem 3.1.8 from which it follows that
s $/2 3 3s
Ef(z. ) =2(y2y) {y? Prlr (—)c@s)

. 3s —
4G 3‘)/21“( );(3s—1)

1 N
+2y8 Y im0y 5 (i DK s (2 [myp e }

m;#£0
(7.4.6)

Now E*(z, s) has a Fourier—Whittaker expansion of type

E*(Z,S) — Z ¢0,mz(z) + Z Z Z ¢ml,mz((y I)Z>,

mo€EZ y € T\SL(2,Z) m1#0 my€Z
(7.4.7)
where
L1 L& &
By ma2) = f / / E* & |z |er2miname) gg g g,
0 0 0 1

We immediately observe that (7.4.6) only contributes to the Fourier expan-
sion (7.4.7) when m, = 0. On the other hand, after some change of variables
in (7.4.5), the contribution of E3(z, s) to the Fourier coefficient ¢,,, , is given
by

1 1 1 o o
(3 ) oty [ [ [ 2
00 0 a=1 j,b o0

Jit=—

~ eZm (La(xs+&+Ex)+( —Lx1+E))a(x+6)—miE —ma&r)

00 00 ezni(—EU-Faygu(Z(xl +£0)—)))
X ays / / 352 dudv d§1d§2d§3
o )

(ylzyzzaz(u2 + 1)+ 2
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But this vanishes unless £ = 0, and, in this case, m; = 0 also. Further, if
my # 0, we get a contribution only when aj = m»,, and when m; = 0, we
must have j = 0. Consequently everything simplifies to

' 3 s
Sml,O : 27_[_35/21_,<?S>(y1y ) 27imyxy

e7271im2y2u
xZayzf f P~ 2)3x/2 dudv,

am 2 J 0 i@+ D+

when m;, # 0, and to

) 3
8ml,0 . 27[33/21—‘( ZS y[ y2

oo X
oo
x Zam/ / (3232 @® + 1)+ v*) " dudv,

a=1
—00 —00

when m, = 0. It follows that the Fourier coefficient ¢,,, »,(z) is given by

Sl . .
4(y2y2)'yi Imi| "2 o1 ae(Imi DK s 27|y [yp)e ™,
if my #0,my =0,

s 1=(9), . _—
4y, "%y, ma|2 10’273x(|m2|)K%‘_1 (27 |ma| yp)e*imae,
if my =0,my #0,

2yP s 3 T(3)eBs) + 2y ysm = T (A )¢ Bs — 1)
+2yl Sy ER (R —1)¢Bs —2),  ifmy =my=0.

The meromorphic continuation and functional equation of E(z,s) are an
immediate consequence of the above explicit computation of the Fourier
coefficients given in (7.4.7). O

The Rankin—Selberg convolution for SL(3, Z) is very similar to the convo-
lution for SL(2, Z) given in Theorem 7.2.4. The idea is to take the inner product
of two Maass forms with the Eisenstein series (7.4.3). Let

A(my, my)
f@2) = Z Z Z |:nnllm”2ﬂ|2 WJacquel(M(y 1)2 v, Wl Z:;)’

yeUx(Z)\SL(2,Z) my=1 my7#0

(7.4.8)

o= >y Ay (7 ) )

U SLO.Z)me mZo  Imima|
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be Maass forms of type v,v’, respectively, for SL(3,7Z). Here M
my|m;]|
= my
1

Theorem 7.4.9 (Rankin—Selberg convolution) Ler f, g be Maass forms for
SL(3,Z) of types v, V', as in (7.4.8). Then

Lyyxg(s) :=¢(3s) Z Z A(ml’mZ)B(ml,mz)
m)

mi=1my=1

has a meromorphic continuation to all s € C with at most a simple pole at
s = 1. The residue is proportional to (f, g), the Petersson inner product of f
with g.

Furthermore, if

oo o0
- s dyidy,
Gv,v’(s) = //Wjacquet(ys v, 1#1,1) : W.lacquel(y’ V/s 1501,1) (y12y2) W,

172
0 0

then L f 4 satisfies the functional equation
352 f 38
Afxg(S)ZT[ r 2 uu(S)fog(s) = Afo(l_S)’

where f, § denote the dual Maass forms as in Proposition 6.3.1.

Proof  We compute the Rankin—Selberg inner product of f - g with the Eisen-
stein series E(z, s) given in (7.4.3). It follows that

(f -8 Ex3)= / f(2)g(2)- E(z,5) d*z,
SL(3,Z)\b3

with d*z, the invariant measure as given in Proposition 1.5.3. If we now apply
the usual unfolding trick, we obtain

(f & ECe5) = / F@RD - () dz. (7.4.10)
1ﬂ\fJ;

Now

c SL(3,7)

oy

I
S ¥ *
S % *
—_ % %
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is generated by matrices of type

b 0 1 0 e
d 0], 01 f
0 1 00 1

S o

with a, b, c,d, e, f € Z, ad — bc = 1. Consequently, if we define U,(Z) =
<1 *) C SLQ2.7),

1
U (V 1) B = Us2)\b, (7.4.11)
y € Ux(Z)\SL(2,Z)
where
1 % =
Us(Z) = 1 % | CSLG,Z).
1

This result was also obtained in Lemma 5.3.13. Since the Fourier expansion
of f (7.4.10) is given by a sum over SL(2, Z), we may unfold further using
(7.4.11) to obtain

(f -2 E(x9)
1 > A(my, m I

- = Z Z MWJacquel(My7 v, wl,l)ezm(mlM+m2X2)

2U @y M |
3

o0 B(/, /)
T Sy

a b m\=1m)#0
( ; ) eU»(Z\SL2,Z)
¢

. 1 ronf aza+b
% e—2m [m]((,x3+dx|)—m2§)\([:§+d)]

Y1y2
[czo+d|

X Wlacquet M’ yi-lezo +d| VS Y1
1

X (ylzyz)s d*z,

after applying Theorem 6.5.7 to g. Further,

1 1 1 0o

[ 11T

Us(Z)\b3 x1=0 x2=0 x3=0 y;=0 y,=0
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It then follows by the standard techniques introduced in Section 6.5 that

C@Bs)(f -8, E(x3)) = fog(S)Gv,v’(S)-

The theorem is now a consequence of the functional equation of the Eisenstein
series given in Proposition 7.4.4. O

We will end this section with an explicit computation of the Euler product
for L s, assuming that f, g are both eigenfunctions of the Hecke operators and
L #(s), L¢(s) have Euler products as given in Definition 6.5.2.

Proposition 7.4.12 (Euler product) Let f, g be Maass forms for SL(3, Z)

with Fourier coefficients A(my, my), B(mi, my), respectively, asin(7.4.8). Let

L yyo(s) == ¢(35) Z Z A<ml,m2>B(ml,m2)
2

my= lmz 1

be the Rankin—Selberg convolution. Assume L y, L, have Euler products:

Ly(s) = HH( )1, Ly(s) = ]"[1‘[( ﬁ“’>,

p i=l1 p j=I

then

Lfrg(s) = Hﬁn(l _ M)
p

i=1 j=I1

Proof The proof is based on a special case of Cauchy’s identity (Weyl, 1939),
(McDonald, 1979), (Bump, to appear), which takes the form:

3 3 0o 00
[TIT0 = eiBio™ =3 3 Suaser, oo )8k k(i o, fr)a 25

i=1 j=1 k1=0 ko =0
3\—1
X (1 —aimaspipafsx”)",  (7.4.13)
where
ky+ky+2 ky+ky+2 ky+ky+2
x1|+ 2+ x2|+ 2+ x‘|+ 2+
k1+l ki+1 ki+1
X X X3
1 1 1
Sky ko (X1, X2, X3) 1=
X2 .X'2 X2
1 2 3
X1 X2 X3
1 1 1

is the Schur polynomial given by a ratio of determinants. We shall defer the
proof of Cauchy’s identity for the moment. In the meantime, we will show
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that

AP, P®) = St ps 2oz ). B(PY P%) = Sk (Brps Brps Bap):
(7.4.14)
from which the proposition follows after choosing o; = a;p, B; = Bi,p

for (1<i,j <3)andx = p~¥in (7.4.13).
To prove (7.4.14), we follow (Bump, 1984). We require the identity:

o0 o0
D Suler, @z, az)p i pT (7.4.15)

k1=0 k=0
*”)1'[(1—0:, 7T a—aep™

1<i<j<3

This is proved by noting that the ratio of determinants in the definition of the
Schur polynomial can be computed explicitly to yield

Sk (@1, 02, @3)

ky+ko+2 ¢ ky+1 ki+1 ky+hko+2 ¢ ki+1 ki+1 ky+ko+2 ¢ kp+1 ky1+1
all 2 (Ol2| —0131 )+a2| 2 (Ol31 all )+Ol3l 2 (all _azl )

(ay — o)z — ao)(ay — a3)

If we then multiply both sides of the above formula by p~®*1*%2)$ and sum over
k1, ky, then the identity (7.4.15) follows after some algebraic manipulations.
Now, by Section 6.5, we have

1=A(L p)p~+A(p, Dp ™ = p =1 —a1p )1 —a2p )1 —azp™),

1—A(p, Dp~ + AL, p)p™™ = p = (1 — a3 p )1 — a3t p~)
x (1 —ojap™).

It follows that

o0 o0
Z Z A —(ki+ka)s

k1=0 kr=0

_ 725‘) Z Z Z A(pk‘ —k ka )pf(lirkz)s

=0 k=0 k<min(ky,k2)

_ —ZV) Z Z k1 1 1 pkz)p—(kl-‘rkz)S

=0 k=
=(- p—2S>(1 — A(p, Dp~* + A, p)p > — p¥) "

)4
x (1= AL, p)p™* + A(p, Dp™> = p~)7!
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=(U—p)U—ap®) 'A=ap™ A —asp™)"
x (1 —apasp™) (1 — asa p=*) " (1 — ayaap™) ™'

o0
(ki +k
Z ko (01, 0, ag) p~RrHRs,

HMS

Finally, (7.4.14) is obtained by comparing coefficients on both sides.

It remains to prove Cauchy’s identity (7.4.13). Note that Schur’s polynomial
is a ratio of determinants. The matrix in the denominator is a Vandermonde
matrix, which is a matrix whose columns all have the form (1, x, sz., e, x;’_ 1)
for some x; and some n > 2. Now, if two of the x ;s are equal, then two columns
of the matrix are the same and the determinant is zero. This means, that as a
polynomial, the determinant must have (x; — x;) as a factor forall 1 <7 < j

< n. Consequently, the determinant of the Vandermonde matrix must have

[] @wi—xp (7.4.16)

I<i<j<n

as a factor. By comparing degrees one easily sees that the determinant of the Van-

dermonde matrix is the product (7.4.16) up to a constant factor. To show that the

constant factor is 1,one may consider the main diagonal term x{' x5 % - - - x ] x0

n’-n’

which is exactly what one gets by taking the first positive terms in each factor
of the product (7.4.16). This proves that

X;l 1 x;—l x;:71
7T
=[] Gi—xp. (7.4.17)
I<i<j<n
X1 X2 Xn
1 1 1

Next, we consider Cauchy’s determinant which is defined to be the deter-
minant of the n x n matrix whose i, jth entry is 1/(1 — x;y;) where x;, y;
(1 <1, j < n) are variables and n > 2. We write this matrix as

(=)
=Xy, 151,,‘5;1.

Lemma 7.4.18 (Cauchy’s determinant) Let n>2 and x;,y; € C(1 <i
<n). Then

[T Gi—=xp TI Gi—vyp)

Det ( 1 ) _ I<i<j<n I<i<j<n
L=Xiyj )14 j<n

(1 - XI)’;)
1

e
:]:

i=lj
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Proof We know the determinant is a rational function. The determinant will
be zero if any two of the x; or any two of the y; are equal since, in this case, either
two of the rows or columns of the matrix would be the same. Consequently,
the numerator of the determinant must have factors [[(x; — x;) [[(vi — ¥;)

Clearly, the denominator of the determinant must have (1 — x;y;) as a factor
forevery 1 < i, j < n. This suggests that the determinant should be a constant
multiple of

[IT Gi—xp) TI Gi—vy)

I<i<j<n I<i<j<n

n n
T = xiyy)
i=1 j=1

(7.4.19)

In fact, the numerator of (7.4.19) has degree n(n — 1) while the denominator
has degree n? which is also the case for the determinant because all of its terms
are products of n factors, each having one term in the denominator and none
in the numerator with a net increase of n in the denominator. To show that the
constant multiple must be 1, let x; = —yfl fori =1,2,...,n. In this case,
(7.4.19) becomes

T Gi—y)
27’7 ) I<i<j<n .
[T Oi+y))?
I<i<j<n
We may now fix y;, ys3, ..., y, andlet y; — oo. The above expression collapses
to
l_[ (i — yj)?
2—n ) 2<i<j<n .
[T Gi+y)?
2<i<j<n
Next, fix ys, ..., y, and let y, — oo. Continue in this manner. The expression

(7.4.19) turns into 27". On the other hand, all upper triangular terms of the
matrix become 0O after taking the above limits, while the diagonal terms are all
%. So the value of Cauchy’s determinant must also be 27". This completes the
proof of Lemma 7.4.18. O

We shall conclude this section by proving a more general version of Cauchy’s
identity (7.4.13). In order to do this, however, it is necessary to introduce a
more general Schur polynomial. Let n > 2 and k = (ky, k2, ..., k,—1) be a set
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of n — 1 non-negative integers. We define

ki k- Ak +n—1 ki+ko+ k-1 +n—1
'xl e xn
x/f1+k2+---+kn72+1172 . x’/;1+kz+---+kn72+n72
ki+1 ki+1
_xll e xnl
S ) 1 1
k-xl’-xz""7xn = _ _ ’
x ! x5 ! xit
x{'_z xé’_z x,’l’_z
X1 X2 Xn
1 1 1
where the denominator is the Vandermonde determinant which has the value
given by (7.4.17). O
Proposition 7.4.20 (Cauchy’s identity) Ler n > 2 and «;, B; € C for every
i=1,...,n. For x € Cand |x| sufficiently small, we have the identity
n n
-1
[1T]0 = wpin
i=1 j=1

., ,Bn) . Xkl+2k2+"'+(”_l)ku—l

’

N >y Se(ar, o) Sk(B, -
_Z Z e

n n
where o = [[ a; and B =[] B;-
i=I i=l

Proof We follow (Macdonald, 1979).

1
Det| | ————— = Det| (1 + x; ’+i22‘+'” J )
((1 _Xiyj>l<i,j<n> (( Xiyj+ X7y )151,15}1
00 [0¢] 0 £;
— Z Z Det((x,'/yj/)1<i,j<n>

o0
= D ) alr )y Yy
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where
a((x1, ... x) = Y €(@)o(xy' -+ xr),
o€eSs,
in which S, is the group of permutations of {1, 2, ..., n}, and €(o) is the sign
of the permutation o.
It is clear that the polynomial a,(x) := a¢((xy, ..., x,)) satisfies
o (a(x)) = €(0)ae(x)
for any o € S, and, therefore, vanishes unless ¢, ..., £, are all distinct. So,
we may assume £; > £, > --- > £, > 0. In view of the skew symmetry, we
may write

Ui, ool = +n—1, Ao +n—2, A3+n—3,...,A,).

It follows that

a(x) = ayy5 = Det(( Al j)lsi,jsn>’

where A = (A(,...,A,)andd = —1,n—2,...,1,0).
If the above computations are combined with Lemma 7.4.18 (Cauchy’s deter-
minant) we obtain the identity

Wt (X)a15(y)
e . (421
1_[1_[( Xiyj)~ Z [T Gi—xp 1 Gi—yp ( )

i=1 j=

I<i<j=n I<i<j<n

where the sum goes over all A = (A1, ..., A,) € Z" with Ay > Xy > -+ > A,
> 0. To complete the proof, note that if we choose

A=(ki+-Fky kit kg, k),

then

ay15(x)

[T &i—=xp

I<i<j<n

= Sky ks, (X15 X2, -0 oy Xp).

Cauchy’s identity (Proposition 7.4.20) immediately follows from this after
renumbering (kz, k3, ..., k,) to (ki, k2, ..., k,—1), and replacing x;, y; with
a;x, Bjx,respectively in the identity (7.4.21). O

GL(n)pack functions: The following GL(n)pack functions, described in the
appendix, relate to the material in this chapter:

HeckeMultiplicativeSplit SchurPolynomial.
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Bounds for L-functions and Siegel zeros

8.1 The Selberg class

We have investigated carefully the theory of automorphic functions for the
groups SL(2, Z) and SL(3, Z) as well as some of their subgroups. In these and
all other known examples of Dirichlet series with arithmetic significance there
has appeared certain expectations: a type of Riemann hypothesis will hold
if the Dirichlet series has a functional equation and an Euler product or a
converse theorem will hold allowing one to show that the Dirichlet series is, in
fact, associated to an automorphic function on an arithmetic group. Following
(Langlands, 1970), if
) —1

is the L-function associated to a Maass form on G L(n), then one may consider

L(s, V%) := H l_[ (1 - (“p»il%,iz - 'Ofp,ik) Pﬂ)_l’

to =111 (1 - Zrd

p i=l1 p

the symmetric kth power L-function which is conjectured to be a Maass form
on GL(M) where

M=Mkn= > L

We have shown this conjecture to hold in the case n = 2, k = 2 in Chapter 7. In
this case, it is the Gelbart—Jacquet lift from G L(2) to G L(3). More recently, Kim
and Shahidi (2002) proved this conjecture in the case of the symmetric cube lift
from GL(2) to GL(4), i.e., when n = 2, k = 3, and Kim (2003) obtained the
symmetric fourth power lift from GL(2) to GL(5). See also (Henniart, 2002).

Selberg (see (Selberg, 1991)) axiomatized certain expected properties of
Dirichlet series and L-functions and introduced the Selberg class S, consisting

235
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of all formal Dirichlet series (L-functions)

[e¢]

L(S)=Za—’:l_, (=1, a, € Cform=2,3,4,...)
m=1

which satisfiy the following axioms.

Axiom 8.1.1 (Analyticity) The function (s — 1)¢L(s) is an entire function of
finite order for some non-negative integer {.

Axiom 8.1.2 (Ramanujan hypothesis) For fixed € > 0, we have |a,,| <K m€,
forallm =1,2,3, ..., where the constant implied by the < symbol depends
at most on €.

Axiom 8.1.3 (Functional equation) Define A(s) := A*G(s)L(s),with A > 0,
where G(s) = C(Ajs +pj) with A; > 0, 0(w;) > 0. Then we have the
1

j=
functional equation

As) =€ - A(1 —3), (el = D).

Axiom 8.1.4 (Euler product) We may expresslog L(s) by the Dirichlet series

00
m

b
log L(s) = —
m

N
m=2
where b,, = 0 unless m is a positive power of a rational prime and |b,,| < m°
forallm =2,3,4, ... with some fixed 6 < %

Selberg made a number of interesting conjectures concerning Dirichlet series
in §. He also introduced the notion of primitive elements in S which cannot be
factored into the product of two or more non-trivial members of S. In (Murty,
1994), it is shown that Selberg’s conjectures imply Artin’s conjecture on the
holomorphy of the L-series attached to finite-dimensional complex representa-
tions of Gal(Q/Q), and that the # of Axiom 8.1.4 behaves like 0 on average.
Here are Selberg’s conjectures. Sums of type Y , refer to sums over rational
primes.

Conjecture 8.1.5 (Regularity of distribution) Associated to each L € S,
there is an integer n; > 0, such that as x — 00,

la,|®
Z = ny loglogx + O(1).

p=x
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Conjecture 8.1.6 (Orthonormality) [f L, L’ € S are distinct and primitive,
thenny = ny = 1 and

/

©%h o).

p

p=x

Conjecture 8.1.7 (GL(1) twists) Let x be a primitive Dirichlet character and
for L(s)= )" an/m* € S define L,(s) = ) ay x(m)/m* to be the twisted

m=1 m=1
Dirichlet series. Then up to a finite Euler product, L, is also in S.

Conjecture 8.1.8 (Riemann hypothesis) The Dirichlet series L(s) € S have
all their non-real zeros on the critical line R(s) = % If L(B) =0with B € R,
thenﬁ:%orﬂfo.

See (Kowalski, 2003), (Ramakrishnan and Wang, 2003) for further discus-
sions of the following very interesting conjecture.

Conjecture 8.1.9 For any L(s) € S, if it has a pole of order k at s = 1, then
C(XL(s), i.e., L(s) = ¢(s)XLy(s), with L1(s) € S.

It follows from (Conrey and Ghosh, 1993) that Conjectures 8.1.5 and 8.1.6
imply Conjecture 8.1.9.

In order to classify the Dirichlet series L(s) in the Selberg class, it is conve-
nient to introduce the degree d; of L € S as

szzi:,\j.
j=1

A fundamental conjecture asserts that the degree is always an integer. It has
been shown by Richert (1957) that there are no elements in S with degree
d satisfying 0 < d < 1. Another proof was also found later by Conrey and
Ghosh (1993) who also showed that the only elements of degree zero in S
are the constant functions. Kaczorowski and Perelli (1999) determined the
structure of the Selberg class for degree 1, showing that it contains only the
Riemann zeta function and shifts of Dirichlet L-functions. Soundararajan (2004)
found a simpler proof of this result. In another paper, Kaczorowski and Perelli
(2002), showed that there are no elements of the Selberg class with degree
1 <d < 5/3. It seems likely that the only elements in the Selberg class with
degree d < 3 are L-functions associated to automorphic functions on GL(2),
GL(3).
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8.2 Convexity bounds for the Selberg class

The maximum principle (see (Ahlfors, 1966)) states that if f(z) is analytic on
a closed bounded set E, then the maximum of | f(z)| is taken on the boundary
of E. A variation of the maximum principle is given in the following version
of the Phragmén—Lindel6f theorem (Phragmén and Lindelof, 1908) which has
important applications to the theory of Dirichlet series.

Theorem 8.2.1 (Phragmén-Lindelof) Fix real numbers oy < 0,. Let ¢(s) be
holomorphic in the strip {s | o1 < N(s) < 02}. Suppose that ¢(s) satisfies the
bound

lp(o +it)] < Ce"", (for some a, C > 0)
in this strip. Assume further that
(o1 +inl < BA+ D™, Iploa+in] < B(A+[D™,

for fixed constants B > 0, My, My > 0, and for all t € R. Then
M(o2 — o) + Mz(o — 01)

03 — 0]

|p(o +it)] < B(1+ (DM, withM(o) =

foralloy <o <oyandt € R.

Proof  We first consider the simpler case that M; = M, = 0. Fix an inte-
ger m > o such that m =2 (mod 4). Then for J(s) =t — 400, we have
s/|s| — i, so that (s/|s|)" — —1. Consequently, there exists Ty > 0 such

that
s \" 1
w((2) ) <-=
() ) <
fort > T.
Now fix € > 0, and define @, ,,(s) = " ¢(s). Since

s\ ¢
Ries™) =€ - N — |S|m <——'|S|m
Is| 2

it follows that for T, > Ty, sufficiently large, that
|Pen(s)] < e I g(s) < Jp(s)l < B,

for N(s) = o1, R(s) = 02, J(s) =t > T.. Consequently, |P,,(s)] < B on
any line segment Ly (with T > T,) where

Lr={s|3)=T, o1 <N(s) <02} .
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Therefore,
lp(s)| < e*" B (8.2.2)

on L7. A similar argument can be given for the case # < 0 from which it follows
that (8.2.2) also holds on any such £_r. By the maximum principle, we can
now assert that (8.2.2) holds for any € > O on the entire strip with vertical
sides consisting of the lines i(s) = o1, NR(s) = 0y. Letting € — 0 in (8.2.2)
establishes that

lp(s)l < B

everywhere inside this strip which proves the theorem in the particular case
considered.
In the general case, let

u(s) = eM©®log((=is)*)
where the logarithm has its principal value. Then the function u(s) is holomor-
phic for o7 < R(s) < 02, and I(s) =t > 1. If we write M(s) = M(o) + ibt,
then

R(M (s)e log(—is))=R(M(c)+ibt) - o - log(t — io))=aM(c)logt+O(1).

Hence |u(s)| = [t|M @D and, therefore, the function ®(s) = ¢(s)/u(s)
satisfies the same conditions as ¢(s) did in the first part. Thus, ®(s) is bounded
in the strip and the theorem follows. O

The Phragmén—Lindeldf Theorem 8.2.1 allows one to obtain growth prop-
erties of holomorphic L-functions in the Selberg class. The key idea for doing
this is that we know L(s) is bounded in its region of absolute convergence
N(s) > 1 + €, say. By the functional equation of Axiom 8.1.3 we may obtain a
polynomial bound (in |s|) for the growth on the line —e. The Phragmén—Lindelof
theorem then gives us the growth of L(s) in the critical strip 0 < 9(s) < 1.
Growth properties obtained in this manner are called convexity bounds. We
now establish such convexity bounds for the important subfamily of the
Selberg class S where Ay = Ay =---=A, =Aandthe u; (j =1,2,...,n)
occur in conjugate pairs. Recall that these quantities occur in the Gamma factors
of the functional equation of Axiom 8.1.3.

Restricting to this particular subfamily is not necessary. The reader may,
with a modicum of effort, obtain convexity bounds in more general situations
at the expense of more complicated notation. However, this subfamily includes
all the examples treated in this book, so we will not consider other cases.
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Theorem 8.2.3 (Convexity bound) Ler L(s) € S have a pole of order € at
s = 1 and satisfy the functional equation

A(s) = A® H F(ks + pj)L(s) =€ - A(1 =3), (lel = 1),
J=1
where A > 0 and p; = y; +ik; (withy; > 0,k; € R, j =1,2,...,n) occur
in conjugate pairs. Then for every € > 0, there exists an effectively computable
constant C. > 0, such that

l—o+e
s—1 14 n N
(s+1> IL(s) < C. <A-]‘[<1+|xr+xj|)> ,

j=1

foralls =o+itwith0 <o < landt e R.

Proof By Axiom 8.1.2 we know that for every fixed € > 0, the L-function
L(s) converges absolutely in the region 9i(s) > 1 + €, and, hence, is bounded

in this region. Let s = —e + it. By the functional equation
L(—e +in|= AMEIG(1 + € —it)|L(1 + € +it) < A1 IG(1 +€— it)|‘
|G(—€ +it) |G(—€ +it)]

In order to proceed further, we need to estimate the right-hand side of the above
equation. We make use of Stirling’s asymptotic formula

T(o +it) =2 (i) 2e ? <%> {1 +0 <i>} . (82.4)

It
which is valid for fixed o and |¢| sufficiently large. It follows that

[T+ 1+

FA(14+€—it)+u;)l R A(1426)
< ( )
j=1

|G(—e +it)]

|G(14+€ —it)] _jl;lll
[TITO(—€ +it)+p))l
j=1

‘We have thus established that L(s) is bounded for 9i(s) = 1 + € and is bounded
by

" A(142¢€)
Alt2e (1_[(1 + |At +/<,|)>

j=1
for 9i(s) = —e. Before applying the Phragmén—Lindelof Theorem 8.2.1, we

first multiply L(s) by ((s — 1)/(s + )¢ to remove the multiple pole. The result
then immediately follows from Theorem 8.2.1. O

A key ingredient in the proof of the convexity bound (Theorem 8.2.3) is
Axiom 8.1.2 which states that the mth Dirichlet coefficient of an L-function in
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S satisfies the Ramanujan bound of O (m¢). The € here reappears as the € (not
necessarily the same €) in the convexity bound. Molteni (2002), using an idea
of Iwaniec (1990) (see also (Murty, 1994)) showed that Axiom 8.1.2 will auto-
matically hold on average (which is all that is really needed for applications to
convexity bounds) if certain symmetric square L-functions satisfy the expected
growth properties.

8.3 Approximate functional equations

It is possible, in many cases, by the use of approximate functional equations, to
obtain slight improvements on the convexity bound obtained in Theorem 8.2.3,
i.e., one may replace the term

(A.H(l +|Az+:<,-|)*)

j=1

by a power of the logarithm. Such considerations become important, for exam-
ple, when estimating L-functions on the line i(s) = 1. Improvements of this
type, based on the method of approximate functional equations, have a long
history (see (Titchmarsh, 1986)).

In (Chandrasekharan and Narasimhan, 1962), the method of approximate
functional equations is applied for the first time in a very general setting corre-
sponding to the Selberg class. Their main interest, however, was in deducing the
average order of the Dirichlet coefficients of an L-function rather than in obtain-
ing bounds for the L-function in the critical strip. They made the surprising dis-
covery that better error terms are available in the case where the Dirichlet series
has positive coefficients. Lavrik (1966) obtained an explicit approximate func-
tional equation for a very wide class of L-functions. See (Iwaniec and Kowalski,
2004) for a detailed exposition of more recent developments along these lines.

Following Lavrik (1966), (see also (Ivi¢, 1995), (Harcos, 2002), (Iwaniec
and Kowalski, 2004)), we now derive a very general form of the approximate
functional equation for L € S. We assume that L(s) satisfies a functional equa-
tion of the type

A=A [[TOs +upLs) =€ - AT =5,  (el=1. 83.1)

j=1

as given in Theorem 8.2.3. Define

Q= A- ]G+ 1w+ ;) (8.3.2)
j=1
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Theorem 8.3.3 (Approximate functional equation) LetL(s)= Z ap/m°eS,

=1
be entire and satisfy the functional equation (8.3.1). Define qw as in (8.3.2).
Then there exists a smooth function F : (0, 00) — C such that for every w € C
with 0 < R(w) < 1, we have

L(w)=i;";F<qﬁ> T ey Z O '(ql )

m=1 w

where Ay = A'TVG(1 — w)/AYG(w).
The function F and its partial derivatives F ® (k=1,2,...) satisfy, for
any o > 0, the following uniform growth estimates at 0 and oo

14+ 06 (x7) _
F(x) = FOX) = 0,(x7).
() { Onie () = O, (x™)

The implied O —constants depend only on o, k, n.

Remarks The approximate functional equation allows one to effectively
compute and obtain bounds for special values of the L-function. It effectively
reduces the computation to a short sum of < max(|qy|, |g1-w|) terms. One
may also easily obtain a version of the approximate functional equation for
L-functions with a pole at s = 1.

Proof Let h(s) be a holomorphic function satisfying
h(s) = h(—s) = h(3), h0) =1, (8.3.4)

and which is bounded in the vertical strip —2 < NR(s) < 2. For every w € C,
and x > 0, we define

2+ico
L 1 G(s +w) _y ds
H,(x):= i / Gl —h(s)x (8.3.5)
2—ioco

where

Gs) =[] s + w)).

j=1

as in Theorem 8.2.3. We assume that / has sufficient decay properties so that
the integral in (8.3.5) converges absolutely.

As a first step in the proof of Theorem 8.3.3, we first derive an approximate
functional equation in terms of the function H,,. For any small € > 0, and
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w € C with 0 < 9(w) < 1, consider the integral

I+€e+ioo
1 ASTYG(s + w)L(s + w)
I (w) == —

27i AYG(w)

I+e—ioco

ds
h(s) -

If we shift the line of integration to the left we pick up a residue of the pole of
the integrand at s = 0. It follows, after applying the functional equation (8.3.1),
and then transforming s — —s, that

—l—e+ioco _—
) = Loy 4+ /“ eA‘—s—WG(l—s—w)L(l—s—a))h()ds
w) = w — s) —
L 2mi AYG (w) s
—1l—e—ioo
AT"G(1 — w)
= L) - S
2wi AYG(w)
1+e+ioo -
e AT G +1—wls+1—w) ds
X h(s) —,
Al=vG(1 — w) s
l+e—ioco
or equivalently
ATG(1 — w)
~ o
where L(s) = Y a,,/m*® denotes the dual L-function. In (8.3.6) we may substi-
m=1

tute the Dirichlet series for L(s) and L (s) and integrate term by term. It follows
that

L(w) = i %Hw (%) +ehy i %Hl_w (%) . 837
m=1 1

m=

To pass from (8.3.7) to the approximate functional equation in Theorem 8.3.3
it is necessary to choose a suitable test function / so that H,, takes the form
of the function F in Theorem 8.3.3. To this end, we analyze H,, further using
Stirling’s approximation for the Gamma function. Let w = u +iv, s = o + it.
It follows from (8.2.4) that

uto—1
w4772 2wl

‘F(u} +5)
I'(w)

1
lw[*"2

& (lw] +3)7e3L,
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Consequently

[TITOw +5) + )l
— Jj=1 _ & q eansI (838)
[TITOw+ )l
j=1

’G(w +5)
G(w)

Next, following (8.3.5), we define

2+ic0
1 G(s +w) -
F(x):= Hy,(qu ———h(s)(qu R 8.3.9
(x) (qu - x) = i Glw) ()(qx) ™ (8.3.9)
2—ioo
In (8.3.9), under the assumption that A(s) has sufficient decay, we may shift
the line of integration either to the left (picking up the residue 1 at the pole at
s = 0) or we may shift to the right. After shifting to an arbitrary line SR(s) = o

and differentiating k times with respect to x, we obtain from (8.3.9) that

K v
(i) F)= b0 + )

dx 27
a+iooG d
f G W) b ysts + 1) (s + k — Dyt 9,
G(w) S
o—i00
(8.3.10)

1 0<0, k=0,
where 6, = )
0 otherwise.

It now follows from (8.3.8) and (8.3.10) that
o+ioco

d \* -
(5) F(x) =854 + Opi /ef"'”(1+|s|>"-|h<s>|-x*" |ds|

o—ioco
To complete the proof of Theorem 8.3.3 it is enough to choose a test function &
with sufficient decay properties so that the above integral converges absolutely.
As an example, one may choose /(s) = (cos(ws /2))_2" . d

As an example of the approximate functional equation, consider a Dirichlet
L-function L(s, x) associated to a primitive Dirichlet character (mod ¢). Then
the functional equation (see (Davenport, 1967)) takes the form

- —(s+a)/2 s+a (X)
A(s,)()=<g> F( > )L( X) = /7 A1 —s, X),

0 ifx(=)=1,

where t()x) is the Gauss sum, as in (7.1.1), and a =
1 if x(—1)=—1.
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In this case, q,, as defined in (8.3.2), satisfies

9wl < Vgl - (1 + w]).

It immediately follows from the approximate functional equation given in
Theorem 8.3.3 that

IL(1, )| < loglql. (8.3.11)

8.4 Siegel zeros in the Selberg class

In the Selberg class S determined by Axioms 8.1.1-8.1.4, let us fix the integer
n > 1, and we assume that we have a subfamily S,,, all of whose elements have
exactly n Gamma factors which are all of the same form. We shall now define
Siegel zeros for this subfamily. Note, however, that by Selberg’s Conjecture
8.1.8, we do not expect such Siegel zeros to exist.

Definition 8.4.1 (Siegel zero) Fix a constant ¢ > 0 and an integer n > 1. Let
L(s) € S, satisfy the functional equation given in Axiom 8.1.3. Assume that
L(B) = 0 for some real B satisfying

1—;5551,
log(AA + 1)

where ) = 1m_ax (M + |i]). Then B is termed a Siegel zero for L(s) relative
<i<n

to c.

Interlude on the history of Siegel zeros Let D < 0 denote the fundamental
discriminant of an imaginary quadratic field k = Q(\/B). Then D =1 (mod 4)
and square-free, or of the form D = 4m with m = 2 or 3 (mod 4) and square-
free. Define

group of non-zero fractional ideals | }

h(D)=# TR
group of principal ideals (&), o € kX

to be the cardinality of the ideal class group of k. Gauss (1801) showed (using the

language of binary quadratic forms) that 4(D) is always finite. He conjectured

that

h(D) > oc0 as D — —oo,

which was first proved by Heilbronn (1934).
The Disquisitiones also contains anumber of tables of binary quadratic forms
(actually only even discriminants were considered) with small class numbers.
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Gauss made the remarkable conjecture that his tables were complete. In modern
parlance, we may rewrite Gauss’ tables in the form (see also (Goldfeld, 2004)):

h(D) 1 2 3 4 5
# of fields 9 18 16 54 25 |. (8.4.2)
largest [D| 163 427 907 1555 2683

The case of class number 1 is particularly interesting, because in this case, it
can be shown that the imaginary quadratic field has the unique factorization
property — that every integer in the field can be uniquely factored into primes.
Note that unique factorization fails in Q(+/—5) because the integer 6 can be
factored in two distinct ways, i.e.,

6=3-2, 6=(14+/=5)-(1—+-5),

andeachof2, 3,1 — /=5, 1 + +/—5, cannot be further factored, so are primes.
For the case of class number 1, Gauss’ conjecture takes the explicit form that
there are only nine discriminants

—d =-3,-4,-7,-8,—-11,—-19, —43, —67, —163

where the imaginary quadratic field Q(v/—d) has class number 1.

The problem of finding an algorithm which would enable one to effectively
determine all imaginary quadratic fields with a given class number 4 is now
known as the Gauss class number problem, and it is in connection with this prob-
lem that Siegel zeros first arose. If such an effective algorithm did not exist, then
a Dirichlet series associated to an imaginary quadratic field with small class
number and large discriminant would have to have a Siegel zero. More con-
cretely, it had been shown that if Gauss’ tables (8.4.2) were not complete then a
Siegel zero would have to exist and the Riemann hypothesis would be violated!
This problem has a long and colorful history, (see (Goldfeld, 1985)), the first
important milestones were obtained by Heegner (1952), Stark (1967, 1972),
and Baker (1971) whose work led to the solution of the class number 1 and 2
problems. Finally Goldfeld, Gross, and Zagier (see (Goldfeld, 1976, 1985),
(Gross and Zagier, 1986), (Iwaniec and Kowalski, 2004)) solved the Gauss
class number problem completely. In (Watkins, 2004), the range of the com-
plete (unconditional) solution for Gauss’ class number prolem was extended to
determining all imaginary quadratic fields with 4(d) < 100. This was achieved
after several months of computer computation.

Why are Siegel zeros so intimately related to the class numbers of imaginary
quadratic fields? Although it may not seem so at first, the answer to this question
is the substance of the following lemma.
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Lemma 84.3 Let L € S have non-negative Dirichlet coefficients. Assume
that L(s) has a simple pole at s = 1 with residue R, and that L(s) satisfies a
growth condition on the line N(s) = % of the form

L 1+'t
— 4
2

for some M > 1, B >0, and all t € R. If L(s) has no real zeros in the range
1 —(1/logM) < s < 1, then there exists an effective constant c(B) > 0 such
that

<M + |t])? (8.4.4)

R™' < ¢(B)logM.

Proof Letr > B be a fixed integer. We shall make use of the well-known
integral transform

RNy — _[Ba-y
2mi 2

d
Cico S+ (s +T) 0, 0<x <1,

which is proved by either shifting the line of integration to the left (if x > 1)
or to the right (if 0 < x < 1), and then computing the sum of the residues with
Cauchy’s theorem. Now,

oo

L(s) = Z a(m)

mS

m=1

with a(1) = 1, a(m) > 0, form = 2,3, ... It follows that for all x > 2, and
any% <pB<l,

1 2+ioco L(S +,3)Xs
1 — ds. 8.4.5
< 2 /Hx, s+ D +n " (8.4.5)

Here, as throughout this proof, the constant implied by the «—symbol is effec-
tive and depends at most on B. Now (8.4.4) implies that L(s) has polynomial
growth on the line N(s) = % Further, L(s) is bounded by L(3) on the line
M(s) = 3. By a convexity argument, one obtains that L(c + it) = O(|¢|?) for
all % <o <3, t > 1.Itfollows that one may shift the line of integration of the
integral on the right-hand side of (8.4.5) to the line N(s) = % — B < 0, picking
up residues at s = 1 — B, 0. Thus the integral becomes

Rx'™? L(p) .
O(Mx27P).
T pa_p oxip T o ToMeT)

If we now choose x = MC, for a sufficiently large constant C, it follows from
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(8.4.5) and the above residue computations that

RMC1=H)
1K ﬁ + L(B). (8.4.6)
The key point is that for real s > 1, the function L(s) is positive. On the other
hand, for 1 — (1/log M) < s < 1, the function L(s) becomes negative since we
have crossed the pole at s = 1 where there is a sign change and we have assumed
that L(s) has no zeros in the interval. One may then choose 1 — 8 = 1/log M
so that L(8) < 0. Then (8.4.6) implies that R '« log M. a

Let us now use Lemma 8.4.3 to relate the Siegel zero with the Gauss class
number problem for imaginary quadratic fields. Let D < 0 be the fundamen-
tal discriminant of an imaginary quadratic field k = Q(+/D). The relation is
through the zeta function

> a(m)

G($) = LWLy () =Y —,

N

m=1

where y(m) = (D/m) is the Kronecker symbol (primitive quadratic Dirichlet
character of conductor D) where a(1) = 1, and

a(m)y=Y_x(d) =0 (8.4.7)
d|m
forallm =1,2,3,... Itis a classical theorem of Dirichlet (see (Davenport,
1967) that ¢ (s) has a simple pole at s = 1 with residue
wh(D)
R = - (8.4.8)
|D|z

provided D < —4. Further, by the convexity bound given in Theorem 8.2.3,
L (s) satisfies the growth condition

1
o (5 +it>’ <L |IDEYE (1 + |t (8.4.9)

Actually, much stronger bounds are known, but we do not need them here. It
follows from (8.4.7), (8.4.8), (8.4.9) that {;(s) satisfies the conditions required
in Lemma 8.4.3. It then follows from Lemma 8.4.3 that ¢;(s) has a Siegel zero
if the class number 4(D) is so small that

2k
log|D|’

h(D) K (8.4.10)

The above result was first published by Landau (1918), but Landau attributes
this result to a lecture given by Hecke.
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8.5 Siegel’s theorem

It was shown in (8.4.10) that if the class number /(D) of an imaginary quadratic

fieldk = Q(\/B ) is too small, then the zeta function & (s) of k must have a Siegel

zero. In fact, since ¢;(s) factors as £ (s)L(s, x), and the Riemann zeta function

£(s) does not vanish for 0 < s < 1, it follows that the Dirichlet L-function

L(s, x) must have a Siegel zero. This result goes back to Landau (1918).
Fifteen years later there was further, rather surprising, progress.

* Deuring (1933) proved that if the classical Riemann hypothesis is false then
h(D) > 2 for —D sufficiently large.

* Mordell (1934) showed if the Riemann hypothesis is false, then h(D) — oo
as —D — oo.

* Heilbronn (1934) proved that the falsity of the generalized Riemann hypoth-
esis for Dirichlet L-functions implies that h(D) — oo as —D — 0.

When combined with the Landau—Hecke result (8.4.10) this gave an uncondi-
tional proof of Gauss’ conjecture that the class number of an imaginary quadratic
field goes to infinity with the discriminant. The surprising aspect of this chain of
theorems is that first one assumes the Riemann hypothesis to establish a result
and then one assumes that the Riemann hypothesis is false to obtain the exact
same result! This is now called the Deuring—Heilbronn phenomenon, but has
the defect of being totally ineffective. Siegel (1935) practically squeezed the
last drop out of the Deuring—Heilbronn phenomenon. He proved the following
theorem, which is the main subject matter of this section.

Theorem 8.5.1 (Siegel’s theorem) Let Q(+/D) be an imaginary quadratic
field with fundamental discriminant D < 0 and class number h(D). Then
for every € > 0, there exists a constant cc > 0 (which cannot be effectively
computed) such that

h(D) > c.|D|>"¢.

Remarks Landau (1935) proved Theorem 8.5.1 with € = % (also not effec-
tive). Siegel’s theorem, with any € > 0, appeared in the same volume of Acta
Arithmetica, but did not reference Landau’s result at all!

Proof of Siegel’s theorem ~ We follow Goldfeld (1974). In view of Dirichlet’s
theorem (8.4.8), it is enough to prove that for every fixed € > 0 and for all real
primitive quadratic Dirichlet characters y (mod D), that

L(, x) > c|D|™ .
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Note that since 4(D) is a positive rational integer, it follows from (8.4.8) that
L(L, %) > D] 2.

Let x’ be a real primitive quadratic Dirichlet character (mod D’) for some
other fundamental discriminant D’. Consider the zeta function

Z(s) = ¢(s)L(s, x)L(s, x")L(s, x x),

and let R = L(1, x)L(1, x')L(1, x x’) be the residue at s = 1. In view of the
Euler product

-1 -1 / -1 ’ -1
Z(s)= L X X | X)X (p) ’
[T(1== e p e
P

and the fact that x, x’ can only take values among {—1, 0, +1}, one readily
establishes that Z(s) is a Dirichlet series whose first coefficient is 1 and whose
other coefficients are non-negative.

Lemma8.5.2 Foreverye > 0, there exists x’ (mod D’)and B € R satisfying
1 —€ < B < 1such that Z(B) < 0 independent of what x (mod D) may be.

Proof  1If there are no zeros in [1 — €, 1] for any L(s, x), then Z(8) < 0 if
1 —€ < B < Isince ¢(B) < 0 and all L-functions L(s, x) will be positive in
the interval. Here we use the fact that L(s, x) is positive for %i(s) > 1 and can
only change sign in the interval [1 — €, 1] if the L-function vanishes in the
interval.

On the other hand, if such real zeros do exist, let 8 be such a zero, with x’
the corresponding character. Then Z(8) = 0 independent of . O

Next, fix 8 as in Lemma 8.5.2. It follows, as in the proof of Lemma 8.4.3
that for x > 1,
| 24io00
1 € — / Z(s+pB)-

2mi
2—ioco

XS

d
SGE DG+ 136 +4H

R-x!=F Z(B) |DD'|'Hex—F
= + +O0(—— ),
1-pH2-pHB-pE-pHG-p 4 1-8
after shifting the line of integration to i(s) = —p and using convexity bounds of
Theorem 8.2.3 for the growth of Z(s). But Lemma 8.5.2 tells us that Z(8) < 0.
Therefore,
x!1-#

1<R-
<R3
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if  DD'|**¢ « x, since R > 1/|DD’|. Consequently, since
R < L(1, x) (log [DD'|) (log | D),

by (8.3.11), we get

|D|~@ =)

L(1, S —
(L x) > log D]

where the implied constant in the >>—sign depends only on x’, and, therefore,
only on €. This proves Siegel’s theorem if (2 4+ €)(1 — B8) < €/2 and |D]| is
sufficiently large. O

Tatuzawa (1951) went a step beyond Siegel and proved that Siegel’s
Theorem 8.5.1 must hold with an effectively computable constant ¢, > 0 for
all D < 0, except for at most one exceptional discriminant D. This shows that
the family of real Dirichlet L-functions can have at most one L-function with a
Siegel zero. It can be shown (see (Davenport, 1967)) that complex Dirichlet
L-functions cannot have Siegel zeros. Thus, the entire family of GL(1)
L-functions can have at most one exceptional L-function with a Siegel zero.
The exceptional L-function must correspond to a real primitive Dirichlet char-
acter associated to a quadratic field.

8.6 The Siegel zero lemma

The following lemma plays a crucial role in all the recent work on the non-
existence of Siegel zeros. It first appeared in (Goldfeld, Hoffstein and Lieman,
1994). While we have defined Siegel zeros relative to a constant ¢ > 0, we shall
suppress the constant in the following discussion because it can be easily com-
puted and it is not really important to the flow of ideas.

Lemma 8.6.1 (Siegel zero lemma) Let L(s) € S have non-negative Dirich-
let coefficients and satisfy the functional equation in Axiom 8.1.3. Assume
L'(s)/L(s) is negative for s real and > 1, and that L(s) has a pole of order
m at s = 1. Assume further that A(s) = s"™(1 — s)"A*G(s)L(s) = A(1 —3),
where G(s) = [] C(Ajs + w;), as given in Axiom 8.1.3, is an entire function
j=1

of order 1. Then L(s) has at most m Siegel zeros.

Proof Since A(s) is an entire function of order 1 it has (see (Davenport,
1967)) a Hadamard factorization and can be represented in the form

A(s) = et ]_[ (1 — 5) &P, (8.6.2)

A(p)=0 p
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for certain constants a, b. If R(s) > 1, we may take logarithmic derivatives in
(8.6.2) to obtain

m m G'(s)  L'(s) 1 1
;‘F:-I-lOgA-I- G&) “FTS)—[J*FXP:(S_IO*F;).

By the functional equation

b+2p:<s_1

so that

Ly

1
P
It follows that
m m A G’ (S) L'(s) Z
s s—1 G( ) L(s) >

Now, by assumption, L'(s)/L(s) is negative for s € R, s > 1. Also, if we pair

conjugate roots, then every term of Y (s — p)~! is positive, so there exists an
absolute effective constant ¢o > 0, such that

S 1
Z <—+cologM
{5 —Bj

where 7 denotes the number of real zeros B; of L(s) in the interval
[1 — (c/log M), 1]. Here the the constant ¢y can be computed from the integral
representation

1 1 /1t t e ’*
logT'(z)=(z— = )logz —z 4+ = log(2m)+ - — -4 dt,
2 2 0 t

2z e —1

for the Gamma function. If the constant ¢ is chosen small enough, compared to
the constant ¢, then a contradiction is obtained whenever r > m + 1. O

8.7 Non-existence of Siegel zeros for
Gelbart-Jacquet lifts

The existence of Siegel zeros for classical Dirichlet L-functions has been shown
to be equivalent to the existence of primitive quadratic Dirchlet characters x
with the property that L(1, x) takes on too small a value. This follows from
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Lemma 8.4.3 when we choose ¢(s)L(s, x) as our Dirichlet series, which has
all the required properties of Lemma 8.4.3 and has a simple pole at s = 1 with
residue L(1, x). A real breakthrough was achieved in (Hoffstein and Lockhart,
1994) when they took the study of Siegel zeros outside the classical domain of
Dirichlet L-functions and considered, for the first time, the question of whether
such zeros could exist for L-functions associated to automorphic forms on
G L(3) occurring as symmetric square lifts (Gelbart—Jacquet lifts) from G L(2).
It now became possible to obtain lower bounds of special values of L-functions
in the same way as the classical methods (using the Deuring—Heilbronn phe-
nomenon) gave lower bounds for L(1, x) with x a real primitive Dirichlet
character. This established a powerful new tool in modern analytic number
theory.

In (Hoffstein and Lockhart, 1994), it was shown that if f is a Maass form
for SL(2, Z) which is an eigenfunction of the Hecke operators, and F is its
symmetric square lift (Gelbart—Jacquet lift) to SL(3, Z), then the lifted L-
function,

Lysyr(s)

Lr(s) = )

, (8.7.1)
given in Theorem 7.3.2 cannot have a Siegel zero. Actually, they proved a
more general result valid for congruence subgroups of SL(2, Z) and also con-
sidered Gelbart—Jacquet lifts of both holomorphic modular forms and non-
holomorphic Maass forms. Their proof was based on a generalization of Siegel’s
Theorem 8.5.1 and, thereby, was not effective. In the appendix of their paper
Goldfeld, Hoffstein and Lieman (1994) obtained an effective version of their
theorem which was based on the Siegel-zero Lemma 8.6.1. This effective proof
is the subject matter of this section.

The key idea in the proof of the non-existence of Siegel zeros for L-functions
of type (8.7.1) is the construction of an auxiliary L-function which has non-
negative Dirichlet coefficients and a multiple pole at s = 1, and satisfies the
requirements of Lemma 8.6.1. Accordingly, we introduce

Z(s) := £(S)Lp(8)’Lpxr(s). (8.7.2)

[e.¢] o0

Here, if Lr(s) = Y c(m)m™, then Lpyp(s) = ¢3s) Y. |c(m)|?m™ as we
m=1 m=

recall from Proposition 7.4.12. In terms of Euler products, if

o —1 o —1
Ly(s) = <1 — —f> (1 - —’j) ,
l;[ P p
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;zl,and

o2 -1 1\ o' 2 -1
_ P )4
Lp(s) = ];[]:[ (1 - F) (1 — F) 1— < ,
then

-1 1 _1
Ol4 a2 1 -1 052
Lrxrp(s) = (1 — —f) (1 - —[:) (1 - —Y> <l - —f)
l:[ ‘ P P P’
-1

with o, - o

@2\ a*\ 7!
x| 1= e (8.7.3)
pf pS
oA\ a2\~ 1\ !
Lesoh=TT(1-2) (1-% (1_f>
P p’ p D’
1

It follows that

Lrxp(s) = Lr(s)Lr(s, V?).
This actually factors further since

Lr(s, V3 = ¢(s)L (s, V).
Finally, we obtain

Z(s) = ¢(s)Lp(s)’Lp(s, V). (8.7.4)

Lemma 8.7.5 Let Z(s) = Y a(m)m™* be given by (8.7.2). Then a(1) = 1
m=1

and a(m) > 0form =2,3,4,...
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Proof The fact that a(1) = 1 is an immediate consequence of the Euler prod-
uct for Z(s). Now, the Euler product for Z(s) takes the form

! € -1
1_[ 1_a;1ap2
p P’

where the product is taken over all sixteen possible pairs (¢;, €;), and where
€1, €, independently run through the values 2, 0, 0, 2. If one takes logarithms,
it follows that the pth term in the expansion of log Z(s) is

e (Olzé +O{72£ +2)(a/25+a/—2ﬁ+2)
Zpis '

=1

Since 2, o’*, are either non-negative real numbers or lie on the unit circle, it

follows that the above series has non-negative terms. Consequently, so does the
series for Z(s). a

Theorem 8.7.6 Let f be a Maass form for SL(2, Z) which is an eigenform
for the Hecke operators. Let F be its symmetric square lift to SL(3, Z). Then
Lr(s), given by (8.7.1), has no Siegel zero.

Proof Wemake use of (8.7.4). It follows from the Euler product that fors € R,
s > 1that Z'(s)/Z(s) < 0.In (Bump and Ginzburg, 1992) it is shown that when
f is not a lift from GL(1), then L (s, V%) has a simple pole at s = 1, and any
zero of Lp(s) will be a zero of Z(s) with order at least 3. Consequently, if
L(F, s) has a Siegel zero, then Z(s) = C()Lp(s) L p(s, v?) will have 3 Siegel
zeros. Since Z(s) has a pole of order 2, we obtain a contradiction from the
Siegel zero Lemma 8.6.1. O

In the classical case, the non-existence of Siegel zeros implies a lower bound
for the class number of an imaginary quadratic field. One may ask what takes
the place of class numbers in the G L(3) setting. The answer to this question
is given in Lemma 8.4.3 which says that we will obtain a lower bound for the
residue (at s = 1) of the relevant L-function. We state an important and useful
corollary to Theorem 8.7.6.

Corollary 8.7.7 Let f be a Maass form for SL(2,Z) of type v. Then the
Petersson inner product of f with itself satisfies

1

(L fr> log(1 + [v])’
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Proof Let F be the symmetric square lift of f. Then
Lywyr(s)=¢(s)Lr(s),

and L ¢ #(s) has no Siegel zero and satisfies the conditions of Lemma 8.4.3.
This gives a lower bound for Lz (1) of the type stated in Corollary 8.7.7. But,
we know that Lr(1) = ¢ - (f, f) (for some constant ¢) by Theorem 7.2.4. This
proves the corollary. a

Remark Corollary 8.7.7 can be generalized to the case of holomorphic mod-
ular forms and Maass forms for congruence subgroups of SL(2, Z). It can also
be further generalized to L-functions in the Selberg class satisfying Langlands’
conjecture on the automorphicity of certain symmetric power L-functions.

8.8 Non-existence of Siegel zeros on G L(n)

We have already shown at the end of Section 8.5, that there is at most one
classical Dirichlet L-function with a Siegel zero. The exceptional L-function, if
it exists, will be associated to a real primitive Dirichlet character attached to a
quadratic field. This is the situation for L-functions on GL(1), and it has been
known for a long time (Davenport, 1967).

With the breakthrough of Hoffstein and Lockhart (1994) it became possible,
for the first time, to show the rarity of Siegel zeros of L-functions associated
to Maass forms on G L(n) with n > 2. We give a brief account of the known
results and also specify the particular L-function used in conjunction with the
Siegel zero Lemma 8.6.1 to obtain these results.

In accordance with Theorem 7.2.4 and Proposition 7.4.12, it is natural to
formalize a more general version of the Rankin—Selberg convolution in terms
of Euler products. Let

Lo =T~

p i=l1

S o-TIi(-4)

p i=l1

be two L-functions in the Selberg class S. We then define the Rankin—Selberg
L-function, L ¢, by the new Euler product

1
Lfug(s) = ]_[]_[]_[< a’”ﬂ”> : (8.8.1)

p i=1 j=1

In (Hoffstein and Ramakrishnan, 1995) it is shown that there are no
Siegel zeros for L-functions associated to cusp forms (holomorphic or non-
holomorphic Maass forms) on GL(2). Their proof works over any number
field. The idea of the proof is as follows. Let f be a cusp form on G L(2) where
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L ¢(s) has a Siegel zero. Let L ¢(s, v2) denote the symmetric square lift as in
Theorem 7.3.2, which is associated to a cusp form F on GL(3).
Now, construct

£(s) - Ly(s, V3 Ls(s),
GL() GL(3) GL(2)

which corresponds to an automorphic form G on GL(6). Let L« (s), as in
(8.8.1), denote the L-function of the Rankin—Selberg convolution of G with
itself which will have non-negative Dirichlet coefficients. Then we have the
identity

LGxG(5) = C(S)Lpxr ()L p5 p()LE(s)*L #(s) L (s, V),

which can be verified by comparing Euler products. It follows from results of
Bump and Ginzberg (1992), Bump, Ginzberg and Hoffstein (1996) and Shahidi
(1989) that L« (s) has a triple pole at s = 1. If L ;(s) had a Siegel zero then
L ¢« (s) would have to have four Siegel zeros which contradicts the Siegel zero
Lemma 8.6.1.

We now consider the case of a non-self dual Maass form f on GL(n) for
n > 3. We follow (Hoffstein and Ramakrishnan 1995). Define

Z(s) = E()L p(s)L 7 (s),

where f denotes the Maass form dual to f. Let D(s) denote the Rankin—Selberg
convolution of Z(s) with itself. Then D(s) will have a pole of order 3, but it
will have two copies of L ¢(s) and an additional two copies of L ;(s) as factors.
So if L ¢(s) has a Siegel zero then D(s) will have four Siegel zeros and a pole
of order 3 at s = 1 which again contradicts the Siegel zero Lemma 8.6.1. This
establishes that L-functions associated to non-self dual Maass forms on G L(n),
for n > 3, cannot have Siegel zeros. Note that this situation is analogous to the
way one proves that complex Dirichlet L-functions cannot have Siegel zeros.

Finally, we consider the case of self dual Maass forms on G L(n) withn > 3.
We again follow Hoffstein and Ramakrishnan (1995) who proved that Siegel
zeros cannot exist if one assumes Langlands’ conjectures. Let f denote a self
dual Maass form on G L(n). Assume there exists some g # f where g is not
an Eisenstein series such that

Lyx(s) = Ly(s) - D(s)
for some other Dirichlet series D(s). Construct

Z(s) = C()Lg(s)L (s),
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and take the Rankin—Selberg convolution of Z with itself. Then this Rankin—
Selberg convolution will have non-negative coefficients, a pole of order 3 at
s = 1,and it will have L ¢ (s )* as a factor assuming everything else is analytic. If
L ¢(s) had a Siegel zero, then this would contradict the Siegel zero Lemma 8.6.1.

For the case of G L(3), Hoffstein and Ramakrishnan (1995) proved there are
no Siegel zeros subject to a certain analyticity hypothesis. This hypothesis was
subsequently proved in (Banks, 1997) which establishes that there are no Siegel
zeros on G L(3) except for the obvious cases.
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The Godement—Jacquet L-function

9.1 Maass forms for SL(n, Z)

‘We briefly review Maass forms which were introduced in Section 5.1. Forn > 2,
the generalized upper half plane §” (see Definition 1.2.3) consists of all n x n
matrices of the form z = x - y where

I x12 x13 --- X1, Yiya© o Yn-1
I x5 --- X2, Yiya© Yn—2
X = ,y Y= )
1 xn—l,n 1
1 1

withx; ;e Rforl <i < j<nandy; >0forl <i <n-—1.

Remark 9.1.1 It is particularly convenient to relabel the super diag-
onal elements of the unipotent matrix x so that x;, =x,_1, x23 =
Xn—2, cees Xp—1n = X1, ie.,

I X1 X130 Xig
1 Xn—2 e X2.n

X = .
1 X1

1

Henceforth, we will adhere to this notation.

Let U, denote the group of n x n upper triangular matrices with 1s on the
diagonal as in Section 5.2. Consider a Maass form ¢(z) with z € SL(n, Z)\h"

259
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as defined in Definition 5.1.3. Then ¢ has a Fourier expansion of the form:

w3 S (7))

Yy €U, (Z\SL(n—1,Z) my=1 my—2=1my_1#0

where the sum is independent of the choice of coset representatives y,

with u € U,(R) given by (5.2.1) and

d*u=du; - -du,_, 1_[ du; ;.

I<i<j+1<n

Note the change of notation in the Fourier expansion above to conform with
Remark 9.1.1.

Now, we have shown that (ﬁ(m, _____ m,_(z) 1s a Whittaker function. Further,
<13(m, ....m,_»(z) will inherit the growth properties of the Maass form ¢ and will
satisfy the conditions of the multiplicity one theorem of Shalika (1974) which
states that only the Jacquet Whittaker function (5.5.1) can occur in the Fourier
expansion of a Maass form for SL(n, Z) and that qg(ml ,,,,, m,_,) Mmust be a constant
multiple of the Jacquet Whittaker function. It follows from Theorem 5.3.2 and
Proposition 5.5.2 that if ¢ is a Maass form of type v = (v, ..., v, ;) € C"~!
for SL(n, Z) then

o0 o0
Amy, ...,m,u_1)
o T Ty oy A
Y €U 1(Z)\SL(n—1,Z) my=1 my_2=1 my_1#0 |mk|k(’l—k)/2
k=1
M-(7 9.1.2
X WJacquet : 1 Z, V, 1//1"“’1, ""ﬂ*ll s (9.1.2)
Mp—1
where
my---my_p- |m,171|
M= mimy ’ A(mh""mn—l)e(ca
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and
I ouyy
1 Uy_2 *
'(pl ..... Le . . — eZni(u1+---+u,,7z+eu,,,1).
1 ui
1
The particular normalization M is chosen so that later formulae are

l—[ [ |02

k=1
as simple as possible.

Lemma 9.1.3 (Fourier coefficients are bounded) Let ¢ be a Maass form for
SL(n,Z) as in (9.1.2). Then for all non-zero integers my, ..., m,_q,
A(mlv MR} mn—l)

n—1
1—1 |mk|k(n—k)/2
k=1

= O(1).

Proof Letz € h”. By the Fourier expansion, we know that

A(m17 M) mn—l)

n—1
I—[ |mk|k(n—k)/2
k=1

1 1
:/ [¢(Z) e—2m myxy+-+m, 1 X,— 1] d*x,
0 0

: WJacquet <My’ v, Ipl ,,,,, 1, Ma=t )

T lmp 1

where
d*x =dX1 ~~dx,1_1 1_[ dx,;j.
1<i<j+1=<n
Choosing y; = [my| ™ er, y2 = ImalYca, ..o, yuo1 = Imu—1| ™ cpmy, for suit-
able ¢y, ..., ¢,—1, and noting that ¢ is bounded implies that
Almq, ..., m,_
(my n—1) — o).

1
"1—[ (g [ =H)/2
k=1 O

9.2 The dual and symmetric Maass forms

Let ¢(z) be a Maass form for SL(n, Z) as in (9.1.2). We shall now define,
$(z), the dual Maass form associated to ¢ which plays an important role in
automorphic form theory.
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Proposition 9.2.1 Let ¢(z) be a Maass form of type (vy, ..., v,_1) € C" ' as
in (9.1.2). Then (for | x| the largest integer < x)

(= D2

() = p(w -'(z71) - w), w =

is a Maass form of type (vy—1,...,v1) for SL(n,Z). The Maass form @ is

called the dual Maass form. If A(my, ..., m,_1)isthe (my, ..., m,_)-Fourier
coefficient of ¢ then A(m, 1, ..., my) is the corresponding Fourier coefficient
of d.

Proof First, for every y € SL(n, Z),
Py =¢(w- () H - w)=¢(w- ' w)=¢©)

sincey’ =w-"(y~ ") - w € SL(n, Z). Thus ¢ satisfies the automorphic condi-
tion (1) of Definition 5.1.3 of a Maass form.
Next, note that if

I X1 X133 -+ Xig Viy2: - Yn—1
1 Xn—2 e x2,n Viy2---Yn-2
z= : ,
I x »
1 1
then
1 6x YiY2 - Yn—-1
1 —x * Y2y3 -t Yn-2
w7 w =
1 —Xn—1 Yn—-1
1 1
9.2.2)

[n/2]+1

where § = (—1) . One may then show that

é(z) du =0,

(SL(n,Z)NU)\U
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for every upper triangular subgroup U of the form

I,

with ry +r, + - - -, = n. Here I, denotes the r x r identity matrix. Thus ¢
satisfies the cuspidality condition (3) of Definition 5.1.3.
Now

Ly =1 - w™)

since the involution z — w - (z7') - w™!

1,2,...,n — 1. This shows thaté is a Maass form of type (v,—1, ..., V1).
Finally, if we integrate

1 1
/ /(5(2)6 2mi ml\f1+ Amy X, 1] d*X
0 0

interchanges y; and y,_; for j =

to pick off the (m;, ..., m,_i)-Fourier coefficient, then because x; and x,_;
are interchanged (for j = 1, ..., n — 1) we will actually get A(m,,_, ..., my).
O

In the SL(2,7Z) theory, the notions of even and odd Maass forms (see
Section 3.9) played an important role. If a(n) is the nth Fourier coefficient
of an SL(2,Z) Maass form then a(n) = £a(—n) depending on whether the
Maass form is even or odd. We shall see that a similar phenomenon holds in the
case of SL(n, Z) when n is even. On the other hand, if n is odd then all Maass
forms are actually even (see Section 6.3 for the example of n = 3).

Consider a diagonal matrix § of the form

81+ Snei

0= 318
)
1

where §; € {+1, —1} for j =1,...,n — 1. We define an operator Ts which
maps Maass forms to Maass forms, and is given by

Ts¢(2) := ¢(826) = ¢(82),
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since ¢, as a function on b”, is right-invariant under multiplication by O (n, R).
Note that

L xp YiY2eo: Y-l
I xp—2 * Yiy2: - Yn-2
Ts ¢ '
I x i
1 1
(9.2.3)
1 8 1x01 YiY2 -+ Yn-1
1 8y2xp—2 * Yiy2: - Yn2
=¢ )
1 6x Y1
1 1

Clearly (T;)? is the identity transformation, so the eigenvalues of Ts can only
be £1.

Definition 9.2.4 A Maass form ¢ of type v = (vi,...,v,_1) € C""! for
SL(n, Z) is said to be symmetric if Ts¢p = +¢ for all Ty as in (9.2.3).

Remark Note that every Maass form is a linear combination of symmetric
1s.

Proposition 9.2.5 Assume n > 2 is an odd integer. Then every Maass form ¢
for SL(n, Z) is even, i.e., Ts¢p = ¢, for all Ty of the form (9.2.3). Furthermore,
if A(my,...,my,_1) denotes the Fourier coefficient in the expansion (9.1.2)
then

A(mlv ey My_2, ’nn—l) = A(ml, e, Mp_2, _mn—l)y

forallm; > 1(with j =1,2,...,n—1).

Proof Any Maass form ¢ is invariant under left multiplication by elements
in SL(n, Z) of the form
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withe; € {+1, =1}, for j =1,2,...,nand I1 €; = 1. It is also invariant by
j=1
the central element

-1
—1

-1

which has determinant —1. Since these elements generate all possible Tj, this
proves Ts¢ = ¢ for all T;.
Next, let

Ts, =

1
Then since 80zdp transforms x,_; — —x,_; and fixes x; with 1 < j <n -2,
it follows that the integral
1 1
/ . f T5,0(2) o2 mistetmain ] ey
0 0
picks off the A(my, ..., m,_», —m,_1) coefficient of ¢, and this must be the

same as A(my, ..., my_y, m,_;) because Ts,¢ = ¢. a

We next show that the theory of symmetric Maass forms for SL(n, Z) (with
n even) is very similar to the SL(2, Z) theory. Basically, there are only two
types of such Maass forms, even and odd Maass forms.

Proposition 9.2.6 Assume n > 2 is an even integer. Let ¢ be a symmetric
Maass form for SL(n, Z) with Fourier coefficients A(my, ..., m,_1) as in the
expansion (9.1.2). Fix

-1
Ts, =
1
Thenforallm; > 1 (with j =1,2,...,n— 1), we have

Almy, ...,m,_, m,_1) =xA(my,...,mu_2, —Mm,_1),

according as Ts,¢ = £¢. The Maass form ¢ is said to be even or odd
accordingly.
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Proof The diagonal elements with 1 entries are generated by such elements
with determinant 1 and the additional special element Tj,. Since ¢ is invariant
under left multiplication by SL(n, Z) it follows that ¢ is symmetric if and only
if Ts¢p = £¢.

Now 8¢z8g transforms x,_; — —x,_1 and fixes x; with 1 < j <n —2, it
follows that the integral

1 1

/"'/TSU¢(Z) e*Zni[nzlx1+‘..+mn,1x,,,l] d*x

0 0

picks off the A(my, ..., m,_, —m,_1) coefficient of ¢, and this must be the
same as £A(my, ..., m,—o, m,_1) because Ts, ¢ = L. a

9.3 Hecke operators for SL(n, Z)

We recall the general definition of Hecke operators given in Definition 3.10.5.
Consider a group G that acts continuously on a topological space X. Let I
be a discrete subgroup of G. For every g in Cg(I"), the commensurator of
I'in G, (i.e., (g7 'T'g) N T has finite index in both I' and g~'I'g) we have a
decomposition of a double coset into disjoint right cosets of the form

gl = U Ta;. (9.3.1)

For each such g, the Hecke operator 7, : LXHT\X) - L2(T\X) is defined by
Tof () =Y flex),

where f € £2(I'\X), x € X, and o; are given by (9.3.1). The Hecke ring consists
of all formal sums
Z Ty,
k

with integer coefficients ¢; and g; in a semigroup A as in Definition 3.10.8.
Since two double cosets are either identical or totally disjoint, it follows that
unions of double cosets are associated to elements in the Hecke ring. Finally, we
recall Theorem 3.10.10 which states that the Hecke ring is commutative if there
exists an antiautomorphism g — g* (i.e., (gh)* = h*g*) for whichI'* = I" and
(I'gl')* =TI'gI forevery g € A.

We now consider, for n > 2, the general case

G =GL(n,R), I' =SL(n,7Z), X =GL(n,R)/(O(n,R) -R*) =p".
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For every n-tuple of positive integers (mg, m, ..., m,_1), the matrix

mo...mn_l

€ Cg(I),
mohniy

mo

the commensurator of I in G (defined in (3.10.2)). We define A to be the
semigroup generated by all such matrices. As in the case of SL(2, Z), we have
the antiautomorphism

gr'g, g €A,
where ‘g denotes the transpose of the matrix g. It is again clear that the conditions
of Theorem 3.10.10 are satisfied so that the Hecke ring is commutative.
The following lemma is analogous to Lemma 3.12.1, which came up in the

SL(2, Z) situation.

Lemma 9.3.2 Fix a positive integer N > 1. Define the set

¢ Ci2 -+ Cin
¢ > 10=12,...,n)
[ ) n
SN = ) . g];[lcg:N
) ’ 0<cjp<ce (1<i<tl<n)
Cn

Then one has the disjoint partition

mo---my_1

U r F=|JTle. (93.3)

mimt ey =N moniy a€ESy

Proof  First of all we claim the decomposition is disjoint. If not, there exists

Y Y12 o Yia

21 Y22 0 YVan
. . . el

Vn,1 Yn2  Van
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such that
. . N J J v
Vil Y12 ' Vin c1 Cl2 +++ Cin c 61,2 Cl,n
S S J N
V2,1 Y22 ot Venm Cy -+ Cop ¢y e Chy,
!
Yool Yn2 " Van Cn C,

This implies that y; ; =0 for 1 < j <i < n. Consequently, y; ¢ - c; = c},
for 1 <¢ <n.But [[ =1 and ce,cg >1(1 <4 < n). It easily follows

=1
that

VII=W2= - =Vun=1l

Note that the above shows that ¢, = ¢, (1 < £ < n). Therefore, (9.3.4) takes
the form

9 9 . . J J
I Yi2 == Yia 1 €12 0 Cig €1 Clp 0 Cpy,
. . . J
1 ... y2.n L2 ... Cz,n 62 ... 62,’1
1 fo fo

Since 0 < ¢; 4, Cl/',e < ¢gfor1 <i < € < n, one concludes that y; , = O for
1 <i < £ < n, and the decomposition is disjoint as claimed.

Now, by Theorem 3.11.2, every element on the right-hand side of (9.3.3) can
be put into Smith normal form, so must occur as an element on the left-hand
side of (9.3.3). Similarly, by Theorem 3.11.1, every element on the left-hand
side of (9.3.3) can be put into Hermite normal form, so must occur as an element
on the right-hand side of (9.3.3). This proves the equality of the two sides of
(9.3.3). O

By analogy with the SL(2, Z) situation (see (3.12.3)), it follows that for
every integer N > 1, we have a Hecke operator Ty acting on the space of
square integrable automorphic forms f(z) with z € §”". The action is given by
the formula

€1 €2 -0 Cin
1 €2 0 Cop
Tvf@) = oz > f ] 03
I,j c;=N ' CI

=1
0=<ci<ce (1<i<l<n)
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Note the normalizing factor of 1/N“~1/2 which was chosen to simplify later
formulae. Clearly, T} is just the identity operator.

The C-vector space £2(I"\h") has a natural inner product, denoted {(, ), and
defined by

(f.g) = f FORE) d*z,
r\b"

for all f, g € L2(I"\h"), where d*z denotes the left invariant measure given in
Proposition 1.5.3.

In the case of SL(2, Z), we showed in Theorem 3.12.4 that the Hecke oper-
ators are self-adjoint with respect to the Petersson inner product. For SL(n, Z)
with n > 3, it is no longer true that the Hecke operators are self-adjoint. What
happens is that the adjoint operator is again a Hecke operator and, therefore,
the Hecke operator commutes with its adjoint which means that it is a normal
operator.

Theorem 9.3.6 (Hecke operators are normal operators) Consider the Hecke
operators Ty, (N = 1,2, ...)definedin (9.3.5). Let Ty be the adjoint operator
which satisfies

for all f, g € LXT\B"). Then T} is another Hecke operator which commutes
with Ty so that Ty is a normal operator. Explicitly, Ty is associated to the
following union of double cosets:

N -mgl
N - (momy)™!

U r r.

n, n—1

momy|” my_1=N |
N -(mg---my_1)~

9.3.7)

Proof 1t follows from (9.3.3), and also from the fact that transposition is an
antiautomorphism (as in the proof of Theorem 3.10.10), that

meo:---mMuy_q

U r F=|Jra=|Jor. 9.38)

ey =N monty a€Sy aeSy
mo

nn—1
moml
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Since the action of the Hecke operator is independent of the choice of right
coset decomposition, we obtain

1 S
Tuf.0) = s [ L F @@

F\h” OZESN
—1 TN gF
= NG@-D2 / f@ Z glalz)d*z (9.3.9)
b aeSy
N
1 B .
=yoon [] I® >.¢ N a~l-z | d'z,
b aeSy

N

after making the change of variables z — «~'z. Multiplying by the diagonal
matrix (with N's on the diagonal) above does not change anything because g is
well defined on h”.

Now, it follows from (9.3.8) that for

1
-1
o= 1 ,
1
we have
—1
mO e mn71
U I' o N co '
m({m']’_lu-m,,,l:N monty
mo
—1
m
-1
(momy)
- U r. ) - T.
mgm']’_lu-m,,,l:N -

(mo---my-1)~"

(9.3.10)

Finally, if we multiply both sides of (9.3.10) by the diagonal matrix
N
, with N = mgm’f_l ---my_1, it follows that the adjoint Hecke

N
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operator defined by (9.3.9) is, in fact, associated to the union of double cosets
given in (9.3.7). This completes the proof. O

The Hecke operators commute with the G L (n, R)-invariant differential oper-
ators, and they also commute with the operators T given in (9.2.3). It follows
by standard methods in functional analysis, that we may simultaneously diago-
nalize the space £ (SL(n, Z)\h") by all these operators. We shall be interested
in studying Maass forms which are eigenfunctions of the full Hecke ring of all
such operators. The following theorem is analogous to Theorem 3.12.8 which
came up in the SL(2, Z) situation.

Theorem 9.3.11 (Multiplicativity of the Fourier coefficients) Consider

¢(Z): Z Z Z Z A(ml,.. , My, 1)

y €U 1(L\SL(n—1,2) m =1 my_2=1my_#0 l‘[ |my |k(" k)/2

my - my_i|

14
X WJacquet ( 1 Z, v, wl _____ L

a Maass form for SL(n, Z), as in (9.1.2). Assume that ¢ is an eigenfunction
of the full Hecke ring. If A(1, ..., 1) = 0, then ¢ vanishes identically. Assume
¢ # 0 and it is normalized so that A(1, ..., 1) = 1. Then

Tod = Am, 1,...,1)- ¢, Vm=12,...

Furthermore, we have the following multiplicativity relations

A(m]m’l,...,mn_]m;_l) =A(ml,...,m,,_l)~A(m’l,...,m;_l),
if(my---my_y, my---m,_)=1,and
mic, mpCq Mmy—1Cp—2
Am, 1,..., DAy, ..., my_1)= ZA( L )
M C1 (&) Cn—1
HCy:m

crlmy,calmy,....ch—1|m,—

Addendum Let ¢ denote the Maass form dual to ¢. As in Proposition 9.2.1,
the (my, ..., m,_y) Fourier coefficient of & is Am_q, ..., mp). If ¢ is an
eigenform of the full Hecke ring then

A(mnfl’ ] ml) = A(ml7 A 7m]'171)7

i.e., it is the complex conjugate of the Fourier coefficient of ¢.
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Proof Letz =x -y with

I xip x13 -+ X1 Yiy2: - Yn-1
I x3 -+ X2, Yiy2: o Yn-2
X = ) y=
1 Xn—1,n Y1
1 1

In view of Theorem 5.3.2, Remark 9.1.1, and formula (9.1.2), we may write

for,my,...,mu_1 > 1,

1 1
/ . / o(2) e*Zﬂi(m1-‘«‘n_|.n+mzxn_z,n_1+~~~+mu_1xl,z)d*x
0 0

mipyy---mMp_1Yn—1

A(ml,...,mn,l) T
= n—1 ’ WJvaue[ ’ ’ V, wl ..... 1 ’
k(n—k)/2
[T mhe =/ miy,
k=1 1
(9.3.12)
where d*x = [T  dx; ;. While the notation adopted in Remark 9.1.1 is
I<i<j<n-1

useful in most cases, it makes the Hecke operator computations extremely
gruesome, so we temporarily return to our earlier notation for x.

If ¢ is an eigenfunction of the Hecke operator T,, defined by (9.3.5), then we
have T,, f(z) = A, f(z) for some eigenvalue A,,. We can compute 1, directly
using a variation of (9.3.12). We begin by considering form = 1,2, ...,

mipyr---Mp—1Yn—1

Amy, ...,mu_1)

)\m n—1 'WJacquet : s Y, ¢1,...,1
k(n—k)/2 miyi
[1my
k=1 1
m m
1

mn(nfl)/Z
0 0

e / .. /Tm¢(z) e_zni(m1Xn7|,11+m2«'fl7—2,nfl+"'+”7n—1x1A2) d*x
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m m
1
= et De-1/2 Z
I ce=m 0 0
=1
0<cjo<cy (1<i<t=<n)
I xi2 x13 -+ X1
¢t Ci2 - Cin
I x3 -+ X2
Co - C2,Vl
X ¢ "y
1 Xn—1,n
Cn )
% e72ni(m1xn7m+mzxnfz,n71+~--+m,,71xhz) d*x. (9.3.13)
Next, if we let
I xip x13 -+ X1,
C1 Ci2 -+ Cin
I x3 -+ X2,
Co . Cz,n
1 Xn—1,n
Cn |
! i
LoXxi, X5 Xon
1 X, X} “
2.3 2.n ¢
== b
7
1 xnfl,n c
1 n
then we may solve for x{j (1 <i < j < n), and obtain
1 J
’
X ;= - E Ci k Xk, j s (9.3.14)
J k=i
with the understanding that ¢;; = ¢; and x;; = 1 fori = 1,2, ..., n. Note the
special case:
CiXi i + Cii
/ IEIRED| i,i+1 .
Xjjgg=—"""—"— i=12,....,n—1), (9.3.15)
Cit1

of (9.3.14).
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With the computations (9.3.14), (9.3.15), the right-hand side of the identity
(9.3.13) becomes

1
(it DH(n—1)/2 Z H
m lﬁl I<i<j<n ;
Ce=m €k, j
=1 Yy Lk
0<ci ¢<ce (1<i<t<n) k=it
/ ’ ’
Loy, X3 0 Xy, X
1 ’ L. ’ C1
2,3 X2.n _
. 62
, .
1 xnfl,n c
1 n
=l Sror+1Mn—r =l Cr1Mn—r s
2ri Yy s —2mi Yy, e € ,
X e r=1 - e r=1 P— d_x

Ci L)

In view of the periodicity of the above integrand, we may deduce that it takes
the form:

1
me+Dn—1)/2 Z 1_[ /
= 0

l_[ Ce=m
=1
0<cjo<co(1<i<t=<n)
! /
Loxg, xjs 0 xy, ¢
1 X x5 !
2,3 2,n ¢
X ¢ y
’
1 xn—l,n
1 Cﬂ
5 »”i Crr1Mn—r o /E 1My
X e nlr:l o .e 7-”r:l r Trett . C_j d /

But the above integral vanishes unless ¢, | c,4jm,—, forall r =1,2, ..
n — 1. Furthermore, in this case we have

n
n—1 .
2wy, Ceraitnor [Tc™t if o |muy (1 <r <n),
e r=1 — =2

0=ci¢<ce(1<i<l=n) 0 otherwise.
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Consequently, it follows that our integral (9.3.13) may be written in the form:

1 T -
o 2. 114 Tl /

I<i<j<n

[1 ce=m 0
=1
’ ’
Loxj, x5 Xl.n
1 x) X “
2,3 2,n 1)
X ¢ y
’
1 xnfl,n
1 Cn
S s
—2mi Z B Cj ,
X e r=l1 <= dx; -
¢ y

Further, if F : R — C is a periodic function satisfying F(x 4+ 1) = F(x) and
M is a positive integer, then fOM F(x)dx=M - fol F (x) dx. Consequently, the
integral above is equal to

1 T -
2 }_[Cflnf

;) C1
(&)

Cn

n—

1
oi Y Moty
2mi Z & Xlxr‘+]

we & dx ;. (93.16)
1

Finally, the multiple integral, [] [

I<i<j<n 0

, above can be evaluated with
(9.3.12) and has the value
mic, MaCp—1 my_1¢
Ame e mae)
n—1 )k(n—k)/Z

1—[ Cnt1-k Mk
Cn—k

k=1

miyi---mMy_1Yn—1Cn

X WJacquet ) TR ST I
mpyiCn
Cn
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from which it follows from (9.3.13) and (9.3.16) that

miyy---my_1Yyn—1

A(my, ..., mu_1) "
"n—l— : WJvauet ’ sV, % 44444 1
k(n—k)/2 miyi
[1my
k=1 1

A (M maCy—1 my_1cy
> [e S
m(” /2 n—=1 , k(n—k)/2
=2 Cnt1-kMi
H‘f_m 1_[ Cnk

k=1

miyir---Mu_1Yn—1Cn

X W.lacquel : , Y, 1#1 ..... 1
miyi€n
Cn

Note that we may cancel the Whittaker functions on both sides of the above
identity because the Whittaker functions are invariant under multiplication by
scalar matrices. Further, one easily checks the identity

n
e
t=2

n—1

1_[ ((‘n+|—k
Cn—k

f=1 n—k

= (Cl cCpce Cn)(nil)/2 = m(nfl)/2.

)k(nfk)/Z

It immediately follows that

mic, MoCp_ My_1C2

Am Ay, . M) = > A< iy 1—1)

n Cp—1 Cp—2 C1

[T ce=m

=1

Catlmy, cn—zlma,..., cilmy—
(9.3.17)

We now explore the consequences of the assumption that A(1,...,1)=0.

It follows easily from (9.3.17) that A(k, 1, ..., 1) = O for all integers k, and
then the left-hand side of (9.3.17) vanishes for all m, m; as long as m, = m3

= .-~ =my_; =1. By choosing my=---=m,_y1 =1, my=p, m=p
one obtains A(1, p, 1,...,1) = 0. Arguing 1nductive1y, we may choose m, =
c=my_1 =1, my =p, m=ptfort =1,2,... from which one can con-

clude that A(p‘, p,1,...,1)=0 for all £=0,1,2,... One can continue
to show that A(p™, p”2,1,..., 1) = 0 for all non-negative integers i1, i, and
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proceeding inductively one may show that
A(p".pP.....p") =0

for all non-negative integers i1, ..., i,—;. One may then proceed to products
of two primes, products of three primes, etc. to eventually obtain that if
A(1, ..., 1) = 0 then all coefficients A(my, ..., m,_1) must vanish.

If f # 0 then we may assume it is normalized so that A(1,...,1)=1.
If we now choose my = my = --- =m,_; = 1, it immediately follows from
(9.3.17) that A, = A(m, 1, ..., 1). Substituting this into (9.3.17), and changing
indices (on the ¢;s), proves the identity

A(my 1’ AR I)A(mlv "’7m11—1)

B ) 4 (mlcn mac mnlcn2>

N Cl (&) Cn—1
[1ce=m

crlmy, calma,..., co_ylm,—y

The rest of the proof of Theorem 9.3.11 follows easily.

To prove the addendum, consider the identity (T ¢, ¢) = (¢, T*¢), T is a
Hecke operator and T* is the adjoint operator, and { ) denotes the Petersson
inner product. The addendum follows from Theorem 9.3.6. O

9.4 The Godement—Jacquet L-function

Let

f(Z)= Z Z Z Z A(ml,.. , My 1)

yeU,—1(Z)\SL(n—1,Z) m;=1 my—2=1 mu_17#0 l‘[ |m |k(n k)/2
k=

nmy:---my_p- |mn—1|

X WJacquet mimo (J/ >Z v, wl o, ‘:n :‘ ’
nj
1
be a non-zero Maass form for SL(n, Z), normalized so that A(1,...,1) =

1, which is a simultaneous eigenfunction of all the Hecke operators as in
Theorem 9.3.11. We want to build an L-function out of the Fourier coefficients
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of f. Lemma 9.1.3 tells us that we may form absolutely convergent Dirichlet
series in a suitable half-plane.

The sum over y € U,_1(Z)\SL(n — 1, Z) in the Fourier expansion of f
creates seemingly insurmountable complications, and it is not possible to simply
set

xij=0(1=<i<j=<n),

and then take the n — 1-fold Mellin transform in y;, ys,..., y,—1 Which
would be the exact analogue of what we did to create L-functions in the
SL(2,7Z) situation. The ingenious construction of the L-functions and the
proof of their functional equations was first obtained by Godement and Jacquet
(1972).

By Theorem 9.3.11, the Fourier coefficients, A(my, ..., m,_1), of f satisfy
the multiplicativity relations

Am, 1, ..., DAL, ..., ma_y)

B ) 4 (mlcn mac mnlan)

N Cy (&) Cn—1
[1ce=m
=1

crlmy, calma,..., co_ylm,—y

It follows that forallk = 1,2, ...

AP T DA L D = AT L D+ AT po L D,
AP DAL p L D = AR L D
+ AP po1, ),
AP LU DAL L p 1 D= AP L p, L D
+ AP L po1L L,

APE 1, DAL, L p) = AN L, L )+ AP L, D),

with the understanding that A(1, ..., p’j, ...,1)=0forany j > 1.
Therefore,

1 3 4 4
= > (AP L DAL pL D)
px pard —_——
position r+1
AP L L D (=D)AL, L
_ (p )+(k) (p )' 9.4.1)
pA‘
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If we define

X AP,
pps) =3 AL D

ks
=0 p

then, after summing over k, equation (9.4.1) implies that

n—2
VE DAL, ...,p,...,DHp™"
$p(s) ;< ) AC P »
position r+1

= ¢,(5)p* — p* + (=1)" 2, (s)p s,

Solving for ¢, (s) yields

6,(s) = (1 — A, Dp S+ AQ, py .. DpE —
~1
(=1 AL L pypEDS +(—1)"p—'“‘) . (942)

In a manner completely analogous to the situation of SL(2,Z), as in
Definition 3.13.3, it is natural make the following definition.

Definition 9.4.3 Let s € C with N(s) > (n + 1)/2, and let f(z) be a Maass
form for SL(n,Z), with n > 2, which is an eigenfunction of all the Hecke
operators as in Theorem 9.3.11. We define the Godement—Jacquet L-function
L ¢(s) (termed the L-function associated to f) by the absolutely convergent
series

Lis)=>_ Am.1,....0)m™ =]y,
m=1 p

with ¢,(s) given by (9.4.2).

Remark It is clear that the L-function associated to the dual Maass form f
takes the form

Lis)=> Al,....1,mm™".

m=1

By analogy with the GL(2) situation, we would like to construct the L-
function L (s) as a Mellin transform of the Maass form f. However, before
taking the Mellin transform, it is necessary to kill the sum over SL(n — 1) in the
Fourier Whittaker expansion (9.1.2). The procedure to do this uses an auxiliary
integral which requires some preliminary preparation.
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Set

M = nimy ’
mi
1
and z = xy with

I X1 X130 Xig

1 Xp—2 e x2,n

X = ,
1 X1
1
Y1y2 - Yn—1
Yiy2---Yn-2
y =
Y1
1
A simple computation gives
1 |mn—l |xn—l
*
M- -x = M
1 mypXxy
1 nixy
1

It follows from Definition 5.4.1 (2), that for any integers €y, ..., €,_1, the
Jacquet Whittaker function satisfies

WJacquet (MZ, v, wé] """ 6»:71) — eZni [m]elxl+~~~+m,,_ze,,_2xn_2+|m”_1|e,1_1xn_1]
X WJacquel (M Y, v, wel,...,e,,,l)-
Further, for any SL(n — 1, Z) matrix
ain T ain—1

ajs et ajz pn—1
Y= . . ) 9.4.4)

an—l,l et an—l,n—l
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we may put the G L(n, R) matrix, <y ! ) - z, into Iwasawa form:

Lo, xrj X1n
1 x,);_z x{n
")
1 xi’
1
yyy;/...yr)l/_l
I
X .. (mod Z,0(n, R)),

y

1

(9.4.5)

where x| = a,_1,1X1,4 + @u_12%20 + +++ + Ay p—1X1-
It immediately follows from Proposition 5.5.2, (9.4.4) and (9.4.5) that we
may write

WJacquet (M . <)/ 1) “Z, v, 1//e|,...,en|>

— ezﬂi[’nlel(a/lfl.lxl,/1+anfl.2x2.n+"'+0/z—l.nflxl)+n7262)(§/+‘“+|n1/171Ienflxrfl]
Y Y
yl - yl‘l—l

X WJacquet M- ’ , U, 1#1

Finally, we obtain the following theorem which is the basis for the construc-
tion of the L-function L ¢(s) (given in Definition 9.4.3) as a Mellin transform.

Theorem 9.4.7 Let f(z) be a Maass form of type v for SL(n, Z) as in (9.1.2).
Then we have the representation,

@)= > Yooy v M

yeU,—1(Z)\SL(n—1,Z) m;=1 my_2=1 m,_17#0 l—[ |mk|k(n7k)/2
k=1
« eZm’ml(an,ly1x1,n+---+an71.7171-’61) eZNi(mzxzer-“ernf]X,f,])

X WJacquet(M : yy, v, Y1,...1)s
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where y is given by (9.4.4) and, xV, y¥, are defined by: (V 1)2 =x7V .y,
asin (94.5).

Proof  The proof follows from the Fourier expansion (9.1.2) and the identity
(9.4.6). O

Note that Theorem 9.4.7 is a direct generalization of Theorem 6.5.7. The
explicit realization of the Fourier expansion of the Maass form f given in
Theorem 9.4.7 is of fundamental importance. It is the basis for the construc-
tion of the Godement—Jacquet L-function as a Mellin transform of a certain
projection operator acting on the Maass form f.

Corollary 9.4.8 Let f(z) be a Maass form of type v for SL(n, Z) as in (9.1.2).
Then

1 0 -+ 0 wu,
! 1 n—2
/ cee / f 1 0 upon|? e~ 2rim du Hduj,n
0o 0 1w =l
1

- > yey ¥

YEUn2@NSL(—=2,2) ma=1  my_a=1 m,_#0

> A(l, lmz’ ce m"—l)leri(xl+n12x2V+~~~+n1/,,1x”V71)

e

k(n—k)/2
[m (n—k)/
k=2
Y Y
my -« |mu_y |YIY2 R

X WJacquel mzyly;/ y Vv, Y

1
1

Proof We may use Theorem 9.4.7, to compute the integral:

1 Ui,
1 1 n—2
—2miuy .
//f 1 Unan | 7)€ dull_[dum.
i
0 0 1w !

1
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The key point is that the integral

1 1 ne2
/ /eZTﬂml An—1,1U1 ptFAn—1 p—2Un—2.nFAn—1n— 1u1) —2miu du, Hd”jn
0 0

j=I

vanishes unless mja,_;,—;y =1 (which implies m; =1,a,_;,-1 = 1),
and

ap—1,1=0, a,_12=0, v ap—1n—2 =0.

The proof of Corollary 9.4.8 follows from this after noting that

al,l et ain-2 ain—1
a2,1 et ajz pn—2 ajz n—1
y = : : : e U, 1(Z)\SL(n —1,7)
an—2,l an—2,n—2 an—2,n—l
0 ... 0 1
forcesay ,—1 = axp—1 = -+ = ay_2,—1 = 0, so that y takes the form
a1 -+ aip—2 0
a1 -+ a2 0
y = : : | €Un2(DN\SL(n — 2, 7).
an-2,1 aprn—2 0
0 ... 0 1

d

Theorem 9.4.9 Let f(z) be a Maass form of type v for SL(n, Z) as in (9.1.2).
Then for

1 0 u1,3 ... I/tl,n
1 Up—2 - Up n_2
W= : da=[lu; T[]  duy
1 ” j=1 2<i<j—1<n-—1
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we have
1 1
f /f(uz)e 2711(u|+ g, 2) d*i
0 0
Z A 1 m) 2mimx,—y 2nl()¢|+ +Xp-2)
1/2
= |m|n /
Im|
1
X WJacquet Yi v, Y
1
GL(n)pack functions

The following GL(n)pack functions, described in the
appendix, relate to the material in this chapter:
HeckeCoefficientSum

HeckeOperator
HeckeEigenvalue

HeckeMultiplicativeSplit.

HeckePowerSum
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Langlands Eisenstein series

The modern theory of Eisenstein series began with Maass (1949), who formally
defined and studied the series (see Section 3.1)

N

1 y
E b =z T 710
(z,5) ) (C;:l |CZ +d|2s

taking the viewpoint that it is an eigenfunction of the Laplacian. In (Roelcke,
1956), Eisenstein series for more general discrete groups commensurable with
SL(2,7Z) were investigated. It was in (Selberg, 1956, 1963) that the spec-
tral theory and the meromorphic continuation of Eisenstein series was fully
worked out for GL(2). The Selberg spectral decomposition given in Section
3.16 underscores the supreme importance of Eisenstein series in number theory.
In (Selberg, 1960) (see also (Hejhal, 1983)) an extremely ingenious analytic
method is introduced for obtaining the meromorphic continuation of Eisenstein
series for higher rank groups, but it was not clear if the method would work
for Langlands Eisenstein series twisted by Maass forms defined on lower rank
groups.

The completion of this program in, perhaps, the most general context was
attained by (Langlands, 1966, 1976). There were two main parts to Langlands
theory.

* The meromorphic continuation of Eisenstein series.
* The complete spectral decomposition of arithmetic quotients I'\G where G
is a reductive group and T is an arithmetic group.

An excellent summary of Langlands theory of Eisenstein series was given in
(Arthur, 1979). In the intervening years, two books have been published giving
expositions of Langlands theory of Eisenstein series: (Osborne and Warner,
1981) and (Moeglin and Waldspurger, 1995) (see also (Jacquet, 1997)). A few

285
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years ago, anew proof of the meromorphic continuation of Langlands Eisenstein
series has been attained by Bernstein (2002).

Another important direction in the theory of Eisenstein series was also ini-
tiated by Langlands who had the idea of studying automorphic L-functions by
investigating the constant term (see (Langlands, 1971)) in the Fourier expan-
sion of Eisenstein series. This theme was further developed in (Shahidi, 1981,
1988, 1990a, b, 1992), and is now called the Langlands—Shahidi method. This
method has had a number of striking successes, one of the first being (Moeglin
and Waldspurger, 1989) that the completed Rankin—Selberg L-function for
GL(n) x GL(m) is holomorphic in the region 0 < N(s) < 1. More recently,
Gelbart and Shahidi (1988), Shahidi (1985, 1990a,b), Cogdell, Kim, Piatetski-
Shapiro and Shahidi (2001), and Kim and Shahidi (2000) have led to many
new examples of entire L-functions including the symmetric cube and fourth
power lifts of G L(2) Maass forms. The remarkable fact is that these particular
symmetric power L-functions occur in the constant term of Eisenstein series
which are associated to exceptional Lie groups! Unfortunately, since there are
only a few exceptional Lie groups this puts a severe constraint on what one can
expect to get by this method.

In this chapter we shall give an elementary exposition of Langlands Eisen-
stein series for the group SL(n, Z). We only discuss meromorphic continuation
that can be obtained from Fourier—Whittaker expansions or the Poisson sum-
mation formula. These methods work quite well for Eisenstein series that are
not twisted by Maass forms of lower rank. We present a short elementary intro-
duction to the Langlands—Shahidi method with an application to non-vanishing
of L-functions on the line $i(s) = 1. Finally, in Section 10.13, we give a simple
proof (due to M. Thillainatesan) of the Langlands spectral decomposition for
GL(3, R).

10.1 Parabolic subgroups

We shall define the standard parabolic subgroups for GL(n, R) (with n > 2)
in an explicit manner, avoiding the more general abstract theory. Briefly,
the standard parabolic subgroups are certain subgroups containing the stan-
dard Borel subgroup B which consists of all upper triangular non-singular
matrices.

Each standard parabolic subgroup of G L(n, R) is associated to a partition

n=ny+n+---+n,

where 1 < ny, ny, ..., n, < n are integers.
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Definition 10.1.1  The standard parabolic subgroup associated to the partition
n=mn;+ny+---+n, is denoted P,, ., ,andis defined to be the group of
all matrices of the form

.....

m, k.. %
0 m,, - *
0 0 ,
0 0 - m,

where m,, € GL(n;,R) for 1 <i <r. The integer r is termed the rank of the
parabolic subgroup Py, . ,,.

.....

Example 10.1.2 (Parabolic subgroups of GL(3,R)) There are three stan-
dard parabolic subgroups of G L(3, R) corresponding to the three partitions:

3=14+1+1, 3=1+2, 3=2+1.

Explicitly, we have

* ok ok * k%
Piii= 0 x =% , Pi,= 0 * =x ,
0 0 =% 0 * =x
* ok ok
Py = * ok ok
0 0 =x

Example 10.1.3 (Parabolic subgroups of GL(4,R)) There are seven stan-
dard parabolic subgroups of G L(4, R) corresponding to the seven partitions:

A=1+1+4141, 4=14142  4=1+42+1,
4=241+1, 4=1+3, 4=2+2,  4=3+1.

Explicitly, we have

P11 =

S O O ¥
S O ¥ ¥
S ¥ % ¥
* Ok Kk ¥
S O O ¥
S O % ¥
* K % X
* K ¥ ¥

Pio1 = Py =

S O O *
O ¥ % ¥
S ¥ X ¥
* X X *
S O * ¥
S O % ¥
S ¥ % ¥
* X X %
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¥ x k% * x k %
0 *x *x =x * ok ok ok

Pi3 = , P3 = ,
0 * *x =* * ok k%
0 * *x =* 0 0 0 =
* k% ok %k
* k% ok %k

Py =

’ 0 0 *x =x

0 0 *x =x*

Definition 10.1.4 (Associate parabolics) Fix integers n>2, 1 <r <n.
Two standard parabolic subgroups Py, . .., Pw,... Py, of GL(n,R), corre-
sponding to the partitions,

/ /
n:nl+...+nr=nl+...+nr’

are said to be associate (Py, . .. ~ Py . ) if the set of integers {ny, ..., n,}

~~~~~~~

is a permutation of the set of integers {n, ..., n.}.

Definition 10.1.5 (Weyl group of associate parabolics) Fix n > 2 and
l<r<n.LetP=P, ., P= Py,....n, be two associate parabolic sub-
groups of GL(n, R) corresponding to the partitions,

yeeey

n=n+--+n=n+---+n.

The Weyl group, denoted Q(P, P'), consists of all o € S, (permutation group
onr symbols) such that n; =nepforalli =1,2,...,r.Weshall also let Q(P)
denote Q(P, P).

10.2 Langlands decomposition of parabolic subgroups

Letn > 2, and fix a partitionn = n; +ny +---+n, with 1 <ny,n,, ..., n,
< n. The parabolic subgroup (see Definition 10.1.1)

m,, %
0 m,

Pu.n = 0 0 - (10.2.1)
0 0 m,

Pnl,...,n, = an ..... n " Mn] ..... n, (]022)
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where
I, *
0 I,
Ny, = 0 0 * (Ix = k x k Identity matrix),
0 0 .- I,

r

m,, 0 Ce 0
0 m, 0

My o = o 0 - 0 (my € GL(k, R)),
0 0 ceeoomy

-

is the so-called Levi component. The Levi component further decomposes into
the direct product

Mnl ..... ny — Anl ..... ny " M;ll,...,l‘l,- (1023)
where A,, ., is the connected center of M,,  , :
- 1111 0 Ce 0
0 t - [,12 0
Ao, = 0 o 0 (t €R, t; > 0),
0 0 A
and
m, 0 0
0 m, 0
M, = 0 0 0 (det(m) ) =£1, i=1,....r)

Definition 10.2.4 (Langlands decomposition) The Langlands decomposition
of a parabolic subgroup of the form (10.2.1) gives the factorizations (10.2.2),
(10.2.3).

Example 10.2.5 (Langlands decomposition on GL(3,R)) We explicitly
write down the Langlands decomposition for the three parabolic subgroups
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of GL(3, R).
*
P11 = 0
0
1
= 0
0
*
quz = 0
0
1
= 0
0
*
P2.1 = k
0
1
= 0
0

S = % % ¥ ¥ S = ¥ O % *

S = O O ¥ ¥

Langlands Eisenstein series

*k
|
*k
* th 0
*) 0 n
1 0 O
*k
)
*k
* rh O
O) 0 o
1 0 O
%
|
%
th 0
0 1
1 0 O

ol 0 =+1 0 ,
13 0 +1
(t1, b, t3 > 0)
0 +1 0 0
0 0 a b ,
1) 0 ¢ d

(t1,t > 0,ad — bc = 1)

0 a b 0
0 c d 0 ,
f 0 0 =+l

(t1,t2 > 0,ad — bc = £1).

Example 10.2.6 (Langlands decomposition for P, 3,) Finally, we shall give
an example of the Langlands decomposition for the parabolic subgroup P 3
of GL(6, R). We have

Pi3o =

*

* % k%
* % k%
* % ok %
* % k%
*
*
* % % %
1 0 0 =
01 0 =%
0 0 1 =
1
0

unipotent radical

* K X X X K

— O % % X% ¥
*

Levi component
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and the further decomposition of the Levi component

*
* k%
* ok Xk
k* k0 ok

k0 ok

k0 ok

151 *
t, 0 O * %k
_ 0 »n O * % sk
- 0 0 n * % % ’
t3 O * ok
0 1 * ok
A1z M5,

where 11, 1, t3 > 0 and the block matrices in M {73’2 have determinant +1.
The parabolic subgroups of GL(n, R) can be characterized as stabilizers of
flags on R”. A flag of R” is a sequence of subspaces:

¢CV1CV2"'CV,-=R"

where C denotes a proper subset, and ¢ is the empty set. The action of GL(n, R)
on a flag (Vy, ..., V,) is defined in the canonical way. That is if g € GL(n, R)
then the action is given by g(Vy, ..., V) = (gVy, ..., gV,), where the action
of g on an element (aj,...,a,) € R" is given by matrix multiplication
g ay,...,a,). The standard complete flag is p CV, C---CV,=R"
where V; = Re; @ --- ® Re; and ¢; is the vector (of length n) with a 1 in
the ith position and zeros elsewhere. The stabilizer of a subflag (Vy,, ..., V)
(with 0 < d; < --- < d, = n) of the standard flag has the form

mpp Mz My3
0 my my

0 0 my | (10.2.7)

where m;; is a square matrix of size d; —d;_; fori = 1,2, ..., r, where, by
convention, dy = 0.

If a parabolic subgroup P < GL(n, R)is the stabilizer of aflag (Vy, ..., V}),
then for every g € P, we must have gV; = V; fori =1, ..., r. It follows that
g induces an automorphism g; of V;/V;_; for every 1 <i <r. Here, we set
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Vo to be the empty set. In the case that P takes the form (10.2.7), we have
gi = my;. The unipotent radical Np of P is the subgroup of all g € P so that
gi 1s the identity on V;/V;_; for every i. For P of the form (10.2.7), m;; must
be the identity matrix for every i. In a similar manner we may define the Levi
component using flags. For each 1 <i < r choose a complementary subspace
X; C R"sothat V; = V;_; @ X;. The Levi component Mp of P is defined to
be the subgroup of P consisting of all g € P which stablize each X;. In the
case that P is of the form (10.2.7), the Levi component requires that m;; = 0
forl <i<j<n.

10.3 Bruhat decomposition

Let S, denote the symmetric group of all permutations of n symbols. We have
a homomorphism of S, into GL(n, R) whose image is the Weyl group W,
consisting of all n x n matrices which have exactly one 1 in each row and
column, and zeros elsewhere.

Example 10.3.1 (Weyl group for GL(3, R)) The Weyl group W3 is the group
of six elements:

1 00 1 00 010
01 0], 0 0 1], 1 0 0],
0 0 1 010 0 0 1
010 0 0 1 0 0 1
0 0 1], 1 0 0], 010
1 00 010 1 00

Recall that the standard Borel subgroup B, of G L(n, R) s the group of invertible
upper triangular matrices.

Proposition 10.3.2 (Bruhat decomposition) For n > 2, we have

GL(n,R) = B,W,B,,.

Proof Let

811 812+ 8n
821 822 -+ 8

8§ = € GL(n, R).

8n1 8n2 - &nn
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Let g,¢ denote the first non-zero entry in the bottom row of g. Then by right
multiplication by some b; € B,, we can change this entry to 1 and make the
rest of the bottom row 0. The matrix gb; now takes the form

guo v S 8
! / ’
821 o 8 o 8o
gh = : :
gr,z—l,l gi/’l—],(f g;—l,n
0 1 0

If we now multiply gb; on the left by some matrix

b/ll bllz b/13 b/ln
0 b/22 b/23 b/2n

b= 0 0 by - by |eB,
o 0 o0 - 1

it is easy to see that we may choose the blf, ;A <i<j<n)so that b gb takes
the form

g;z—l,l e 0 e gi/z—l,n

We call this clearing the (n)th row and (£)th column.

We next consider the first non-zero entry in the (n — 1)st row of b} gb;.
Supposeitis g, ,,-We may again multiply b} gb; on the right by some element
b, € B, so that we change this entry to 1 and make all other entries in the
(n — st row 0. By left multiplication by some b}, we can make all the other
entries in the (£1)st column O which results in clearing the (n — 1)st row and
(£1)st column.

Continuing in this manner, we obtain a set of n matrices

b/lgbl, b/zb/lgblbz, bgb/zb/lgblbzb37 ey b; cee b;b/zbllgblbzbg e bn
where the last entry must lie in W,,. O

We now seek a more explicit realization of the Bruhat decomposition. We
follow (Friedberg, 1987a,c). It is necessary to introduce some more notation.
Fix an integer n > 2. For every A = ({1, ..., £;) € ZF (with 1 <k < n) and



294 Langlands Eisenstein series

g € GL(n, R),define M, (g) to be the k x k minor of g formed from the bottom
k rows and the columns ¢y, ..., ¢, indexed by the elements of A. We may
express M, (g) using wedge products of ey, ez, ..., e,, where ¢; denotes the
column vector of length n with a 1 at position i and zeros elsewhere. We
have

M,(gletN---Ne,=el A+~ Ney_p A (g-egl) Ao A (g-egk). (10.3.3)

We shall also define

U, = C B,, (10.3.4)
0 1

to be the subgroup of upper triangular unipotent (1s on the diagonal) matrices.

Definition 10.3.5 Letw € W,. We define w € S, to be the permutation of the
set{1,2, ..., n}associated to w, and defined by we; = e,y foralll <i < n.

Proposition 10.3.6 (Explicit Bruhat decomposition) Every g € GL(n, R)
(n > 2) has a Bruhat decompostion g = ujcwu, with uy,uy € U,, w € W,,,
and

€/Cn—l
Cn—l/cn—Z

e/
C1
€ = det(w)det(g), ¢; #0( <i <n).

Furthermore, for each 1 <i <n —1,

with @ as in Definition 10.3.5, and Mn).wn—-1)...on-i+1)(g) defined by
(10.3.3).

Proof lteasily follows from Proposition 10.3.2 thatevery g € GL(n, R)hasa
Bruhat decompostion ¢ = ujcwu, withuy, u, € U,, w € W,, and ¢ a diagonal
matrix. To determine ¢, we utilize (10.3.3) and write

M)\(g)el ANeeeNepg=e N Nep_i N\ 8C€uw(n) ZARERIAN 8Cw(n—i+1)»
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with A = (w(n), o(n — 1), ..., w(n —i + 1)). Since ue; — ¢; € Span(ey, ...,
ei—1)forany u € U,, and ¢; A ¢, = O forany 1 < k < n, it follows that
M)\(g)el N Neg=er N Nelu—ji NCWU - Cyp) N\ "+ NCWUL * Coy(n—i+1)-
(10.3.7)
We now write u, = (u;, ;) (where u; ; denotes the i, j entry of the matrix
uy). Note that forany 1 < £ < n,

4

Urey = E u,.,ger.

r=1

It follows from this and (10.3.7) that

w(n)
M;(gler N+ Nep=er A+ ANeg—i A (CU) Z ur‘l.w(n)erl)

I‘1=1

w(n—1) wn—i+1)
AN | cw Z Ury o(n—1)€r, | N AN | Cw Z Ur; w(n—i+1)€r;
I‘z=1 I‘,‘=1

w(n)
=e N Ne,_i N|C Z Ur wn)Co(r))

I‘]=1

w(n—1) w(n—i+1)
nLe Z Ury,wn—DCw-' () | N A€ Z Uy, o(n—i+1)€o™ ()
r=1 ri=1

=eiN---Ney_iNcey, Ncey_1 N--- NC€lu_jq]

=CcieiAey N Nep_i Ney A+ Aey_itl.

10.4 Minimal, maximal, and general parabolic
Eisenstein series

The minimal (smallest) standard parabolic subgroup for GL(n, R) (n > 2) is

% % *
% *
Pi1,.. 1=
oL
n ones
*

SetI" = SL(I’I, Z) and Pmin = Pl,l,...,l NT.
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Let z € h" take the form

I xip x13 -+ X1 Yiy2 o Yn-1
I x3 -+ X2, Yiy2: o Yn-2
zZ =
1 Xn—1,n b
1 1

Then the function (see also (5.1.1))

n—1n—1

1@ =[x

i=1 j=1
with
ij ifi+j<n,
i’_{<n—i><n—j) ifi+j=n,
and s € C"~! is invariant under transformations of the form
I p-z
with p € Pp,. It follows that the sum
Ep,(z.8):= Y I(yz) (10.4.1)
¥ €Puin\T
is well defined provided it converges absolutely.

Definition 10.4.2 The series (10.4.1) is called the minimal parabolic Eisen-
stein series for T.

Proposition 10.4.3 The minimal parabolic Eisenstein series (10.4.1) con-
verges absolutely and uniformly on compact subsets of h" to a I invariant
function provided s = (s1, ..., s,—1) and Re(s;) is sufficiently large for every
i=12,...,n—1.

Proof  The fact that Ep_ (z, s) is invariant under I is easy to prove because
the function is formed as a sum over a coset of the group I'. For the absolute
convergence, we follow Godement (see (Borel, 1966)). It is enough to show
that for every point zo € I'\§” and some (non-zero volume) compact subset C,

of I'\h" (with zg € C;,), that the integral

/ |Epmm(z, s)|d*z
Cz
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converges. Here d*z is the invariant measure given in Theorem 1.6.1. Without
loss of generality, we may assume the s; to be real. It follows that it is enough
to show that the integral

fz I(yz) d*z = / I,(z) d*z

7&Pmn\ 0 (Pain\D) o,
converges. Now, it follows from Proposition 1.3.2 that there will be only finitely
many Yy € Py, \I" such that yzy € £ 5 ,. By a continuity argument, one may
22
deduce, for sufficiently small C.,, that there are only finitely many y € Pyin\I'
such that yz € ¥ 5 , forall z € C,,. We immediately deduce that there exists
22

some a > J3 /2 such that

vZg ¥,

forall y € Pnin\I', z € C;,. It follows that

1 1 a a n—=1n-1 b
I(z)d*z < f / / / i dx;
[ 0 o Jo 0 ,1:!_,:1 1_[ !

1<i<j<n
(Puin\)-C: =r=J=

n—1

—k(n—k)~1
x [To" "y,
k=1

where the integrals from 0 to 1 are integrals for the variables
x;,j(1 i < j < n) and the integrals from O to a are integrals with respect
to the variables yi, ¥, ..., y,—1. It is clear that the latter integral converges
absolutely if the s; are all sufficiently large. O

The two largest (maximal) parabolic subgroups of I' = SL(n, Z) are

Pl,n—l = . . . s Pn—l,l =
: [ % e %

In a manner similar to the way we defined the minimal parabolic Eisenstein
series (10.4.1), we would like to define maximal parabolic Eisenstein series, and
more generally, Eisenstein series associated to any standard parabolic subgroup
P of GL(n, R). Since the function /;(z) is not usually invariant under transla-
tions z > yz (withy € P NT'), we cannot simply sum over all left translations
y € PNT\I" as we did in (10.4.1). Nevertheless, we will show that for proper
choice of s we can make /(z) invariant under left multiplication z + yz with
yePNT.
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The construction of such a P-invariant function /;(z) requires some prelim-
inary preparation. We shall make use of the Langlands decomposition

]Vll * * m,, 0 0
0 ]n2 * 0 m,, - 0
0 0 Iﬂr 0 0 ceeomy,

(10.4.4)
where m; € GL(k, R).
Definition 10.4.5 Let P,, _, be a parabolic subgroup of GL(n,R), asso-
ciated to the partition: n = ny + - - - + n,, with a Langlands decomposition
(104.4). Let s = (sy,...,s,) € C" satisfy > n;s; =0. Let K = O(n1, R) x
i=1
Oy, R) x --- x O(n,, R) be the direct product of orthogonal groups. We

define the function, I;(x, P,, . ,.), which maps,

Py ..n/(K-R*) = C,
by the formula
I5(8, Puy...n)) = [ | [Det(ma (2)[",
i=1

for all

L, *= - * m,, (g) 0 0

0 I, - = 0 m,,(g) - 0
g=|0 0 0 0 0 eP, .

0o 0 - I, 0 0 s my(g)

r

Remarks Here m,, is the whole group G L(n;, R) while m,,(g) is a particular

element in this group. The condition ) n;s; = 0 insures that
i=1

15(58, Pnl ..... n,.)zls(g’Pnl ,,,,, n,.)
for any matrix § of the form § = ¢ - I, with¢t € R*, so that I;(x, P,,

definedon P,, , /R*.Itisalso clear that I;(gk, Py,
k € K since the determinant of an orthogonal matrix has absolute value 1.

.....
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It follows that / is well defined on the generalized upper half-plane ". This
is because we may bring each matrix m,,(g) € GL(n;,R) (i =1,...,r) into
diagonal form by right multiplication by an orthogonal matrix (see Proposition
1.2.6, the Iwasawa decomposition); and, then, with an additional multiplication
by t1, with t € R* we may bring the entire matrix into Iwasawa form.

In particular, if

I x12 Xx13 -+ X1 Yiy2-e Va1
I x5 -+ X2, Viy2-e Yn-2
zZ = S hns
1 Xn—1,n Y1
1 1
then z € P,, . n . since the standard Borel subgroup lies in every parabolic

subgroup Py, .. n,. It follows that

Iz, Py, n,.>=< I Y,-) ( ﬁ YJ-)

J1=n—ni+1 Jo=n—ni—na+1

n—ni—ns 53 n, Sr
x [T v - ITY) -
Ja=n—ni—ny—n3+1 Jr=1

where we have defined Y1, Y>,...,Y, by

Y Yiy2: - Yn—1
" Y, YiY2:Yn-2

Y1
Y

! 1
One easily checks that /;(z, P,, ., ) is precisely the standard function /y(z)

for suitable choice of s” depending on s.

.....

Langlands decomposition (10.4.4). Let s € C" where Y n;s; = 0. The function

i=1
I;(%, Py, »),as in Definition 10.4.5, satisfies

.....

forally € P,

.....
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Proof Ify € Py, NSL(n,Z), then y has a Langlands decomposition

yeey

In1 * * mnl(y) 0 0
0 I, --- =% 0 m,,(y) --- 0
y = 0o 0 -+ x| 0 0 0
o o0 - I, 0 0 ceeomy, (Y)
where Det(m,,(y)) = %1 for all i =1,...,r. The lemma immediately
follows. O

Definition 10.4.7 Let P = P,, ., be a parabolic subgroup of GL(n,R)
with a Langlands decomposition (104.4). Let s € C" where Y _ n;s; = 0. We

i=1
define the Eisenstein series associated to P, denoted Ep(z, s), by the infinite
series

Ep(z.s):= ) IyzP),

ye(PAD\T

where I;(z, P) is given in Definition 10.4.5.

The absolute convergence of the Eisenstein series Ep(z, s) for s in a suitable
range follows from Proposition 10.4.3. This is because the function /,(z, P) is
actually a special case of the I-function given in (5.1.1) and the set P N I'\I"
has fewer elements than the set P, \I" since Py, C P NT.

Example 10.4.8 Maximal parabolic Eisenstein series for SL(3,7Z) Let
Py 5, Py denote the two maximal parabolic subgroups of GL(3, R) given
in Example 10.1.2. Then for s = (s, ;) € C? satisfying s; + 250 =0
and

I xi2 X133 yiy2
z= I x3]- 1 e b,
1 1

we have
1oA\S
Iy(z, P1o) = (yiy2)" - ¥y = (yfyz) '
Similarly, for s = (sy, 52) € C? satisfying 2s; + s, = 0, we have

I(z, P1) = (yiy2)™ .
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10.5 Eisenstein series twisted by Maass forms

Let P = P,,. ., be aparabolic subgroup of GL(n, R) which has a Langlands
decomposition P = NM as in (10.4.4).
We define a function:

mp: P —> M,

by the formulae

m,, () 0 0
0 m,,(g) - 0
mp(g) = 0 0 0 ,
0 0 m,, (g)
for all
Iﬂl * * mnl(g) 0 0
O 1)12 * O mﬂz(g) 0
g = o 0 - % ]. 0 0 0 c P.
0 0 - 1, 0 0 comy, (g)

(10.5.1)

Here, each m,,(g) € GL(n;,R) (i =1, ...,r) as in (10.4.4). Note that every
z € h" is also an element of P so that mp(z) is well defined.

Let ¢ be a Maass form for the group M. Then ¢ isreally a set of  Maass forms
é1, P2, ..., ¢, where each ¢; is a Maass form for GL(n;, R) i = 1,2,...,r).
For g € P, of the form (10.5.1), we define

¢ (mp(2) =[] #i(mn(2). (10.5.2)
i=1

We may now define the Langlands Eisenstein series twisted by Maass forms of
lower rank.

Definition 10.5.3 Let P = P,, ., be a standard parabolic subgroup of
GL(n,R) with Langlands decomposition: P = NM, as in (104.4). Let
s =(s1,...,5) € C" satisfy

-
E n;si = 0,
i=1
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and put I' = SL(n, Z). Then for ¢ a cusp form on M and z € §*, we define the
Eisenstein series Ep(z, s, ¢) by the infinite series

Ep(z,s,4)= Y ¢pmp(y)-L(yz, P),

yePNI\T
where [;(z, P) is given by Definition 10.4.5 and ¢ is given by (10.5.2).

Example 10.5.4 (SL(3, Z)-Eisenstein series twisted by Maass forms) There
are two classes of Fisenstein series twisted by Maass forms in the case of
SL(3,7Z). Let ¢ be a Maass form for SL(2, Z) with Fourier expansion

y X
¢ 1 =) _amyy K,Qulnly)e™™,  (x €R, y > 0),
1 n#0

say, as in Proposition 3.5.1Note that, in order to conform to the notation (10.5.2),
it is necessary to consider ¢ as being defined on 3 x 3 matrices. Lets = (s1, 52)
with 2s; + s, = 0, and

I x12 x13 yiy2
z= I x5 |- » €h’.
1 1

The first class of such Eisenstein series is associated with the parabolic subgroup

* ok %
Poi=|* * =],
0 0 =%

and consists of series of the form:

Ep, (z.5.¢) = > I(yz, Py (mp,,(y2)).  (10.5.5)
y (P, NSL3,Z)\SL(3,Z)

We seek a more explicit version of (10.5.5). By Example 10.4.8, we have
I(z, P1) = (y1y2)" = Det(2)".
It is also easy to see that

Y2 xi2 0 yi 0 O
mp, =0 1 o][0o y
0 0 1 0O 0 1

Then we have the explicit representation:

Ep, (2,5, ¢) = > Det(y2)" - ¢(mp,, (y2)).  (10.5.6)
ye(PyiNSLQB,Z)\SLQ3,Z)
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10.6 Fourier expansion of minimal parabolic
Eisenstein series

Let n > 2 and consider Ep_ (z,s), the minimal parabolic Eisenstein series
defined in (10.4.1). We shall first compute the Fourier coefficients of Ep_, (z, 5)
asinTheorem5.3.2.Letm = (m, mo, ..., m,_;) € Z"~'. Then the mth Fourier
coefficient is

Enl(z,8) = / Ep. (u-z,8) Yu(u) d*u,
U@ZN\U®R)
where

Ym(u) = 627ri(m1u1,2+-~-+mn71un71,n)’

and U denotes the group of upper triangular matrices with 1s on the diagonal.
The computation of this Fourier coefficient is based on the explicit Bruhat
decomposition given in Proposition 10.3.6:

GL(,R) =[] G,
weW

where W denotes the Weyl group and
Gy, =UDwU =UwDU,

with U the group of upper triangular matrices with 1s on the diagonal (as
above), and where D denotes the multiplicative group of diagonal matrices
with non-zero determinant. Consider Py(Z) = Puyin N SL(n, Z).

The minimal parabolic Eisenstein series Ep_ (z, s) is constructed as a sum

over the left quotient space Puin(Z)\SL(n, Z). By the Bruhat decomposition,
we may realize this left quotient space as a union:

Proin(Z)\SL(n, Z) = U Poin(Z)\(SL(n, Z) N G ).
weW

It is natural then, for each w € W, to study the left coset space
Pmin(Z)\(SL(n, Z)N Gy). (10.6.1)

We would also like to take a further quotient of (10.6.1) on the right. In Lemma
10.6.3 we show that

Ly = (W™ - Puin(Z) - w) N Prin(Z)
acts properly on the right on (10.6.1), so that
Poin(Z)\(SL(n, Z) N G,) /T, (10.6.2)

is a well defined double coset space.
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Lemmal10.6.3 Thegroupl,, = (w_l A Pin(Z) - w) N Ppin(Z) acts properly

on the right on the left coset space P,in(Z)\(SL(n, Z) N G,).

Proof For each w € W, we introduce two additional spaces.
Upy=w - U-w)ynU
_ (10.6.4)
Up=@ - 'U-wnU.

To get a feel for these spaces, consider the example of G L(3, R) where we have

1 * 1 1
Uy, = 1 | NU, l_]w1 =1 % NnNU, w; = 1 ,
1 ¥ % 1 1
I *x x 1 1
Uy, = 1 NU, Up=|* 1 % |NU, wy= 1],
* 1 * 1 1
1 =* 1
Up, = * 1 NnU, l_]w3= 1 NnNU, wy=1]1 ,
1 ¥ % 1 1
1 I * x 1
Up,=|* 1 x|NnU, Uy, = NU, wy= 1],
* 1 * 1 1
1 =% 1
Uy, = 1 NnU, l_]wjz ¥ 1 *|NU, ws=1]1 ,
¥ % 1 1 1
1 1
Uy, = NU, Uy, = 1 NU, we= 1
* 1 1 1
1 =* 1 *
For example, U,,, = 1 and U, = 1 * | . We may think of
1 1

U, as the space opposite to U,, in U It is clear that for each w € W, we have
uv=U,-U,=U,- U,. (10.6.5)

Returning to the proof of our lemma, it is plain that for every w € W, the group
Iy acts on Ppin(Z)\(SL(n, Z) N G,) in the sense that right multiplication by
I', maps left cosets to left cosets. We only need to show that this action is
proper, i.e., only the identity element acts trivially. To show this, suppose that

y €Ty = (w" - "Pun(Z) - w) N Poyin(Z) = U ,(Z)
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fixes the left coset Pin(Z) - bycwb, where ¢ € D, and without loss of generality,
bl € Uwy b2 € Uw~
Since

Puin(Z) - bicwby - y = Puin(Z) - bicwby,
it follows that
byyb;' €U, NU, = {1}.
This proves that y must be the identity matrix and the action is proper. O
We now return to the computation of the Fourier coefficient £,,(z, s) initiated

at the beginning of this section. In order to simplify presentation of formulae,
we introduce the notation

Gu = Poin(D\(SL(n, Z) N G ),

with G, = UDwU as in the Bruhat decomposition in Proposition 10.3.6. The
Bruhat decomposition tells us that

Puin(Z\SL(n, Z) = | Gu-
weW

We compute, using Lemma 10.6.3, (10.6.5), and the Bruhat decomposition
above,

En(z,5) = Yo Lyun) Y ) d*u

V@U@ ¥ EPrinN\SL(.Z)

= ZZ Z Z f Li(bycwbrluz) Ynw) d*u

weW, ¢ belUy(Q), bel,(Q) L€y
: bicwb, € g2w/ ry U@\U [®R)

=22 2 2

weW, c b €U, (Q), bzeU",(Q) lEl—‘u,zguv(Z)
b](,'whz € guv/ ry

X / I;(cwbyluz) v, (u) d*u

Uw(@\UwR) U (Z)\U »(R)

=y > > Ym(b2) - 15(0)

weW, ¢ bel,(Q), bel,(Q)
bicwby €Gy, /Ty

X f / Iy (wuz) ¥, (u) d*u.
Uy(@\U,([R) U, (R)

The double integral above can be explicitly computed as follows. By
(10.6.5), every u € U(R) can be written as u = uy - up with u; € U, (R) and
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uy € U, (R). Clearly v, (u1u2) = ¥ (1) ¥, (u2). Since wu; = uw for some
u/1 € U(R), we may, therefore, write

/ I (wuz) ¥, () d*u
Up(@Z\U»(R) U, (R)
= / I (uywuaz) Y (uyuz) d*uy d*us.

Un(@\Uw®) U, (R)

= [ wdw [ e B e 1066
Unw(Z\Uy(R) U,(R)
Note that the last integral on the right-hand side of (10.6.6) will be a degenerate
Whittaker function, as in Definition 5.10.1, if w is not the long element of the
Weyl group.
It is instructive to illustrate the double integral (10.6.6) with an example. We
shall consider G L (4, R). In this case

1 *x *x x
UR) = 1 % x
1 =%
1
For our example, we will let
1
w = 1
- 1
1
In this case,
1 1 % *x %
1 * - 1 =
Uw(R) = 5 Uw(R) = s
1 x 1
1 1

and the double integral (10.6.6) takes the form:

1 00 00 00 00
/ e—2m‘m3us.4 du3,4 . / / / / [s(wu2Z)Wm(M2) d*uz,
0 —00 J—00 J —00 J —00

where

I wip w3 s
1 M2’3

1 s d*uz = dul,zdu1,3du1,4du2,3.
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In the special case that w = wy is the long element
1

wo = . P

1

we have U wo(R) = U(R) and U,,(R) is trivial. In this case, the double integral
(10.6.6) is precisely the Jacquet Whittaker function given in Section 5.5. If the
(n — 1)-tuple m = (m, my, ..., m,_y) satisfies m; £ Oforall 1 <i <n —1,
i.e., the character v, is non-degenerate, then the double integral (10.6.6) will
vanish unless w = wy is the long element. This is because U,,(Z)\U, (R) will
be non-trivial and just a direct product of intervals [0, 1], so that

Y () d*u; = 0.
Uw(\Uw(R)
In general, the integral f Y (uy) d*uy will be either 1 or 0, while
Uy(Z)\U\,(R)
the other integral
/ Is(wuaz) Y (uz) d*uy
U,(R)

will be a Whittaker function.

10.7 Meromorphic continuation and functional equation
of maximal parabolic Eisenstein series

Let us fix (for this section) the notation

* O
P=P,_,=|- "+ *|cT,
* o
0 0 1

to be the maximal parabolic subgroup of I' whose elements have bottom row
equalto(0,...,0,1).Fors € C,z € ", consider the maximal parabolic Eisen-
stein series

EpGos) =T (5) Cn)ErG.s)
where

Ep(z,5) =) Dei(yz)’, (R(s) > 2/n), (10.7.1)
P\I'
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and where Det is the determinant function on §”. While it is not yet clear that
(10.7.1) converges absolutely for f(s) > 2/n, this will follow directly from
(10.7.4). Note that in (10.7.1), we must put ¥z in canonical Iwasawa form (as
in Proposition 1.2.6) before actually taking the determinant. The meromorphic
continuation and functional equation of Ep(z,s) can be obtained from the
Poisson summation formula

1 A
Do fmD = 7 fm - ()7, (10.7.2)
A [Det(z)| =,
which holds for smooth functions f : R” — C with sufficient decay at £o0.
Here

00 oo
f((xls DRI xn)) = / e / f((tls s tn))eizni(nm+m+["x”) dtl e dtn-
—00 —00

In order to be able to apply (10.7.2), it is necessary to rewrite the maximal
parabolic Eisenstein series in the form of an Epstein zeta function. This is done
as follows.

First note that if

* ’ *
= N = EF,
o Dw) el T w)

then there exists p € P withy’ = py ifandonlyif(ai, ..., a,) = (a}, ..., a)).
Consequently, each coset of P\I" is uniquely determined by » relatively prime
integers (ai, ..., d,).
Furthermore,
1 YioYn—1

by =aiy1-+ yu
by = (a1x12 + ax)yi -+ Yo

by = (aix1p +axxa, + -+ ap_1X,—1,5 + ay). (10.7.3)
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On the other hand, by the Iwasawa decomposition (Proposition 1.2.6),
yz=1-k-rl,,

where k € O(n, R),0 < r € R, I, denotes the n x n identity matrix, and 7 is
the canonical form for the Iwasawa decomposition. By comparing norms of the
bottom rows, which amounts to the identity (yz) - '(yz) = (zkrl,) - "(zkrl,) =
7 't -r21,, one obtains

b4 b =1
Consequently

Det(yz) = Det(t) = |Det(y)| Det(z)r "
= Det(2) [b} +---+b2] 7.
It immediately follows that

{n$)Ep(z,8) =Detz) > [Br-+ 027, (10.7.4)

with b; given by (10.7.3) for i = 1, ..., n. The right-hand side of (10.7.4) is
termed an Epstein zeta function. We multiply by ¢(ns) on the left to convert
the sum on the right to a sum over (ay, . .., a,) € Z", eliminating the relatively
prime condition.

Next, we utilize the Poisson summation formula (10.7.2) to show
that Ep(z,s) has a meromorphic continuation and satisfies a functional
equation.

Proposition 10.7.5  The maximal parabolic Eisenstein series Ep(z, s) defined
in (10.7.1) has meromorphic continuation to all s € C and satisfies the func-
tional equation

Ep(e.s) i=x " () ss)Ep(z.5) = Ep(z7, 1=5).

Further, E}(z, s) is holomorphic except for simple poles at s = 0, 1.
Proof Fixu > 0.Forx = (x1,...,x,) € R", define
fu(-x) = e—ﬂ(xlz-&-m-&-x,%)-u.

Then we have the Fourier transform 7, (x) = (1/u"/?) f, (x /u) . We shall make
use of the Poisson summation formula (10.7.2) with this choice of function f,,.
It follows from (10.7.3), (10.7.4), and the integral representation of the Gamma
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function that

E}ﬁ(x,s):Det(z)S/|: Z fullay, ...,ap)-z) — f((O,...,O)):|
(

0 Aj,...,an)EL"

ns/2 d_u
u

Xu

The proposition follows by breaking the integral into two parts: [0, 1] and
[1, oc], and then applying the Poisson summation formula (10.7.2) just as we
did in the proof of the functional equation of the Riemann zeta function given
on page 1. O

10.8 The L-function associated to a minimal parabolic
Eisenstein series

To obtain the Fourier coefficients of the minimal parabolic Eisenstein series in
a more precise form, we follow the method in Section 3.14. This method can
also be used to obtain the meromorphic continuation and functional equation
of the Eisenstein series. We compute the action of the Hecke operator (9.3.5)
on the I-function. The I-function is an eigenfunction of all the Hecke operators,
and the eigenvalue of the Hecke operator T,, will give us the (m, 1, ..., 1)th
Fourier coefficient of the minimal parabolic Eisenstein series as in Theorem
9.3.11. Although Theorem 9.3.11 is stated for Maass forms, it can be easily
generalized to Eisenstein series. Note that this method works up to a normalizing
factor. We shall prove the following theorem.

Theorem 10.8.1 Let s = (sy, ..., 5,—1) € C"~" withn > 2. Define s — + to
be (s| — %, R %). For z € ', let E(z,s) be the minimal parabolic
Eisenstein series (104.1), for ' = SL(n, Z), with Fourier expansion

E(z,s) =C(z,s5) + Z Z Z Z A((my,ma, ..., mu_1),S)

yeU,_((Z)\I' m=1my=1 My_170

[mymy -+ my,_q]

14
X WJacquet . < 1 z, S, 1ﬂ1,1 _____ Mp—1

A

1

as in Section 10.6. Here C(z, s) denotes the degenerate terms in the Fourier
expansion associated to (my,my,...,m,_1) with m; =0 for some 1 <i
<n—1. We shall assume E(z,s) is normalized (multiplied by a suitable
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function of s) so that A(1,1,...,1),s) = 1. Thenform; =1,2,3,...,

€1
A((my,1,1,...,1), 5) = Z I_a/m
1=<c1.c2,...,ch €L Cn—1
[Tce=m Cy
=1

Remarks Itiseasytoseethat A((my, 1,1,...,1),s)=A((m, 1,1,...,1),
s") whenever

I_q/m(y) = Iy_q/my(wy) (10.8.2)

for some fixed w in the Weyl group of GL(n, R) and all diagonal matrices
y as in (5.9.1). This is due to the fact that the action of the Weyl group on
the group of diagonal matrices just permutes the diagonal elements so that the
sum over 1 < cy, ¢y, ..., c, € Z does not change. We shall show that E(z, s)
is actually an eigenfunction of the Hecke operators. The Hecke relations in
Section 9.3 imply that if A(( p5,1,1,..., 1), s) satisfies the functional equation
s — s’ for s, s" given by (10.8.2) and all primes p and all k =1, 2, ..., then
A((my, my, ..., m,_1),s) must also satisfy the functional equations (10.8.2)
forall my, my, ..., m,_; € Z" " Tt immediately follows from Theorem 5.9.8

j—1
that for s, = Y (nSy—x+i — 1)/2, we have
i=0

n—1

E*(z,5) = ]_[ ]_[ P RTEY (% + s,-,k> c(1+25;)(E(z, 5) — C(z, 5))

j=1j<k<n—1

= E*(z,s") (10.8.3)

for all s, s’ satisfying (10.8.2) It may also be shown that C(z, s) satisfies these
same functional equations.

Proof of Theorem 10.8.1  Recall the definition (see also (5.1.1)),

n—1n—1

IS(Z) = l_[ 1_[ y:’i.jf,‘

i=1 j=1
with
ij ifi +j <n,
n—1i)Yn—j) ifi+j=>n.

hj =
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For m; > 1, we compute, using (9.3.5),

1 €2 Cigp
1 C2 PN (;2’”
Ty 1s(2) = IRCE Z I . . "z
1 L .
[Tee=m
=1 Cp
O<ciy<c (1<i<f=<n)
c
1
T v) Z I -15(2)
ny n Cn—1
]_[C(=ml
=1 Cp
O<cipg<co(1<i<f<n)
€1
n .
2i—1-n)/2 ..
= > ([T« 14(2)
n = Cp—
11 co=m i=1 n—1
=1 Cn
€1
= Z Isf(l/n) ’ < 15(2)
n Cp—
[T ce=m el
=1 Cn

= A((my, 1,...,1),8)- I;(2).

This computation shows that /;(z) is an eigenfunction of the Hecke operators
T, with eigenvalue A((m, 1, ..., 1), s). We shall next show that this implies
that E(z, s) is also an eigenfunction of T, with the same eigenvalue.

Let S,,, denote the set of matrices

it Ci2 -+ Cin
(&) R G )
Cn

n
where [[c,=myand0<c¢iy <c, (1 <i <£<n).
(=1
Lemma 10.8.4 For my =1,2,3,..., there exists a one-to-one correspon-
dence between S, x SL(n, Z) and SL(n, Z) X Sp, .

Proof It follows from the Hermite normal form, Theorem 3.11.1, that for any
o € Sy, v € SL(n, Z), there exists aunique & € S,,, and y € SL(n, Z) such
that y’a’ = ay. The result follows easily from this. O
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It is a consequence of Lemma 10.8.4 that for every a € Sy, ¥ € Pmin\I'
there exists a unique o’ € S,,, ¥’ € Pmin\I' such that oy = y’a’. It now
follows from the definition of the action of the Hecke operator (9.3.5) and
the definition of the minimal parabolic Eisenstein series (10.4.1) that for
m =1,2,3,...,

T Epy(z,5) =m; "2 Z Z Ii(yaz)

DtES,,,l Y €Pmin\I'

=m "2 N 3 Iy

YE€Pmin\I' a€Sy,

= A(m L1 D) Y L(y2)

yEPmin\r
=A((m1,l,1,...,l),s)'EP (sz)'

‘min

This proves that Ep_,
proof of Theorem 10.8.1 is an immediate consequence of Theorem 9.3.11.
Note that although we only proved Theorem 9.3.11 for Maass forms, it can be

easily generalized to Eisenstein series. O

(z, s) is an eigenfunction of the Hecke operators. The

Letn>2.Forv=(vi,...,v,_1) € C""!, z €ph” let E,(z) = Ep . (z,v)
denote the minimal parabolic Eisenstein series (10.4.1). Finally, we are now in
a position to compute the L-function associated to E,, denoted L g, (s), just as
we did in Section 3.14 for the Eisenstein series on SL(2, Z). It follows from

Theorem 10.8.1 that

LE,,<s>=im‘S > I, o
m=1 : =L

2., .
CiCaCat

2
€1 CpaC?_
m=1 1<cty...,Ch1 EZ — el
m
n—1
ITce |m 1

=1

ﬂ

00 00 S ’
ZZ Z Z(mcl"'cn_l)_s I, 1 - Cat

(10.8.5)

The above computation immediately implies the following theorem.
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Theorem 10.8.6 (L-function associated to minimal parabolic Eisenstein
series) Forn > 2,let E,(z) = Ep,. (z, v)denote the minimal parabolic Eisen-

min

stein series (10.4.1). Then there exist functions A; : C"~! — C, satisfying
RA; () =0if NR;) = % (i=1,...,n—1), such that the L-function associ-
ated to E,, is just a product of shifted Riemann zeta functions of the form

Le,(s) =[]t = 2wy,
i=1

Furthermore, L g (s) satisfies the functional equation
Ge,($)Lg,(s) =Gg (1 —s)Lg (1 —3),

where
L W s —Ai(v) e s —Ai(v)
G = > | ———= ) = 2 r{——=J),
s =T (S55) = 1 (45)

and E, is the dual Eisenstein series as in Section 9.2.

We tabulate L g, (s) for the cases n = 2, 3, 4, respectively:

1 1 .
;’(s+v—5)§(s—v+5), (ifn=2)

S +v+20 =D —2v —vp + D (s + v — v2), (if n =3)

3 3
{(s+v1+2v2+3v3—5)§‘<s—3v1—2v2—v3+§)

1 1
X{<s+vl—2v2—v3+§)§<s+vl+202—v3—§>, (ifn=4).
For example, in the last case (n = 4) we have

3
M) = U 2vy — 33,
3
A2(v) = 3v; + 20 +v3 — X
1
M) =—vi +2v+v3 — o
1
(V) = —vy — 200 + V3 + E

Remark 10.8.7 The functions A; (i = 1,...,n) are uniquely determined
by (10.8.5).1t is easy to see that A;j(v) =((n—1)/2) —v; —2vp — -+
— (n — 1)v,_;. Theorem 10.8.6 is very important. It provides a template for
all future functional equations. The reader can immediately check that when
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n = 3 the functional equation of L (s) given above is identical to the func-
tional equation of a G L(3)-Maass form of type v obtained in Theorem 6.5.15.
This is not an accident. In fact, the functional equation of L, (s) will always
be identical to the functional equation of a symmetric Maass form of type v
because the Whittaker functions in the Fourier expansion of the Maass form
will match up exactly with the Whittaker functions of the Eisenstein series.
The formal proof of the functional equation only uses the analytic properties of
the Whittaker functions. The proof is entirely independent of the values of the
arithmetic Fourier coefficients.

How to use Theorem 10.8.6 as a template for functional equations. Let
us consider the example of twisting a Maass form by a primitive Dirichlet
character x (mod ¢). Its L-function will have the same functional equation as
the L-function associated to the Eisenstein series E, twisted by x which will
simply be

n—1

Le, (s, x) =[] LGs = %), ).
i=1

Now, the functional equation of the Dirichlet L-function L(s, x) is (see
(Davenport, 1974))

(s+ay)/2 a
A= (D)0 (20 160 = 22 A - s 7).
b4 2 i%/q
where t(x) denotes the Gauss sum in (7.1.1). It immediately follows that
L, (s, x) satisfies the functional equation

n

. q n(s—+ay)/2 s + ay — Ai(v)
Mg = (1) [[r(—5—=)teen

(TN L
_(i“Xﬁ) Ap (1 =5, %)

This illustrates the method of obtaining functional equations of Maass forms

of various types by carefully examining the template arising from the case of
minimal parabolic Eisenstein series.

10.9 Fourier coefficients of Eisenstein series twisted
by Maass forms

The method presented in Section 10.8 for obtaining the Fourier coefficients of
minimal parabolic Eisenstein series easily extends to more general Eisenstein
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series which are associated to an arbitrary standard parabolic subgroup P. This
is due to the fact that such an Eisenstein series as given in Definition 10.4.7 can
actually be written in the form

Ep(z.5)= Y Iu(yz)

ye(PAD\T
for suitable s’ as explained in the discussion just prior to Lemma 10.4.6. It
follows as in Theorem 10.8.1 that the normalized (m, 1, 1, ..., 1)th Fourier

coefficient of Ep(z, s) is just

Cl

1=<cy,c2,...,cHEL Cn—1

n
1 ce=m1 Cp
=1

We now consider the more complex situation of Eisenstein series twisted
by Maass forms of lower rank as in Section 10.5. Fix a parabolic subgroup

P = P,, .. associated to the partition n = n; + .-+ n,, with r > 2. Let
¢ = (¢1,...,¢,) be aset of r Maass forms where each ¢; is a Maass form of
type A = (A, ..., AL ) € C" (i =1,....r) for SL(n;, Z), as in Defini-
tion 5.1.3.

We shall show, in the next two propositions, that the Langlands Eisen-
stein series Ep(z, s, ¢), given in Definition 10.5.3, is an eigenfunction of both
the Hecke operators for SL(n, Z), as in (9.3.5), and the invariant differen-
tial operators on GL(n, R), as in Proposition 2.3.3 provided ¢ is a Hecke
eigenform, i.e., each ¢; is an eigenfunction of the SL(n;, Z) Hecke operators.
These properties allow one to obtain the meromorphic continuation and func-
tional equation for the non-degenerate part of the Eisenstein series Ep(z, s, ¢),
just as we did previously in Section 10.8 for the minimal parabolic Eisenstein
series.

Recall that a smooth function F : h” — C is of type v € C"~! if it is an
eigenfunction of all the invariant differential operators (see Section 2.3) with
the same eigenvalues as the function /,,. In this regard, see also Definition 5.1.3.

Proposition 10.9.1 Forr > 2,let P = P,, ., be a standard parabolic sub-
group associated to the partitionn =ny +---+n,. Let ¢ = (¢1, ..., @) be
a set of r Maass forms where each ¢; is a Maass form for SL(n;,Z) of
type M. Then for s = (s1, ..., s,) € C', the Eisenstein series Ep(z, s, ¢) is an
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eigenfunction of type A + s’ where s’ € C"~' is such that

Iy(z) = ]‘[Det(mn,(z))s'
i=1

forallz € b, and A € C"~" is such that [] ¢;(m,,(2)) is of type .
i=1

Proof  Since the invariant differential operators commute with the action of
G L(n, R), it is enough to check that

[14: () - Det(m,, (2))" (10.9.2)
i=1

the generating function of the Eisenstein series, is an eigenfunction. This will
be the case because each Maass form ¢; is a linear combination of Whittaker
functions Wi (z') of type A’ with z' € h", where

Wii(z') = / L (w,1iuzi)1ﬁi(u) d*u
Uy, (R)

is a Jacquet Whittaker function, for some character ¥; of U,, (R), as in (5.5.1).
Here w,, is the long element of the Weyl group for GL(n;, R).

Wy,

wnz
Now, for w = ) R

Wy

r

[ [ W (ma, (2)) Det(m,, (2))"

i=1

—H [t w2 550 - De(m, )
i= U,,.(R)

= 1_[ / I,\, m,, (wuz)) vi(u) - Det(mn (wuz)) *u,
=y, ®)

since Det(wu) = 1. Itimmediately follows that the above, and hence, (10.9.2) is
n—1

an eigenfunction because it is obtained from [ ] y; ¢ for suitable a;, as, . . ., y_1
=1

by integrating a set of left translates. To show that E p(z, s, ¢) is an eigenfunction

of type A + s’ one uses the fact that 1, (z) - I¢(z) = I, 14(2). d
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Proposition 10.9.3  With the notation of Proposition 10.9.1, let Ep(z, s, ¢) be
a Langlands Eisenstein series for SL(n, Z). Let s = (s1, ..., s,) € C" satisfy
nisy + -+ + n.s, = 0. Assume that ¢ is a Hecke eigenform, and let T,, denote
the Hecke operator given in (9.3.5). Then form =1,2,3, ...,

Tn Ep(z,5,¢) = An(s) - Ep(z,5.¢)

where
s1+ S2+1m2 -,
Am(s) = Z Ai(c)Ax(c) - Ap(cy) - CT T Ot
1<Cy,Cs,..., C el
C1Cy---Cr=m

where ny =0, and n; =ny +ny+---+n;_y for i > 1. In the above A;(C;)

denotes the eigenvalue of the SL(n;, ZZ) Hecke operator T¢, acting on ¢; which

may also be viewed as the (C;, 1, 1, ..., )th Fourier coefficient of ¢;.
———

n;—1 terms

Proof Form =1,2,...,wecompute, as in the proof of Theorem 10.8.1:

T, ]_[ ¢ (M, (2)) - Det(m,, (2))"
i=1

= m "2 > [1¢i(mu(c) - Det(m,, (cy)®  (10.9.4)
n i=1
[T ce=m

(=1
0<c;¢<cp (1<i<€<n)

where
€1 €12+ Cin
oo Cog
c=
Cn
Note that

my, (cz) = my, () - My, (2).
Define n; = ny +ny + - - - + n;_; with the convention that n; = 0. Then for
eachi =1,2,...,r,we have

Cpi+l Cpi+l+2 0 Cpitlnig
Cnit2 S Cni2,min
my, (cy) =
c’h+l
Yiyz2: - Yn—ni—1

Yiy2: o Yn—n—2

YiYa: o Yn—nin
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To complete the proof, we rewrite the sum on the right-hand side of
(10.9.4) so that for each 1 <i < r, the sum turns into the local Hecke operator
for SL(n;, R) acting on ¢;. This can be done as follows. Introduce r inte-

gers 1 < Cy,Cy,...C, satisfying C1Cy---C, = [] ¢, = m. Then (10.9.4) is
=1

equal to
2 Y (Te, ¢i(my, (2))) - € - Det(my, (1)
CiCyCr=m i=1
= o 3 HA (Ci) i (M, (2)) - € - Det(my, ()",
Ci1CyCr=m i=1

where T¢,  denotes the Hecke operator on SL(n;,Z) and
ni=n+ny+---+n;_ifi > 1 while n; = 0. O

Propositions 10.9.1 and 10.9.3 allow one to show that the non-degenerate
terms in the Whittaker expansion of general Langlands Eisenstein series for
SL(n,Z) with n > 2 have a meromorphic continuation and satisfy the same
functional equation as the Whittaker functions that occur in the Fourier—
Whittaker expansion.

10.10 The constant term

Forn,r > 2,letP = P,, ., be the standard parabolic subgroup of GL(n, R)
associated to the partitionn =ny +--- 4+ n,. Let ¢ = (¢, ..., ¢,) be a set of
r Maass forms where fori = 1, 2, ..., r, each ¢; is automorphic for SL(n;, Z).
Let s = (s1,...,s,) € C" with Z n;s; = 0. We are interested in determin-

i=1
ing the constant term (in the Fourier expansion) of the Langlands Eisenstein

series

Ep(s,z,¢)= Y []&i(mn(r2) - Det(m, (y2)" (10.10.1)

ye(PAD\T i=1

as in Definition 10.5.3. In (Langlands, 1966), the concept of the Fourier expan-
sion along an arbitrary parabolic is introduced for the first time. This is a
more general notion than the usual constant term and is required for the
Langlands spectral decomposition. We shall now define this more general con-
stant term.
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Definition 10.10.2 (Constant term along an arbitrary parabolic) Con-
sider, Ep(s, z, ¢), a Langlands Eisenstein series as in (10.10.1).Let P’ be any
parabolic subgroup of GL(n, R) with Langlands decomposition P’ = N'M’
as in (10.4.4). Then the constant term of Ep along the parabolic P’ is given
by

Ep(nz, s, ¢)d*n,
N'(Z)\N'(R)

where N'(Z) = SL(n, Z) N N'(R).

Theorem 10.10.3 (Langlands) The constant term of Ep along a parabolic
P’ is zero if P has lower rank than P’ or if P and P’ have the same rank but
are not associate (as in Definition 10.1.4).

Proof We compute, for P(Z) = P NI"' with " = SL(n, Z),

Ep(uz,s,¢) d*u

N'(Z)\N'(R)
.
= Z / l_[qb,»(mn,(yuz)) - Det(m,, (yuz))” d*u
PO ol =1
.
= 1_[ ¢i (mn; ()/H/MZ))
yeP@NL/N'Z) n'eN(Z) i

N'(Z)\N'(R)
x Det(m,, (yn’uz))x" d*u

/ ﬁd’i (M, (yuz))

(G="P@)y)NN'(Z))\N'(R) =t
x Det(m,, (yuz))" d*u (10.10.4)

yE€P@\I'/N'(Z)

because
P(Z)yN'(Zyu, = P(Z)y N'(Z)u,

if and only if uluz_1 e N'Z)N(y~'P(Zyy).
Now, by the Bruhat decomposition (see Propositions 10.3.2, 10.3.6), each

y € P(W\T/N'(Z)

can be expressed in the form y = wy’ where w is in the Weyl group and
y' € B,(Z)\N'(Z). Making this replacement, a typical term in the sum on the
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right-hand side of (10.10.4) will be of the form

-
/ l—[ bi (mn,-(w]/,MZ)) : Det(mm (wy/uz))SI d*u’
i=1
((y/*lurlP(Z)wy/)ﬂN’(Z))\N'(R) l

which after changing variables u > '~ 'uy’ becomes

/ 1_[¢,~ (M, (wuy'z)) - Det(m,, (wuy'z))" d*u.

i=1
((w“P(Z)w)ﬂN’(Z))\N’(]R)

Following Langlands, we define

N =(M/A) N (wN'w™).

Then the above integral becomes

/ / lL[ @i (M, (uywuz))

i
(' P@yw) N N’(Z))\(url N Rw\N'®R) NEN\N®)

X Det(m,,l (uy wuz))s’ d*uyd*u.

Since ¢ is a cusp form, the inner integral vanishes unless °N is the identity and
this will only happen if P and P’ are associate with w € Q(P, P’). O

10.11 The constant term of SL (3, Z) Eisenstein series
twisted by SL(2, Z)-Maass forms

There are two maximal parabolic subgroups for GL(3, R). They are P , and
P, 1, as in Example 10.1.2. The maximal parabolic Eisenstein series, associated
to Py 1, twisted by an SL(2, Z) Maass form ¢, as given in (10.5.5), takes the
explicit form:

Ep,(z.5.¢) = > (yin)'o() | . (10.11.1)
yE€Py\T 4
I x x3 yiy2
where['=SL3,7Z),z= 1 x i ,withzs = x3 + iy,

1 1
and the slash operator |,, denotes the action of y on z.
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Proposition 10.11.2  The constant terms of the Eisenstein series Ep, (z, s, ¢)
givenin (10.11.1) along the various parabolic subgroups take the form:

11 s
///Ele uy | z,s,¢ | durdurdus = 0,
0 0 1
11 us
f f Ep,), ur |z, s, | durdus = 2(y1y:) ¢(z2),
0 0 1
11
! 2 i 1—s_.2-2s A¢()L )
Ep,, 1 2,8, ¢ | durdus = 2y, y; " ——= ¢(21),
. Ay

0 0

Ag(s) = 2T (s + 62+ zr) r <s + 62— zr) L)

(withe =0or 1 according as ¢ is even or odd), is the completed L-function of
the Maass form ¢ (of type 5 L+ ir) as in Proposition 3.13.5, and where

35 —
A=
{3s+

Proof  Omitted. O

if ¢ is even
if ¢ is odd.

[SIE ST

10.12 An application of the theory of Eisenstein series to
the non-vanishing of L-functions on the line f(s) = 1

The prime number theorem (Davenport, 1974) states that 7 (x), the number of
primes less than x, is asymptotic to x /logx as x — oo. A key ingredient to the
analytic proof of the prime number theorem is the fact that the Riemann zeta
function ¢(s) does not vanish on the line %(s) = 1. In (Jacquet and Shalika,
1976/77), a new proof of the non-vanishing of ¢(s) on the line N(s) = 1 was
obtained. This proof had two very interesting features.

* [t made use of the theory of Eisenstein series.
* The proof could be vastly generalized.

Recently, Sarnak (2004), Gelbart, Lapid and Sarnak (2004) obtained explicit
zero—free regions for general automorphic L-functions by use of the Jacquet—
Shalika method. We shall now present a short exposition of this method by
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considering the classical case of GL(2) and then the not so classical case of
GL(3).

Non-vanishing of ¢(s) on %(s) =1 Recall the Fourier expansion, given
in Theorem 3.1.8, of the SL(2, Z) Eisenstein series

2 Y -1 inx
2Ty D ool T K, 12 |nly)e ™
#0

S 1—s
E(z,s) =y + ¢(s)y +F(s)§(2s)n

where
RS k) 11l S
VIV c@2s) osin) = )
and
Ks(y) = l/OO ef%y(lHr(l/u)) u’ d_”
2 Jo »

If ¢(1 +ity) = 0 for some ¢y € R, then one easily sees that if
E*(z,s) = T()¢(2)E(z, s) = E*(z, 1 — ),

then E* (z, (1 + #9)/2) must be a non-constant Maass form of type i + tg. This
is because the constant term of the Eisenstein series £*(z, s) will vanish when
s = (14 1)/2. It is easy to show that E* (z, (1 + #y)/2) is non-constant, in
particular non-zero, because the sum:

Y o1 aminl T K, 2 |n]y)e?™
n#0

will be non-zero high in the cusp. The key point is that an Eisenstein series can
never be a cusp form because Eisenstein series are orthogonal to cusp forms,

so the inner product
141 1+
E (%, I+t CE (%, T
2 2

would have to be zero. This contradicts the fact that £ (x, (1 4+ #p)/2) is not iden-
tically zero. Since we have obtained a contradiction, our original assumption:
that ¢ (s) vanished on the line N(s) = 1, must be false!

Non-vanishing of G L(2) L-functions on theline 3i(s) = 1 The argument
described above can be vastly generalized. We shall give another example based
on Proposition 10.11.2. Let ¢ be a Maass form for SL(2, Z) with associated
L-function L (s). Let A4(A) denote the completed L-function as in Proposition
10.11.2, and define E;‘,z‘l (z,s,¢) = A()\)E}szl (z,s,¢). If Ly(s) vanishes on
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J(s) = 1, then there exists a special value of s such that £}, (z s, ¢) will be a
Maass form for SL(3, Z), i.e., its constant term will vamsh One again obtains
a contradiction by taking the inner product of E* with itself.

10.13 Langlands spectral decomposition for SL(3, Z)\b?

We conclude this chapter with the Langlands spectral decomposition for the spe-
cial case of SL(3, Z). In order to state the main result succinctly, we introduce
the following notation. Letu;, (j =0, 1,2, ...) denote a basis of normalized
Maass forms for SL(2, Z) with z € bz. Here ug is the constant function, and
each u; is normalized to have Petersson norm one. For each j =0, 1,2, ...,
and s € C, define

Ei(z,s):=Ep, (z,5,uj)

asin (10.11.1). We also define for 51, s, € C, the minimal parabolic Eisenstein
series

E(z,s1,82) := Ep, (2, (51, 52))

asin (10.4.1). The following theorem generalizes Selberg’s spectral decompo-
sition given in Section 3.16. We follow the proof of M. Thillainatesan and thank
her for allowing us to incorporate it here.

Theorem 10.13.1 (Langlands spectral decomposition) Assume that
¢ € L2(SL(3, Z)\b?) is orthogonal to the residues of all the Eisenstein series
and is of sufficiently rapid decay that (¢, E) converges absolutely for all the
Eisenstein series E. Then the function

1
6~ s /( ) /( l)<<z>, Ee 51,5) E 51, 2) dsids,

Zf (@, Ej(x,9) E (z,5)ds,
Zm

j=0
is a cusp form for SL(3, Z).

Proof Let f(z) be an arbitrary automorphic form on h3. We shall adopt the
simplifying notation that fj o denotes the constant term of f along the minimal
parabolic, f; 1 denotes the constant term of f along the maximal parabolic P, i,
and f) » denotes the constant term along P; ». In order to prove the Langlands
spectral decomposition theorem for SL(3, Z), it is necesssary to show that
the following identities (10.13.2), (10.13.3), (10.13.4) hold for a Maass form
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¢ € L2(SL(3, Z)\B>).

1
o) = s [[ 16 B ety dsidss. (10132
(4mi)

MNisi)=4

Note that £ oo(z, s) = 0 for j > 1 by Theorem 10.10.3.
1
$21(2) = —2[ / (9, ECx, 51, 52)) Eai(z, 51, 52) dsidsy
@ri)* Joy Jo)

- Z/ (¢, Ej(x,5)) Eja(z,5)ds, (10.13.3)
=0/R)

2mi 4
1
$12(2) = —= (9, E(x, 51, 52)) Era(z, 51, $2) dsidsy
(47'[1) HJ
3 3

LZ/ (¢, Ej(x,8)) Ejia(z,5)ds.  (10.13.4)
=/

2mi =
The idea of the proof is to embed h? in h* and show that ¢ is invariant under
SL(2, Z) with this embedding. Then, we use a G L(2) spectral decomposition

of ¢y;.
Following (Garrett, 2002), for z € h* = SL(3, R)/SO(3, R), we can write:

1 0 x3 0 1/ 0 0
z=10 1 x 2 0 1/¥/1 0],
00 1 0 0 1 0 0

where x|, x3,/ € Rand/ > 0. Note that z, € h> = SL(2, R)/SO(2, R).

It can be shown that the constant term ¢;;, as a function of z,, is invariant
under y € SL(2, Z) and has constant term ¢g. So already the proof of the main
theorem is reduced to showing (10.13.3) and (10.13.4).

In the proof of (10.13.3) and (10.13.4) we will need to know (¢, E) for each
of the Eisenstein series that we have defined. We begin by calculating (¢, E)
for the minimal parabolic Eisenstein series.

Lemma 10.13.5 We have
(¢7 E(*v Ee 5)) = (;’500(25'1 + §2 — 27 $1 + 2S2 - 2),
where ¢ is the double Mellin transform of the constant term ¢qy.

The proof of Lemma 10.13.5 is fairly straightforward and we will omit it. We
will, however, give the calculation of (¢, E ;(*,5)). It is part of our assumption
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that the integral converges absolutely.

6. E;(+.5) = / SO EC D,
r\p3

= /P o PO )
21\Y°

With the previous notation, / is given by yl2 y» = I*. As in Section 1.6, we have
the following change of coordinates.

Py \b’ = SL(2, 2)\* x (R/Z)* x [0 < | < 0],
and
3 dl
d*z = 2173 d*z5dxs dx; —.
2 [
Continuing the calculation gives
3 o) 1 1 — dl
(@, E;(x,3)) = 5/ f f / P(z) 173 u(z2) d*zp dxz dx, -
o Jo Jo SO
3 [ N dl
=5 / / $21(z2, ) I¥ P uj(z0) d*zo 7
0

SL(2,Z)\h?

° f gue oo

== s, ), u;) 1777 —.

2)y / !

The above calculation proves the following Lemma 10.13.6. When we use the
notation of Garrett (2002), we will write ¢1(z2, [) for ¢»1(2).

Lemma 10.13.6 For R(s) > 1,

_ 3.
(¢, Ej(x,5) = 5(1,-(33 —-3),
where @ ;(s) is the Mellin transform of

a;j(l) = (g2 (x, 1), uj).

As observed earlier, the constant term ¢,; considered as a function of z;,
has a Selberg spectral expansion. We have given a proof in Section 3.16 of the
Selberg (SL(2, Z)) spectral decomposition using Mellin transforms. Then

o0

1
$21(z2, 1) =Z(¢21(*J), ”j)uj(22)+4_mf (921Cx, 1), E(x, v)) E(z2, v) dv,

i=0 €

where E(z, s) is the G L(2) Eisenstein series.
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Note that if we apply Mellin inversion to the results of Lemma 10.13.6 and
by our assumptions move the line of integration to (%), we have the following.

1
a;i(l) = (¢pa(x, ) u;) = m/ (¢, E;j(+,5)) P ds.  (10.13.7)
( )

Now we can put this together with the spectral decomposition of ¢(z2, /)
to get

1 o0
¢, ==Y [ (¢, E;Cx, ) P uz)ds
Tl =0 (%)

1
+ ymr (h21Gx, 1), E(x, v)) E(z2, v)dv.
T J

Make the change of variable s — 1 — s in the first integral. Then the equation
above becomes:

1 o0
¢21(z2, ) = — Z/ (¢, E;(x,9)) I uj(z0)ds
Tl =0 (%)

+ é <¢21(*, 1), E(%, v)) E(z2, v) dv. (10.13.8)

We shall need to use Proposition 10.11.2 on the Fourier expansion of the
maximal parabolic Eisenstein series. It follows that we can rewrite (10.13.8) in
the form

$a1(22, 1) = —Z (¢, Ej(+, ) Ej21(z2, 1, 8)ds
)

+ — (P21(x, 1), ECx, v)) E(z2, v)dv. (10.13.9)
4 (%)

Let us now assume the following proposition, whose proof will be deferred
to later.

Proposition 10.13.10 We have
1
— / (2106, 1), E(r, v) E(23, v) v
Tl
4

(47”)2// ¢, E(x, 51, 52)) E21(22,1, 51, 82) dsidss.
e



328 Langlands Eisenstein series

Using the above proposition, we can rewrite (10.13.9) in the form

1 o0
P21(0) = — ; / (@, Ej(x, ) Ej2(z,5)ds

(4ﬂ @iy // (@, ECx, 51, 52)) E21(z, 51, 52) dsidso.
$HdH
This proves (10.13.3). This is almost the end because (10.13.4) is proved

using (10.13.3) and a few properties of Eisenstein series. On G L(3), there is an
involution which preserves the Iwasawa form. The involution * is defined by

1
Z=w'zlw, where w= 1 . (10.13.11)
1

For any automorphic form ¢(z), we can define another automorphic form,
also on SL(3, Z), denoted ¢(z) given by

d(z) = ¢('2). (10.13.12)

WeletEj(z, s) = E;('z,s).Itiseasy to show that E(z, 51, s2) = E(z, 2, 51).
It follows that ¢, (‘z) = ¢12(z) and ¢12(‘z) = $21(2). So, applying (10.13.3)
to ¢ gives

- 1 & .
B = 5 ; / 6, E; (%, 9) Ejmi (2. ) ds

// (¢, E(x, 51, 52)) E1(z, 51, 82) dsydss.
e

(477 )2

Since ¢1(‘z) = ¢12(2), it follows that:

" -
¢12(2) := % Z/(d), E;(*,s)) Ej,ZI(LZ’ s)ds

// B, E(x, 51, 52)) E21(‘z, 51, 82) dsidss.
GHd

(4n (4mi)?

It is easy to see that (@, /) = (¢, ). It follows that (¢, E(x,5)) =
(¢, E j(*, 8)). Also, we have the following equalities:

(d’;v E(*v S1, S2)) = <¢s E(*, S1, S2)) = <¢a E(*v $2, S])).
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From these statements, we can continue the calculation of ¢,(z).

$12(2) = / 6. E (5.9 E; 122, 8) ds
(%)

// (@, E(%,52,51)) E1a(z, 52, 51) ds1dsy.
( )( )

(4711 )2

Let s — 1 — s in the first integral. Then

- . L
b2 = 5= D [(8Ej6s 1= 9) Ejnte, 1= s)ds
Tl =0
(3)
(47”)2 // (P, E(x, 52, 51)) E12(z, 52, 81)ds1dsy.  (10.13.13)

H @
Now, the maximal Eisenstein series has the functional equation:
Ej@z, 1—5)=0()E;(z,s),

where

Aj(A—1)

NS

The coefficients in L ;(v) are real since they come from the Hecke form u ;, so
we know that 6(s) = 0(5). Applying these observations to (10.13.13) gives

P12(z) = /Q(S) (@, Ej(x, ) Ej1a(z, 1 = 5)ds

//<¢ E(%, 52, 51)) E12(z, 52, 1) ds1dsa,
s

+ <4n B

1 o0
o) == [ EjCx, ) Ejiaz, 5)ds

j=0

—

—
-

1
2
+ (47”)2// é, E(x, 51, 52)) E12(z, 51, 82) dsids2.
H G

This proves (10.13.4), thus proving the main Theorem 10.13.1. O
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Proof of Proposition 10.13.10 1t still remains to prove Proposition 10.13.10.
Let us define for 9i(vy) > 1 and R(vy) > 1,

E*zvv) =2 Y (1) " EGa, v2)

yePy\T

b

14

a series which is a rearrangement of the terms of the minimal parabolic Eisen-
stein series. We can see this as follows. For R(sq), N(sy) > 1,

9

251482 s142s
EGzsis)= Yyt

Y€l \I' Y

_ 2s1+sy . S1+(s2/2)+352/2

= § N1 Y2 )
Y€l \I' Y

Z Z (y12y2)51+(s2/2) y;sz/Z

BEl\ P21 a€Py\I'

Ba

It was shown in Chapter 6 that the function detz = y?y,, is invariant under
B € Py.So,det Bz =detz.

Previously we had dropped the dependence of 7 in the notation, but to avoid
confusion we need to introduce # in the notation. Thus I'(n) = SL(n, Z) and
I'o(n) is the set of upper-triangular matrices in S L (n, Z) with 1s on the diagonal.

E(Z, 81, 52) = Z (y%y2)51+(52/2) Z y;sz/z

aePy\I'(3) BT\ P Bla
s14+(52/2) 352
=2 Y (in)"™E (221 7) ;
aePy\I'(3) o

S2 3S2
= E*|z, -, — .
<”1+2 2)

In the above we have used ' (3)\ P21 = Mo (2)\SL(2, Z), afact which is easy
to prove and also follows as a special case of Lemma 5.3.13.

Now, we will drop the dependence of the notation on 7. To prove the proposi-
tion, we want to calculate the following inner product, in the region of absolute
convergence of E*(z, vy, v;). In a manner similar to the calculation of Lemma
10.13.6, we have

(¢, E*(x, 01, 1)) = $(2) E*(z, 01, v2)d"z
b’

= qu(z)E*(z, v, v2)d¥z,
'\b’
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oo 1 1
Y o A TR
0 0 Jo

SL2,Z)\B?
dl
x d*zydxz dx; 7
* 3v;-3 * dl
= G21(z2, D IPY 77 E(z2, v2)d ™20 T
0
SLQ,Z)\>

- dl
= 3/ (o1 (%, 1), E(x, 03)) 1?1173 =
0

Let a(l) = (¢21(x,1), E(*, v3)), then we have just shown that
<¢1 E*(*v v—lv U_2)> = 3&(31)1 - 3)

If we take the inverse Mellin transform of a(v), then for some o > 0 we
have

1
a(l) = —/ a)I™’ dv,
271 (o)

3
=_—"— | a@uv —3)F"dv,
27Tl C)
1
=— | (¢, E*(x, 01, 0)) " dvy.
27Tl (%)

In the last step we have used the assumption that ¢ is orthogonal to all the
residues of the Eisenstein series to move the line to R(v) = %
We have just shown that

1
(@210, D), ECr, D)) = 7 — / (@, E*(x, 01, 02)) P dvy. (10.13.14)
(%)

Recall that we want to show

1
o f(¢21(*, D), EGx, v12)) E(z2, v2) dvy
7T
H
1
(4i)?

//(¢7E(*,S1,S2)) Eyi(z2,1, 51, 82) dsids,.
s
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Using (10.13.14), we have that the left-hand side of the above is

1
LHS = - <¢21(*5 l)’ E(*y v2)> E(227 vz)dv27
4 (%)
1

= : (¢, E*(x, U1, 12)) PU"E (25, v2) dvidv,,
20270 /(%)/(%) 1, V2 2, V2)dv1dv;

1
= , E*(x, vy, v2)) P E(z2, v2) dvidvy,
Soni? /(i)/(%)(fﬁ (s, v1, v2)) (22, v2) dvidvy
where we have let v; — 1 — vy. Note that > = ylzyz. So,
1 2
LHS = —— , E*(x, vy, Yy E(z9, v2) dvidvs.
20ni? f(%)/(%)(cﬁ Gk, 01, 02)) y1'y,' E(22, v2) dvidvy

Now let v; = 51 + (s52/2) and v, = 3s;,/2. From the definition of E*(z, vy, v2),
we get the following.

3 s1+(s2/2) 35,
LHS = ——— , E(x, 51, 29" E N 2y, =2 ) dsydss.
107 /(;)/(;)«b Gk, 1, 82)) (v702) 72— s1dsy
(10.13.15)

Using the fact that ®,,(z;, /) is invariant under SL(2, Z) and so has a Fourier
expansion, it is easy to show that for any form ®(z),

Dy1(2) = ) Doal2),

nez
where
1,1 gl I uy us3
Dy, 0,(2) =/ f f o} 0 1 wuy|z|e(—niuy —nouy)duidurdus.
0 0 0 0 0 1

We will need some results from (Bump, 1984) and will use the notation from
there. In (Bump, 1984), it is shown that the expansion of Ej, is the sum of
three Whittaker functions indexed by w € V, where V is a certain subset of the
Weyl group W. (In the notation of (Bump, 1984), V = {w;, w,, w4}.) So,

1
Eon(z.s1,) = 3 > aw(n s )Wz, w). (10.13.16)
weV

Using the expansion of the G L(2) Eisenstein series, it is easy to show that
the factor (y?y,)"1+¢2/? E (z,, 3s5/2) which appears in (10.13.15) is exactly:

s14(52/2 3s, 1
(}’12)’2)31”3 P E (Zz, 7) =3 ZaW2(n, 1, 82) Wo(f:l’SZ)(z, wy).
nez
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Now in (10.13.15), we will divide the integral into three parts and in each
part let (s1, $2) — (u(sy), u(sy)) for u € U. We choose the subset U of W in
such a way as to get the sum over u to give us Ey ,(z, 51, s2). We can do this
because the Whittaker functions have certain transformation properties. We
will be interested in the transformation of W(s1 SZ)(Z, w,) under the action of the
Weyl group on (sy, s2); specifically for w € V, there exists au € U depending
on w, such that

Wt D (2 ) = B WS (2, w). (10.13.17)

Recall that w € V are those that appear in the expansion of E»;.

LHS
a 51,82
- ; 8(2711‘)2 /(1)/(1)@, E (%, 1, 52)) awz(”’ShSz)W&n 2. wo) dsidsa.
:;“ZE; 8(27”)2 // (B, E(x, u(s1), u(s2))) aw,(n, u(sy), u(sz))

e
x Wéf‘rfs‘)’"(m)(z, wo) dsids,,

1
=y > ST / / (¢, E G, u(s1), u(s2))) du, (1, u(s1), u(s2))

nezZ weV Y
(3)(3)

x B! Wg“ (2, w)dsidss.

Also note that at i(s;) = 7, we have N(u(s;)) = j
From Bump again, we can show that for any w € W,

E(Z, w(SI), w(SZ)) = (pw(slﬂ SZ)E(Zs Slv Sz)

for some ¢,, independent of z. This is done as follows. First, let us define, as in
(Bump, 1984), the function G(z, sy, s») in the following way.

G(Zs S1, S2) = B(S11 S2) E(Za NE S2)7

where
£Bs)¢Bs2)EBs1+352— 1) (351 352
B(s1, 82) = 4351 +35:—1/2 r 2 r 2
35 350 — 1
T (%) EGs1.5).

Now from (Bump, 1984), we know that G(z, sy, s») is invariant under the
action of the Weyl group on the pair (sy, s,). In particular, it follows,

B(w(sy), w(sy)) E(z, w(sy), w(sz)) = B(sy, s2)E(z, s1,52). (10.13.18)
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B(s1, 52) T — _
So, ¢y,(s1,82) = ———— . From the definition B(sy, s2) = B(51, 52).
B(w(sy), w(s2))
At N(s;) = %, we have that 5; = 2 — 5; and R(w(s;)) = % It follows that at

| 3
MR(s) = 4,

B(3—s1.5-%)

Pu(st, s2) = :
B (3 —w(s1), 3 — w(s))
Consequently,
1 — 51,3 — %)
LHSz—.//(d)’E(*’sl?SZ)
2miy XZ:WZV 2 u(vl) 2 — u(s2)
Nsi=}
X @y, (0, u(s1), u(2))BY Wo' (z, w) dsyds,.
To prove the proposition, it remains to show the following. O

Lemma 10.13.19 The constant term E,(z, 51, 52), of the Eisenstein series
E(z, 51, 82) is

— 51,3 — 52)
Ebi(z, 51, 8) = Z Z 2 _ M(Sl) i — M(Sz))

neZ weV

X @uy (n, u(s1), u(s2))Blt We't™(z, w).

Proof We have defined coefficients a,,(n, s1, s2) in (10.13.16) such that
Ex(z, 51, 82) = Z > aw(n s ) Wz, w). (10.13.20)
neZ weV

By the linear independence of these Whittaker functions, we are reduced to
showing that

B —s1.5—5)
B(% —u(s1), 3 — u(s2))

aw(n9 81, SZ) = awz(n’ Lt(S]), U(SZ))BZ,s

(10.13.21)
where u depends on w as noted in (10.13.17).

The proof of the above lemma will follow if we put all the definitions and
transformation properties together. We can write equation (10.13.18) using the
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expansion (10.13.16). So for any u € U, we have the equalities below.
B(s1, s2)
B(u(sy), u(s2))

B(s1, $2) (51,52)
———————ay(n, 51, ) W, "7 (z, v)
; Bu(sy), u(sy))

E>i(z, 51, 82) = Ez(z, u(sy), u(s2))

=Y aw(n, u(s), uls)Wr"" Pz, w).

weV

Now if we consider this last equality along with the transformation property

iy

Wéfl,fﬂ)’u(n))(L w,) = BZ W(g’s:z’n)(z, w)
and use the fact that the Whittaker functions are linearly independent, we get
the equality:
B(s1, $2)
B(u(s1), u(s2))
= du, (1, u(s1), u(s2) Bl W', (z, w).

ay(n, s1, Sz)Wé‘f,‘,"”) (z, w)

So,
B(s1, $2)
B(u(s1), u(s2))
Now (10.13.21) reduces to showing that
Bus).u(s))  B(E-s51.3-%)
B(st.s2)  B(3—usi), 3 —uls)

aw(n, s1,52) = aw,(n, u(s1), u(s2))B,,. (10.13.22)

(10.13.23)

To prove this and to finish the proof of the lemma, we have to show that the

product
2 2
B(s1,52) B 3738

is invariant under the action of the Weyl group on (s1, s2). Since

2 2
B(sy,52)B 3 — 51, 3 — 5

is a product of six gamma functions and six zeta functions and since the quan-
tities
351, 3s2, 3s1+3s2—1, 2—3s5;, 2—3sp, 3—3s51— 35,

are permuted by the Weyl group, this completes the proof of Lemma 10.13.19
and Proposition 10.13.10. O
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GL(n)pack functions The following GL(n)pack functions, described in the

appendix, relate to the material in this chapter:

BruhatCVector BruhatForm

BlockMatrix KloostermanBruhatCell
KloostermanCompatibility LanglandsForm
LanglandsIFun LongElement
MPEisensteinGamma MPEisensteinLambdas
MPEisensteinSeries MPExteriorPowerGamma
MPExteriorPowerLFun MPExteriorPowerGamma

MPSymmetricPowerLFun

ParabolicQ



11

Poincaré series and Kloosterman sums

Poincaré series and Kloosterman sums associated to the group SL(3, Z) were
introduced and studied in (Bump, Friedberg and Goldfeld, 1988) following the
point of view of Selberg (1965). A very nice exposition of the G L(2) theory
is given in (Cogdell and Piatetski-Shapiro, 1990). The method was first gen-
eralized to GL(n) in (Friedberg, 1987), (Stevens, 1987). In (Bump, Friedberg
and Goldfeld, 1988) it is shown that the SL(3, Z) Kloosterman sums are hyper
Kloosterman sums associated to suitable algebraic varieties. Non-trivial bounds
were obtained by using Hensel’s lemma and Deligne’s estimates for hyper-
Kloosterman sums (Deligne, 1974) in (Larsen, 1988), and later (Dabrowski
and Fisher, 1997) improved these bounds by also using methods from algebraic
geometry following (Deligne, 1974). Sharp bounds for special types of Kloost-
erman sums were also obtained in (Friedberg, 1987a,c). In (Dabrowski, 1993),
the theory of Kloosterman sums over Chevalley groups is developed. Impor-
tant applications of the theory of G L(n) Kloosterman sums were obtained in
(Jacquet, 2004b) (see also (Ye, 1998)).

Another fundamental direction for research in the theory of Poincaré series
and Kloosterman sums was motivated by the G L(2) Kuznetsov trace formula,
(see (Kuznecov, 1980) and also (Bruggeman, 1978)). Generalizations of the
Kuznetsov trace formula to GL(n), with n > 3 were obtained in (Friedberg,
1987), (Goldfeld, 1987), (Ye, 2000), but they have not yet proved useful for
analytic number theory. The chapter concludes with a new version of the G L (n)
Kuznetsov trace formula derived by Xiaoqing Li.

11.1 Poincaré series for SL(n, 7.)

Let n > 2 and let s = (sq, ..., S,—;) € C"~!. Fix a character Y of the upper
triangular unipotent group U, (R) of n x n matrices with coefficients in R and

337
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I's on the diagonal. Note that for fixed integers m, m», ..., m,_;, the character
¥ may be defined by
VW) = Yy, oy () = T bttt ) (11.1.1)
where
1 Up—1
1 Up—2 *
u= € Uy(R).
1 uj
1

The Poincaré series is constructed from the following functions:

e The I,(z)—function given in (5.1.1).
* A bounded function: ey : h" — C which is characterized by the property:

ey (uz) = Y(u)ey ()
forallu € U,(R), and z € W'. Such functions are termed e-functions.

Definition 11.1.2 (Poincaré series) For n > 2, let s € C'!, and fix an e-
function ey (z) as above. Then the Poincaré series for I' = SL(n, Z), denoted
P(z, s, ey), is formally given by

Pz.s.ey)i= Y I(y2ey(y2).
y €U (D\T"
Remark Since ey, is bounded on §", it easily follows from Proposition 10.4.3
that the infinite series above defining the Poincaré series converges absolutely
and uniformly on compact subsets of h” provided NR(s;) is sufficiently large for
everyi =1,2,...,n—1.

The Poincaré series is characterized by a very useful property. The inner
product of the Poincaré series with a Maass form will give a certain Mellin
transform of an individual Fourier coefficient of the Maass form. This is made
explicit in the following proposition.

Proposition 11.1.3 Let ¢ be a Maass form for SL(n, Z) with Fourier expan-
sion given by

= = A(mh"'amn—l)
o= Y B D D e
y€eU,—1(Z)\SL(n—1,Z) m;=1 my—2=1 m,_1#0 |mk|k(”7k)/2
k=1

X WJvauet <M : <V 1>Za v, 1/’1,...,1, I:Zn—il) s
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asin (9.1.2). Then (¢, P(x,s,ey)) is equal to

A(n117~'-:’nn71)

0
"1—[ (g [ =H)/2
k=1

Proof By the usual unfolding argument, we have
(@, P(x,s5,ey))

- / b(2) P s, ey) d*
r\p"

. n—1 d :
= [ B T [ dxia [

U, 2\ 1=j<ksn =t

where we have used the explicit measure d*z given in Theorem 1.6.1. The inner
dx-integral picks off the (my, ..., m,_)th Fourier coefficient, and the result
follows. O

11.2 Kloosterman sums

The Fourier expansion of the Poincaré series can be computed in the same way
the Fourier expansion was computed for minimal parabolic Eisenstein series
in Section 10.6. Note that if the e-function is the constant function, then the
Poincaré series is just an Eisenstein series. The Fourier expansion involves
certain Kloosterman sums which we shall forthwith define.

Let W,, denote the Weyl group of G L(n, R). In Section 10.3 we established
the Bruhat decomposition

GL(n,R) = U Gu, (where G, = U,wD,U,),

weW,

and D,, denotes the subgroup of diagonal matrices in GL(n, R). We let U,(Z)
denote the matrices in U,, with integer coefficients. Letcy, ..., ¢,—; be non-zero
integers, and set

1/Cn_1
Cpn—1/Cn—2
c= (11.2.1)
c2/c1

C1

We adopt the notation: ' = SL(n, Z) and Iy, = (w™! - 'U,(Z) - w) N U,(Z).
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Definition 11.2.2 (Kloosterman sums) Fixw € W,,c € D, asin(11.2.1),
and Y, ' characters of Uy, as in (11.1.1). The SL(n, 7)) Kloosterman sum is
defined by

SuW.¥' 0= ) AU
y € Uy(Z)\I'NG /Ty,
y = bicwb,

provided this sum is well defined, (i.e., it is independent of the choice of Bruhat
decomposition for y ). Otherwise, the Kloosterman sum is defined to be zero.

Example 11.2.3 (SL(2, Z) (Kloosterman sum) In this example,
-1
cy 0 0 -1 1 =x
¢ (0 C1>, w (1 0)’ w ( | Ux(Z)

The Kloosterman sum is based on the Bruhat decomposition. It is convenient

1 b 1 b .
to set by = ( 1161 ), b, = < Z{CI > In this case, the Bruhat decom-

.. +1 . .
position says thatevery y € SL(2,7), y # ( 0 ::1) can be written in the
form

,— (! bijer\ (¢! —1\ (1 by/cy
1 (&1 1 1
_ by (b, — /e
C1 b,2
where

biby =1 (mod cy).
The SL(2, Z) Kloosterman sum takes the form

, 1 b /e (1 b e
s 10 (3 ) v (5 71)).
b,lz 0 1 0 1

(mod ¢y)
})’1}71 =1 (mod cy)
(11.2.4)

If we let M, N € Z such that

Lou\\ _ onimu (T u\\ . oninu
(o 0)) = (o h)) =
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then the Kloosterman sum in (11.2.4) can be written in the more traditional form

27i MB+NB

S, ¥, c):=8(M,N,c)) = » e (11.2.5)
B (mod cy)
BB =1 (mod c;)

Example 11.2.6 (SL(3, Z) long element Kloosterman sum) This example
is taken from (Bump, Friedberg and Goldfeld, 1988). Let

1/co —1 1 % =x
Cc = 62/6‘1 , W= 1 ,FwI 1 x =U3(Z)
C1 1 1
Here w is the so-called long element in the Weyl group. Set
1 Oy O3 1 /32 ,33
by = L o | €Us(Q), by = L B | € Us(Q.
1 1
We are interested in determining when an element
ayr aip a3
y=\|a1 ay a3 ]| € SLG,Z)
as1 asp as3
has the Bruhat decomposition
y = bicwb;. (11.2.7)

It follows from Proposition 10.3.6 that (11.2.7) holds if
¢y =az1 #0, Cy =azoasy —ax a3 # 0. (11.2.3)
With this choice of ¢y, ¢;, the identity (11.2.7) implies that y must be equal to

a, 103 202 1 a, 1(13 7062/31
@03 @ — = taawfy aamf - o - =5 T3
. ay1a3,2 ) az,1a3 2/31
crog @ — == Faap apf — = Faafs
1 c1p2 Clﬂz

One may use this to systematically solve for the coefficients of b, and b,. In
this manner, one obtains

ai14d3.2 ari
1 Clal,z & o
= 2.1
by = 1 = |
1
a32 as3
1 cy 4]
by = 1 cray « — 92193 (11.2.9)
1423 )
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For M = (M, M,) € Z?>, N = (N;, N,) € Z?, let us define two characters
Ym, ¥y by

wM(M) = eZni(M1u1+M2u2) wN(M) = ezni(NlM]JFNZMZ)
1 uy uj
where u = 1 u | e Us(R).
1

It follows from (11.2.7), (11.2.8), (11.2.9) that the long element Kloosterman
sum takes the form

Sw(wMa 1#Na C)
[ Miaz,1 | Ma(cragp—ay,1432) [ Nilerap3—ap 1433) | Nya3p
= E ezm[ 1 + =) _eZm 3 + c
s
ay,a3p (mod cy)

ciaz3—aziasz; (mod cz)
claip—apazy  (mod cz)

subject to the constraint that there exist integers a; 2, a1 3, 2,2 such that
ci(ar2a03—ar3a22)+asa(ar3a2,1 — ar1a23) + as3(ar1az2 — aipa21) =1,

i.e., that Det(y) = 1.

It is important to determine the compatibility conditions for which Kloost-
erman sums are well defined and non-zero. The following proposition is taken
from (Friedberg, 1987).

Proposition 11.2.10 (Compatibility condition) Fixn > 2.The Kloosterman
sum Sy, (Y, ¥, ¢) given in Definition 11.2.2 is well defined if and only if

Y(cwuw™") =¥’ (u)
for all u € (w™'U,R)w) N U,(R). Hence the Kloosterman sum is non-zero
only in this case.

Proof See Lemma 10.6.3. O

Definition 11.2.11 (Kloosterman zeta function) Fix n > 2. Let ¥, ' be
two characters of U,(R), ¢ of the form (11.2.1), and S,,(¥, ¥, ¢) the Kloost-
erman sum as in Definition 11.2.2. Let s = (s1, ..., Sy,—1) € C*! with R(s;)
sufficiently large for all i =1,...,n — 1. The Kloosterman zeta function,
Z(, V', ) is defined by the absolutely convergent series

2@ =Y 3 Sl w,;s,f?.
c1=1

=1 €1 "G
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Remarks The Kloosterman zeta function was first introduced, for the case of
GL(2),in (Selberg, 1965) who showed the meromorphic continuation in s and
the existence of infinitely many simple poles on the line Ji(s) = % occurring at
the eigenvalues of the Laplacian. Selberg used Weil’s bound for G L(2) Kloost-
erman sums to deduce that the Kloosterman zeta function converged absolutely
in the region NR(s) > %. He was able to immediately deduce from this the bound
> 13—6 for the lowest eigenvalue of the Laplacian (see (Selberg, 1965)).

For N(s) > % + €, it was shown in (Goldfeld and Sarnak, 1983) that the

Kloosterman zeta function is
1
s|2
o ( st ) _
N(s) — 5

Such results have not been obtained for higher-rank Kloosterman zeta functions.
This would constitute an important research problem.

11.3 Pliicker coordinates and the explicit evaluation of
Kloosterman sums

Definition 11.3.1 (Pliicker coordinates) Letg € GL(n, R)withn > 2.The

Pliicker coordinates of g are the n — 1 rowvectors py, . .., pp—1, where, for each
n

l<k<n-—-1,p € R(k) consists of every possible k x k minor formed with

the bottom k rows of the matrix g.

As an example, consider

81,1 812 813
g=1281 &2 £3| € GLG,R).
831 832 833

Then the Pliicker coordinates are

o1 =1{g31, &2, &3}
P2 =1{821832 — 83,1822, 82,1833 — 83,1823, 822833 — 832823}

The key theorem needed for the evaluation of Kloosterman sums is the
following (see (Friedberg, 1987)).

Theorem 11.3.2 Letn > 2.1fg € SL(n, R), a necessary and sufficient condi-
tion for the coset of g in U, (Z)\SL(n, R) to contain a representative in SL(n, Z)
is that each of the rows p; (with 1 < k < n — 1) of Pliicker coordinates of g
consist of coprime integers.
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Proof 1t is convenient to have a notation for the minors that occur in the
Pliicker coordinates. Fix n > 2. For 1 < k < n — 1, let L, denote the set of all
k-element subsets of {1, 2, ..., n} with the lexicographical ordering <, where

.ty < {e,....e)

if £; < £}. If the first elements are equal, but only in that case, you look at the
second and compare them, whichever is higher, and that is the “greater” set. One
continues naturally in this manner obtaining an ordering which is analogous to
alphabetical order. Then the set £; can be used to index the minors that occur
in the Pliicker coordinate p;. For example, if {¢1, ..., £;} € L, then we may
consider the minor formed with the columns ¢, ..., ¢;.

For each k with 1 < k < n — 1, we may list the elements of £;; (in some
order) as follows:

Ek1={)»k1,--~,)» }
=P )
with
Aei = Writs oo o5 Liiks1)s Liin < Lpino < < Lriktt-

This allows us to index the coordinates of R%'~2 by £;U---UL,_;. Next,
define V € R?~2 to be the affine algebraic set of all

V1 v Vi Vs e Vs e V23] SRPTE O (113.3)
satisfying
Vi
Vo
€ Image(T), (11.3.4)
U”\"(kil)

forall 1 <k <n—1,where T =(; ;) (with1 <i < (,(_”H), 1<j<n)is
the linear transformation

)ty g if j =4i, € M
(=D oag—py 1) = b, ks (11.3.5)

"o otherwise.

Here X, is a set of k integers and A;; — {j} means to delete the element j
from the set A; ;. Note also that the linear transformation 7 maps R” to R”
by simple left matrix multiplication of 7 on an n-dimensional column vector
in R”. Thus, given coordinates v, (with A € £;) we see that (11.3.4), (11.3.5)

gives a condition which allows us to see which v, (with A € L) occur.
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For example, if n=3, then V is given by the set of all
{vi, v2, v3, V12, V1 3, 12,3} subject to the constraint that

\)1,2 %) —V 0
V13 | € Image V3 0 -y ,
\)2,3 0 V3 —V

i.e., such that
V3V 2 — V13 + vz = 0.
We now consider the map M : GL(n, R) — R* 2 given by
M(g) :={M(g) |+ € LiU--- ULy},

where forA = {£y, ..., £;}, the function M, (g) denotes the k x k minor formed
from the bottom k rows and columns £, ..., {;.

The first step in the proof of Theorem 11.3.2 is to show that the above map
M : GL(n, R) — R?'~2 induces a bijection from U, (R)\G L(n, R) to

Vi:={veV |v, #0forsomei e L, }.

To see this, note that the map M factors through U,(R)\G L (n, R). Furthermore,
condition (11.3.4) holds for M(g) since M, (g) can be computed for A € L; in
terms of M/(g) with A’ € L;_ forall1 < k < n, by expanding the determinant
along the top row. Since Det(g) # 0 it follows that M maps into V;. Now
given v € Vi, the condition (11.3.4) guarantees that there exists an (n — 1) x n
matrix with appropriate minors. Since v; # 0 for some A € £,_1, this can be
completed to a matrix g € GL(n, R) with image v. Consequently, the map
M is onto V. It remains to show that the map M : U,(R)\GL(n, R) — V; is
injective.
To see this, note first that by Proposition 10.3.6, if

1oiftre {d 2]

M;(g) =
g 0 otherwise,
Where)nﬁl)z{n,n— I,...,n—i+1}for 1 <i <n—1, then g must lie in
U,(R). Suppose that M(g) = M (h). Then for any A = {£y, ..., {} € L we

have by Proposition 10.3.6 that

-1 —
g (DA Ng (eni)Neg N---Neyg,

-1 -1
=h"(e)A--ANh"(en—i) Neg AN+ Aey,.
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Hence

Mx(gh’l)el A ANe, = g’lel A A g’le,,_k A h’legI A A h’leg,(

= h_lel VANRIEIVAN h_le,,_k A /’l_1€gl VANRIIVAN h_le(k

=ey N NeppNeg N---Ney.
It follows that

1 ifa=a,

M, (gh™" =
HE 0 ifa#aL,

and, therefore, U,(R)g = U,(R)A.
We now complete the proof of Theorem 11.3.2. Let

Va={veV |v eZforall , ged(v, |[A € L) =1forl <k <n-—1}.

It is enough to show that the map M : U,(Z)\SL(n, Z) — V, is surjective. It
follows from the previous arguments that given v € V,, there exists a matrix
g € GL(n, R) with the desired minors. We must show that the coset U, (R)g
contains an integral element. Let p, € Z satisfy

Y omMig) =1, (A<k<n).
reLy

It follows from this and Proposition 10.3.6 that

Y pgle)Aonglen) = D bieg Ao Ay, (113.6)
)»Eﬁk ALy
A={ty,... .t} A={ty,... b}

where b, € Rand b,—441,..n =

AAAAA

Next, define a matrix /# determined by the identities
egNAN--ANe,_1 ANh(e)=e A~ Ney_q1 A gle), (11.3.7)
and
el/\~~~/\ej,1/\h(ej)/\ejﬂ/vn/\en (]138)
=e Ao Aejy Ah(e) A Z prglea) n---ngle) |
}\E;Cn,j

foralll <i <n, 1 <j<n—1.Thenhisann x n matrix with integer coef-
ficients since each entry is a sum of minors of g multiplied by the integers p;.
It remains to show that 7 € SL(n, Z) and M(g) = M (h), so it suffices to show
that hg~' € U,(R).



11.3 Pliicker coordinates and the evaluation of Kloosterman sums 347

Now (11.3.7) implies that
n—1
he)) = gle)) + Y _ajie; (11.3.9)
j=1
for a;; € R. If we substitute this in (11.3.8) with j < #, it then follows from
(11.3.6) that

ajiegy N Ney = E b)\€1/\~"/\€‘/‘_,‘/\g(€,‘)/\€gl/\-”/\6(5”7/..
)\EC,,,,'
A#(j+1,....n}

Define = (1;;) by hg™!

(11.3.9) that

=1 + p. Since (I + w)g = A, it follows from

ajiegN---Ne,=e N---Nej_i Augle)Nejpi A---ANe,  (11.3.10)

forl <i <n, 1 <j<n-—1.Bycomparing (11.3.9), (11.3.10), we obtain
D g = > by gmi(£ D)y,
k=1

where g(e;) = ) gjie;, and i means that the term m is omitted. In particular,
jx = 0 when j > k, which is what was required. O

The Pliicker relations are defined by a set of quadratic forms in the bottom row
based minor determinants of any n X n matrix in GL(n, R). These forms have
coefficients £ 1. They must vanish if the values assigned to symbols representing
the minor determinants come from any square matrix. The number of Pliicker
relations grows rapidly with n, because each j x j sub-matrix, with elements
chosen from the bottom j rows and any j columns, also gives rise to a set of
relationships of the given type. In dimension 2 there are no relationships and in
dimension 3 just one, the Cramer’s rule relationship viv23 — vov13 + v3v12 = 0.
(Here v,, where A is an ordered subset of {1, 2, ..., n}, is used to represent the
minor determinant based on the bottom |A| rows and the columns indexed by
the elements of 1.)

Example 11.3.11 (GL(4) Pliicker relations) I would like to thank Kevin
Broughan for this example in which ten relations for dimension n = 4 are
derived.

(1) The simplest relation is obtained by expanding the matrix using the bottom
row-based minors of size n — 1 along the bottom row. By Cramer’s rule we
obtain

(=D vva3s + (D" 020138 + (= D' vzvios + (= 1) ogvins = 0.
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(i) Now let the rows of a fixed but arbitrary 4 x 4 matrix be represented by
the vectors ay, a», az, a4. Then because for all vectors v, v A v = 0:

O=(azNasy) AN(az Nag) =a e ANey Aes A ey,

where the ¢; are the standard unit vectors and « is a real constant with value
V12V34 — Va4V13 + Viava3, Which is therefore 0.

(iii) The relation vy4V123 4+ Vi2Va34 — V3124 = O will now be derived. First
expand the wedge product of the bottom two rows:

az A\ dg =vper Aey+vpiep Aes—+ vuyger Aey
“+ vy3ex A ez + vager A ey + viges A ey.
Then
az N ag = ez N (—vey + vazes + vyey)
+ vizer A ez +vuer Aeg+ viges Aey

=e) ANw+n,
say, where w is a 1-form and 7 a 2-form with e, not appearing. Then
a) Naz ANdg =vipzer Aeyx Aes+ vyuer Aes Aeg~+ vipgep ANexy Aey
SO

a) Aaz A ag A= (Vuvio3 + Viobass — Vazvia)er Aex Aez Aeg+0

=AeiNeyAesAey.

Since each term of n has two of {e;, e3, e4} and each term of w one of this
set we can write

NA®=V2V3s — Vog4V13 + Vigv3)e; Aez Aey =0

by the relation derived in (ii) above.
But then

aANazANagANw=ayA(aAdas) \w

apNE@pAow+nAw

a AN Aw)=0,

so, therefore, A = 0, and we get vo4V123 + ViaV2za — Vaszviog = 0.
Three similar relationships are derived by factoring out in turn each of the
unit vectors e, e3 and ey4.

(iv) The four remaining relations are obtained by applying the dimension 3
relations to each of the four subsets of {1, 2, 3, 4} of column numbers of size 3.
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Example 11.3.12 (Thew = (,  *') Kloostermansum) This example was

n—

first worked out in (Friedberg, 1987). For w = (,  *'), we have

1 * 0

Uy = w'U,Rw)NU,R) = :
0
1

It follows from Proposition 11.2.10 (brute force computation) that the Kloost-
erman sum is non-zero only when c¢{|c2, calcs, ..., ch—a|Cn_1-

Next, we show that the map M : GL(n, R) — R -2 arising in the proof of
Theorem 11.3.2, composed with projection, gives a bijection between the sets

ly e Uu\SL(n,Z)N G,/ T, | diag(y) = c}
and

-1
S = {(vna Vin—1,ns « s V2,3,..., n) e 7" Vn (mOd Cl)a Vn—1,n (mOd C2)7 e

with ¢op = 1.

To see the bijection, note that the image of M composed with projection
is contained in S, since Det(y) = 1 implies that the relative primality condi-
tions must hold. Further, the map is one-to-one because the information in S
determines all minors of the form

M — ), i <k (mod cy)

44444

Since the remaining M, (y) are determined by Proposition 10.3.6 it follows that
the map is one-to-one. As for surjectivity, it suffices to show that the point in
V arising from a point of S is actually in V. This follows by induction since

ged{v, , — | 0<i<k-1} = —

The above bijection can be used to prove
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Theorem 11.3.13 Let n > 2 and define M = (M,, ..., M,_,), and N =
(N1, ..., Ny—1) to be two (n — 1)-tuples of integers. Let ¥y, Un be two
characters of U,(R), as in (11.1.1), determined by the conditions

Y () = 2 (Mt Ftty 1 M) Uy () = 2N+ttt Nt
for allu € U,(R). Let ¢ be given by (11.2.1), and assume w = (,niI # ) Sup-
pose that ci|ca| - - - |c,—1 and

M;jichich_i—

N, = ! (11.3.14)
Ch—i—1
fori=1,2,...,n—=2withcy=1.Then
o MiT1 | Moxy %2 My 19931 | Np—1¥1
Sy, ¥n,c) = Z ezm(t‘n—l/"fn—2+ Galens T T am T a ),

x; (mod ¢;)
(i, ¢i/ci—1)=1

where x;x; = 1(mod c¢;/ci—1)for 1 <i <n—1.

Remark The compatibility condition of Proposition 11.2.10 implies the
divisibility criterion c;|c;| - - - |c,—1 together with the identitities (11.3.14).

11.4 Properties of Kloosterman sums

We now proceed to determine some of the more important properties of the
Kloosterman sums.

Proposition 11.4.1 Let n>2 and define M =My,...,M,_1), and
N =(Ny,...,N,_1) to be two (n — 1)—tuples of integers. Let Yy, Wy be two
characters of U,(R), as in (11.1.1), determined by the conditions

WM(M) — eZﬂI(Mlul+"-+u,,_1M,1_1)’ ,(//_N(u) — ezni(Nllh+~"+ll,,_|Nn_|)’
for all u € U,(R). Let w be in the Weyl group of GL(n, Z), let ¢ be given by

(11.2.1), and assume that the Kloosterman sum S,,(¥ryr, ¥y, c) is well defined.
Then its value depends only on

M; (mod c;), and N; (mod ¢,_;),
fori=1,2,...,n—1.

Proof ltis clear that the proposition holds for the long element Kloosterman
sum. For non-zero integers cy, ..., c,—1, let U(cy, .. ., ¢,—1) denote the group

Ucy, ..., chq) = {u e U,(R) | cili; € Z},

where u is as in (11.1.1). Then, by the use of Cramer’s rule, one may show that
any y € SL(n, Z) N G,, has Bruhat decompositions y = bjcwb, = bjcwb)
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where
bzeU(Cn—l""7C1)5 b/] GU(C15"'7CH—1)'

By choosing the appropriate one of the above decompositions when evaluating
the Kloosterman sum, the result follows. O

Proposition 11.4.2 (Multiplicativity condition) Fixn > 2, and let Yy, Yy
be characters of U,(R) as in Proposition 11.4.1. Let

1/6‘,,,1
Cnfl/cn72
c= ,
6‘2/01
Cq
/
1/Cn—1
/ /
Cn—l/cn—Z
=
! !
6 /¢
!
S
with positive integers ci, ¢y, ..., cn—1,C,_,. Let w be in the Weyl group of

GL(n,R). Then there exist characters Yy:, Yy of U,(R) such that
Sw(l//M» I/IN’ CC/) = Sw(va I;/fNU C) : Sw(wMa WN”, C/).

Proof This was first proved for n = 3 in (Bump, Friedberg and Goldfeld,
1988). See (Friedberg, 1987), (Stevens, 1987) for the proof. O

It was shown in (Friedberg, 1987) that the Kloosterman sums S, ({47, ¥, €)
are non-zero only if w is of the form

where the [ are k x k identity matrices and i| + - - - 4+ iy = n. It was further
shown in (Friedberg, 1987) that if w, is the long element and, in addition,
Cl, ..., Cy—1 are pairwise coprime, then the long element Kloosterman sum
Sw, (W, ¥, ) factors into G L(2) Kloosterman sums.

In the special case that ¢y, ¢, ..., c,—1 are all suitable powers of a fixed
prime p, then the Kloosterman sum S,,(¥y, ¥n, ¢), with ¢ given by (11.2.1),
will be associated to an algebraic variety defined over the finite field IF,, of p
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elements. By use of a deep theorem of Deligne (1977), on bounds for hyper
Kloosterman sums of type

2ni( ‘1+',')‘+~‘r1)
D e :

Xpeex,=1

x;€F,,(i=1,...,n)

it is proven in (Friedberg, 1987) (see also Theorem 11.3.13) that for

w — 1
- 11171 ’

—D?/2)+ —j—Dn—j—
1Su(ars Y. )l = O | VDT plrimbini=2r

plen—i
plej

thenforalll < j <n-—1,

11.5 Fourier expansion of Poincaré series

Letn>2,zebh’, s € C"!, and, Y a character of U,(R) as in (11.1.1). Con-
sider an e-function, ey, : h" — C, which is a bounded function characterized
by the property that
ey(uz) = Y(u)ey(2)
forall u € U,(R), and z € h".
Let

P(z,s,ey) = Z I(yz)ey(yz)

y€UL(Z\I!
be a Poincaré series for SL(n, Z) as in Definition 11.1.2. The main goal of this
section is an explicit computation of the N = (N1, ..., N,_;) € Z"~! Fourier
coefficient
P(uz, s, ey)ynu)d*u, (11.5.1)
Un(Z\Un(R)
with
| 7P
1 Up_y Ui
u= € Uy(R),
1 Ui
1
d'u= T du;;, and yy(u) = > NittitiNo),
l<i<j<n

The computation of (11.5.1) requires some additional notation.
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Definition 11.5.2 Fix n > 2. We define the group V, of diagonal matrices:

V1 n
V, :={v= vi = £Vl <i <n, Det(v) = [ Jvi = 1¢.
Up i=1

Definition 11.5.3 Fixn > 2. Let y : U,(R) — C be a character of U,(R) as
in (11.1.1). Then for any v € V,,, we define a new character ¥* : U,(R) - C
by the condition

) == Y uv) = Y (vuv),
forallu € U,(R).

We are now ready to state and prove the main theorem of this section which
was first proved in (Bump, Friedberg and Goldfeld, 1988) for n = 3, and then
more generally in (Friedberg, 1987).

Theorem 11.5.4 (Fourier coefficient of Poincaré series) Fixn > 2, and let
M=M,,...,M,_), N=(Ni,...,N,_1) € Z''. Then, for y = ¥y, and
N(s;) sufficiently large (i = 1,...,n — 1), the Fourier coefficient (11.5.1) is
given by

Sy Sulbur Vi) e U €)

Cp

S

ew,

<
m
=
o)

I
—_
o
i

I
-

where Sy,(Yru, Yy, ©) is the Kloosterman sum as in Definition 11.2.2, and
Iala v ee) = [ Iz ey, (weus) TR du.
U,(R)
with ¢ given by (11.2.1) and U,(R) = (w™'U,R)w) N U,(R) as in (10.6.4).

Proof It follows from (11.5.1) and the definition of the Poincaré series that

| Pussepm@au= [ 3 Loz ouain@d
Un@)\U»(R) Un @A, ®) ¥ EU@\T

The sum over y € U,(Z)\I" on the right above may be rewritten using the
Bruhat decomposition (see Section 11.2) after taking an additional quotient by
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V, as in Definition 11.5.2. In this manner, one obtains

oo o=

y €U (Z\T weW, veV, y U (\(T'NG )/ Vy

Choose a set of representatives R,, for U,(Z)\(I' N G,)/V, "y, with
Ly = (w - 'UZ) - w) NUL(D),

as before. By Proposition 10.3.6, for every y € R,,, we may choose a Bruhat
decomposition

vy = bicwbh,, b1, by € Uy(Q),

and ¢ as in (11.2.1). In an anologous manner, we may rewrite

[ =] ]

Un(Z)\Un(R) Up(@N\Uw®R)  U,(Z)\U,(R)

with Uy, U, as in (10.6.4), (10.6.5). The result follows after several computa-
tions such as those preceding and including (10.6.6). O

11.6 Kuznetsov’s trace formula for SL(n, Z)

Kuznetsov’s trace formula for SL(2, Z) was established by Kuznetsov and first
published by him in (Kuznecov, 1980). The Kuznetsov trace formula was also
written up by Bruggeman (1978). Later on, it was systematically developed and
heavily used by Iwaniec and his collaborators to:

* extend Bombieri's mean value theorem on primes to large moduli (see
(Bombieri, Friedlander and Iwaniec, 1987));

* achieve subconvexity bounds of L functions (see (Iwaniec and Kowalski,
2004) and the references there, for example).

Another spectacular application was due to Motohashi (1997) who proved
the asymptotic formula for the fourth moment of the Riemann zeta function
by making use of Kuznetsov’s formula on SL(2, Z). In this section, we will
generalize this valuable tool to the case of SL(n, Z) with n > 2.

The proof of the Kuznetsov trace formula which we give here is a generaliza-
tion of Zagier (unpublished notes) on Kuznetsov’s trace formula on SL(2, Z).
It was worked out by Xiaoqing Li, and I would like to thank her for allowing
me to include it in this section.
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Throughout Section 11.6, we identify, forn > 2, the generalized Siegel upper
half-plane

h" = SL(n,R)/SO(n,R).

Warning Note that this does not conform to the definition of h" as given in
Definition 1.2.3, although it is a very close approximation. We shall only adopt
this notation temporarily in this section because of the particular applications
in mind, and the fact that the Selberg transform may take a very simple form in
some cases.

For z,z € " and every k € C°(SO(n, R\SL(n, R)/SO(n, R)), a space
which contains infinitely differentiable compactly supported SO(n, R) bi-
invariant functions on SL(n, R), we define an automorphic kernel

K(z,Z)= Z k(z"'y 2. (11.6.1)
yeSL(n,Z)
Clearly
K(z,z) € L2X(SL(n, Z)\h"). (11.6.2)

For M = (M,,...,M,_y), N =(Ni,...,N,_1) € Z"~', where none of M;
and N;, 1 <i < n—1 are zero, we call them non-degenerate, we may com-
pute the (M, N)th Fourier coefficients of K(z, z’) in two ways. One way is
to use the Bruhat decomposition of GL(n, R), and the other is to use the
spectral decomposition of £2(SL(n, Z)\h"). After these two computations are
made, we end up with an identity which is termed the pre-Kuznetsov trace
formula.
To start, define

Py(y,z) = / K(xy, 2y (x)d*x. (11.6.3)
Un(Z\U»(R)
Here
1 xl’g X1’3 e X1,n
1 X233 e X2.n
X = s Xi = Xpipim (=1,...,n=1),
1 xn—l,n
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Viy2..-Yn—1
YiY2..-Yn-2
n—1_n— —1/n
y= P )
Y1
1
(11.6.4)
Y (x) = P Mt Maoioon) (11.6.5)
and
d'x= [] dxi. (11.6.6)
I<i<j<n
Lemma 11.6.7 The function Py(y, z') is a Poincaré series in z'.
Proof We rewrite Py(y,z') as
Py(y,z') = / K(xy, 2y (x)d*x
Un(Z)\Un(R)
= Z f k(z7ly 2y (x) d*x.
YESLOD) y U ®)
Define
ey (v, 7)) 1= / k(z7' 2y (x) d*x. (11.6.8)

Un(Z)\Ux(R)

Then for u € U,(R), we have

ey (v uz) = / kG uz g () d*x
U, (Z)\U,(R)
= / k(z7' 2y (ux) d*x
U (Z)\U,(R)
= Yu(u) / k(G2 Yy (x) d*x
U (Z)\U,(R)
= Yyu)ey, (v, 2),

so that ey,(y,z) is an e-function. It is also clear that Py(y,z’) €
L2(SL(n, Z)\H") as a function of z’. Hence, Py (y,z’) is a Poincaré series
as in Definition 11.1.2 with s = (0, 0, ..., 0). d



11.6 Kuznetsov's trace formula for SL(n, Z) 357

It follows from Theorem 11.5.4 and Lemma 11.6.7 that

Py (y, X'y n (') d*x' (11.6.9)
Un(Z)\U,(R)
o0 [0¢]
Z ZZ Z Sw(‘(/va’l/f]l\)];c)‘lw(yvy/;]/val/f;\)]7c)’
weW, veV, c;=1 Ccpo1=1
where, after applying (11.6.8),
Jw(ys y/; va W]Y/a C) = /6¢M(yv UJCMY/)WK/(M) d*u

Uy

= / / k(z7" - weuy') Y (x) Yy () d*x d*u,

U, Ui(D\U,R)
(11.6.10)

and S,,(¥y, ¥y ; ¢) is the Kloosterman sum as in Definition 11.2.2.

The other way of computing the Fourier coefficient (11.6.9) is to make use
of the Langlands spectral decomposition (Langlands, 1966, 1976) (see also
Theorem 10.13.1). Langlands spectral decomposition states that

LASL(n, ZO\D") = L3 e SL(n, O\ & L2 (SL(n, Z)\b")
where

dlscrete(SL(n Z)\h )_ cusp(SL(n Z)\h )Ga‘cresldue(SL(n’Z)\hn)'

Here Ecusp denotes that the space of Maass forms, £2,,, . consists of iterated

residues of Eisenstein series twisted by Maass forms, and £2 is the space
spanned by integrals of Langlands Eisenstein series.

Foreachk € C° (SO (n, R)\SL(n, R)/SO(n, R)), we can define an integral
operator L; which acts on f € LX(SL(n, Z)\bh"), by

(Lief)e) = / FwkG"w) dw
h/l
= Z f fywkz'yw) d*w
YEL SLm 0
= / FW)K (z, w) d*w
SL(.Z\G"

Then L; commutes with all the invariant differential operators. Furthermore,
we have
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Lemma 11.6.11 (Selberg)  Fixn > 2. Let ¢ be a Maass form of type v € C"~!
for SL(n, Z) as in Definition 5.1.3. Then

(Li)(z) = k()p(2),

where k(v) depends only on k and v. More precisely,

F) = (Ll (1) = / k(w)!, (w)dw,
bll

where [ is the n x n identity matrix and 1, is given in Definition 2.4.1.

Usually, lAc(v), asin Lemma 11.6.11, is called the Selberg transform of k and

)= [ kanda
Un(R)
is called the Harish transform of k. One can think of the Selberg transform
as the Mellin transform of its Harish transform. The Selberg transform has an
inversion formula due to Harish-Chandra, Bhanu-Murthy, Gangolli, etc., see
(Terras, 1988) and the references there.

For simplicity, we introduce the parameters a; for | < k < n — 1, which are
defined by

n—j n—1

Jjm = a
—_ - = bjivi
s L T4

—_

forany 1 < j < n — 1, where bj;, v; are defined in (5.1.1).
It is easy to check that

n=1 [Go-po+ s ae]
L) =L =[]y S
=1

Forz € GL(n, R),

ha(z) == / pa(k'zk) dk,
S0(n,R)
with

n—1

p(l(z) — 1_[ |Zi|%(a/r—i/z)_(a/l—[+l/2)_l)y

i=1
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where z; is the i x i upper left-hand corner in z for 1 < i < n — 1, and where
we normalize the measure dk such that

dk = 1.
SO (n,R)

Proposition 11.6.12 (Inversion formula) For k € L2(SO(n, R)\D"), we
have

k) = w, / / K lehaG2) e da

len(a)]?
NR(a;))=0 b"
1<i<n—1
k(a)ha(z'z
= Wy Uia(z)dal...dan_l,
lcn(a)l
NR(a;)=0
1<i<n—-1

where w,, is some constant depending on n, and

D) T T
en@1 = [T Zlai—ajul-anh Zlai —ajil),

1<i<j<n—1

with

Za,- =0.

i=1

Proof  See page 88 in (Terras, 1988). Our model h” can be identified with her
model SP,, of n x n positive definite matrices of determinant 1 by considering
the map: " — SP, :z — z'z. O

Now, we continue with the derivation of Kuznetsov’s trace formula. Let
¢;, j = 1 be an orthonormal basis for the cuspidal spectrum and 2;, j > 1 be
an orthonormal basis for the residual spectrum. For k € C°(SO(n, R)\h") we
have the following spectral expansion of the kernel function K (z, z'):

Kz 2)= Y k)60 + Y Q)2 E)

jz1 j=1

+ > cE/IG(s)E(z’,s)E(z,s)ds,

Eisenstein series E

where cg are constants depending on E.
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Next, we compute the Fourier coefficients of the Poincaré series Py (y, z’)
by the above spectral expansion of K . It follows, as in the proof of Lemma 9.1.3
that

Py (y, x" YN () d*x’
Un(Z\U,(R)

A A;(N)A;(M) *yl N
= Zk(‘)/) —1 WJacquet(N Y, Vj)WJacquel(M Y, Vj)
j>1 1—1 |Nl_|i(n—i)/2|Mj|,f(”—j)/2
ij=1
A~ S(N, S) 8(M7 S)
+ Z CE / k(s)nfl n—1
Eisenstein series E 1_[ |Nl |i(n7i)/2 1_[ |M1 |i(n7i)/2
i=1 i=1
X WJacquet(N*y/’ )Wiacquet(M*y, 5) ds, (11.6.13)

where for each ¢; in the cuspidal spectrum, every Eisenstein series £ in the
continuous spectrum, and all N = (N, ..., N,_) € Z" ' with Ny - - - N,,_; #
0, we have

Ny« [Nyl

N* = NN, R
Ny
1
Aj(N) N N
HJ4WJacquet(N y/, Vj) = / ¢j(xy YWn(x) d*x,
[T IN;|i=0/2 UnZ)\Un(R)
i=1

and, correspondingly,

(N, s) y -
Hinacquel(N y,8)= / E(xy/, SHYn(x) d*x.

[T IN;[i=0/2 U, (@\U, (R)
i=1
The contribution from the residual spectrum is 0 due to the lack of non-
degenerate Whittaker models for the residual spectrum.
Remark  To simplify notation, we have supressed the character wl | Nt
..... L
in the Jacquet Whittaker functions above.

By comparing (11.6.9) and (11.6.13), we immediately obtain the following
pre-Kuznetsov trace formula.
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Proposition 11.6.14 (Pre-Kuznetsov trace formula) Fix n > 2, and let
ke CX(SOMm, R\, M =M, ....M,_)€Z"', N=(Ny,...,Ny_1)
€ 7"~ be nondegenerate. Then

WJacquet(N*y/a Vj)WJacquel(M*ya Vj)

N Ai(N)A;(M
Zk(vj) — j( ) j( )

> T IN; =2 |in=i2
ij=1 '
e(N,s) eM,s)
+ ) / k), —
Eisenstein series £ 1_[ |N |1(n i)/2 l_[ |Mi|i(n—i)/2

i=1 i=1

X WJacquet(N*y/a S)WJacquel(M*yv s)ds

=2 ZZ D Su(Vus Ui ) (v Y5 ¥m, ¥k ©).
eV, ai=1 =1

weW, Cn_1

It is useful to be able to remove Jacquet’s Whittaker functions in the above
formula. This can be done by employing Stade’s formula (see (Stade, 2002))
for the Mellin transform of products of Whittaker functions on G L (n). In order
to present Stade’s formula succinctly, we introduce parameters o and S for
1 < k < n— 1, which are defined by

. o n—j n—1
%A—Zak = Zhj,v,- (11.6.15)
k=1 i=1
forany 1 < j < n — 1, where bj;, v; are defined in (5.1.1). We also set
n—1
- a. (11.6.16)
i=1

Similar relations hold for g and v!.

Proposition 11.6.17 (Stade’s formula) For Ri(s) > 1 we have

n—1
. Cioesei dyj
2 / Wracquet (¥, V) WJvaue[(y,U/)l—[T[(n J)sy;n Ds—i) y./
j=1 J

( ) l—“—[ (s+ot,+,8k>’

j=1k=

(R+ )n—l

where o and v; are related by (11.6.15), (11.6.16), and similarly for B;
and v].
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Remark Stade proves the above formula for )(s) large, but one may obtain
[N ;| < 1 5 by Proposition 12.1.9, and similarly for B, so the right-hand side of
the formula is analytic for fis > 1. On the other hand Jacquet (2004a) shows
the integral on the left is absolutely convergent for Nf(s) > 1, so by analytic
continuation Stade’s formula holds for fs > 1

Definition 11.6.18 Fix n>2, N=(N,,...,N,_)) € Z""'. For j=1,
2,..., let

AN n 1
Py = ——2 0 [T Tr (F25F).
T (n/2) [] IN;|i(=i/2 =1 k=

i=1

(N = ::SEN) ﬁﬁ <1+a,+ak>

L n/2) TT N =i

be normalized Nth Fourier coefficients of SL(n,Z) Maass cusp forms and
Eisenstein series, respectively.

We are now ready to state and prove the Kuznetsov trace formula.

Theorem 11.6.19 (Kuznetsov trace formula) Fix n > 2, and choose
k € C(‘OO(SO(n7 R)\h”)! M = (Mla ce Mﬂ—l) € Z}’I*I’ N = (va MR Nﬂ—l)
ez satisfying M\Ny --- M,,_N,_1 # 0. Then

ko Mp 0 + e [Eemnn ds

jz1 Eisenstein series £

o0 o
Z ZZ Z w wM ¢N7 ) w(lﬁﬁz,c),
weW, veV, c;=1 =1
where k is given in Lemma 11.6.11, W, is the Weyl group of GL(n,R), V,
is as in Definition 11.5.2, vy, is as in Definition 11.5.3, Sy,(¥ry, ¥y ©) is the
Kloosterman sum as in Definition 11.2.2, cg is asin (11.6.13), and pj, ns are
given in Definition 11.6.18.
Furthermore,

Hy(Vy.c) = / / /k(t&lx’lwcutN)tpM(x) vy ) d*ud*x
®RHy=1 Up(@N\U(R) T,

= n—ji—j) dt;

(n—j) (n—=7)—=y J

X | | 21w ] _tj
j=1
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where tyy = t(M*)™!, ty = t(N*)~', and

M- |M,_4] Ny« [Nl

M1 ‘ Nl

It

Proof In the pre-Kuznetsov trace formula, given in Proposition 11.6.14,
choose y,y" so that M*y = N*y' =¢. This may be accomplished by
setting

l‘,‘=M,‘y,'=Nl‘yl{, i=12,...,n—1).

Next, multiply both sides of the pre-Kuznetsov trace formula by

TT i ==y 45

n—j =J)=7)n—jn— .

8,7 1_[ /] J tj 27/ J [_
j=1 j

and then integrate over (R*)"~!. Theorem 11.6.19 immediately follows from

Proposition 11.6.17. O

Concluding Remarks

(1) The test function k can be extended to a larger space, say, Harish-
Chandra’s Schwartz space, as long as the convergence of both sides is not a
problem.

(i) The nice feature of the above Kuznetsov type formula is that the residual
spectrum does not appear, while its appearance is inevitable in the Selberg—
Arthur trace formula. In this sense, the Kuznetsov formula is more handy
to treat the cuspidal spectrum.

(>iii) In the case of G L(2), Kuznetsov also derived an inversion formula so that
one can put any good test function on the Kloosterman sum side. Such an
inversion formula on G L(n) does not exist yet, although it is certainly a
very interesting research problem.



364 Poincaré series and Kloosterman sums

GL(n)pack functions The following GL(n)pack functions, described in the
appendix, relate to the material in this chapter:

KloostermanBruhatCell KloostermanCompatibility KloostermanSum
PluckerCoordinates PluckerInverse PluckerRelations
Whittaker.
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Rankin—Selberg convolutions

The Rankin—Selberg convolution for L-functions associated to automorphic
forms on G L(2) was independently discovered by Rankin (1939) and Selberg
(1940). The method was discussed in Section 7.2 in connection with the
Gelbart—Jacquet lift and a generalization to G L(3) was given in Section 7.4. A
much more general interpretation of the original Rankin—Selberg convolution
for GL(2) x GL(2) in the framework of adeles and automorphic representa-
tions was first obtained in (Jacquet, 1972). The theory was subsequently further
generalized in (Jacquet and Shalika, 1981).

The Rankin-Selberg convolution for the case GL(n) x GL(n),
(1 < n < n'), requires new ideas. Note that this includes GL(1) x GL(n')
which is essentially the Godement—Jacquet L-function whose holomorphic
continuation and functional equation was first obtained by Godement and
Jacquet (1972). A sketch of the general Rankin—Selberg convolution for
GL(n) x GL(n') in classical language was given in (Jacquet, 1981). The
theory was further extended in the context of automorphic representations
in (Jacquet, Piatetski-Shapiro and Shalika, 1983). In this chapter, we shall
present an elementary and self contained account of both the meromorphic
continuation and functional equation of Rankin—Selberg L-functions associated
to GL(n) x GL(n"). In particular, this will give the meromorphic continuation
and functional equation of the Godement—Jacquet L-function.

The fact that Rankin—Selberg L-functions have Euler products is a con-
sequence of the uniqueness of Whittaker functions for local fields. The non-
Archimedean theory was worked out in (Jacquet, Piatetski-Shapiro and Shalika,
1983) while the Archimedean local factors were computed in (Jacquet and
Shalika, 1981, 1990).

Explicit computations of the local factors in the GL(n) x G L(n") Rankin—
Selberg convolution were obtained by Bump (1987). Bump started with a

365
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theorem of Shintani (1976) which relates the Fourier coefficients of Maass forms
with Schur polynomials as was discussed in Section 7.4, and ties everything
together with an old identity of Cauchy. Such formulae were originally con-
jectured by Langlands (1970) and generalizations were found by Kato (1978)
and Casselman and Shalika (1980). We shall follow this approach as in (Bump,
1984, 1987, 2004). Alternatively, a basic reference for an adelic treatment of the
Rankin—Selberg theory is Cogdell’s, analytic theory of L-functions for GL,, in
(Bernstein and Gelbart, 2003).

The Rankin—Selberg convolution is one of the most important constructions
in the theory of L-functions. Naturally it has had inumerable generalizations.
The excellent survey paper of Bump (to appear) gives a panoramic overview
of the entire subject. We give applications of the Rankin—Selberg convolution
method towards the generalized Ramanujan and Selberg conjectures. In par-
ticular, the chapter concludes with the theorem of Luo, Rudnick and Sarnak
(1995, 1999) which has been used to obtain the current best bounds for the
Ramanujan and Selberg conjectures.

12.1 The GL(n) x GL(n) convolution

Fix an integer n > 2. Let f, g be Maass forms for SL(n,Z) of type vy,
v, € C" 1, respectively, with Fourier expansions:

o0

fo= ¥ LYy Aoy

n—1
yeUut@\SL(n—1,Z) mi=1  my_a=1 m,_170 |, [K=R)/2
k=1

Y
X WJacquet <M : ( 1>Z» Vg, WI,...,l,m,,l/mn|> ,
00 00
B(mlv cee mnfl)
SEEED SHID SE Sl S
yeUp(Z)\SL(n—1,Z) m;=1 my_r=1 m,_1#0 l—[ |mk|k(n7k)/2
k=1
X W M-(7
Jacquet . 1 Z, Vg, wl,...,l,m,,,l/lmn,” ,

(12.1.1)

asin (9.1.2).
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Definition 12.1.2 (Rankin-Selberg L-function) For n > 2, let f, g be two
Maass forms for SL(n, Z) as in (12.1.1). Let s € C. Then the Rankin—Selberg
L-function, denoted L ¢ ,(s), is defined by

o0

fog(s)_;_(ns)z Z A(ml,.. ,my ;)2 B(ml,...v,m,,_l)y

' s
my= my—1=1 my mZ 'm”*I)

which converges absolutely provided Ri(s) is suﬁ‘iciently large.
This definition conforms with the notation of Theorem 7.4.9.

Theorem 12.1.3 (Euler product) Fixn > 2. Let f, g be two Maass forms for
SL(n,Z)as in (12.1.1) with Euler products

L= 3 2D T e p )
m=1 p i=l1
[TIT =8P

o B(m,1,...,1
Lg(s)zz%

m=1 p i=l1

then L ¢ s will have an Euler product of the form:

fog(s)—l_[nl_[(l Olplﬂplp_v)_

p i=lj=

Proof The proof follows as in Section 7.4. The key point is that the identity
(7.4.14) generalizes. In this case, we have

ki ok kno1) —
A(p ]7 p 2’ AR p ]) - Skl,...,kn,l(ap,lv a[),Za MR | ap,n)»

and Theorem 12.1.3 is a consequence of Cauchy’s identity, Proposition 7.4.20.
a

Our main result is the following generalization of Theorems 7.2.4 and 7.4.9.

Theorem 12.1.4 (Functional equation) For n > 2, let f, g be two Maass
forms of types v, vg for SL(n, Z), asin (12.1.1), whose associated L-functions
L, Ly, satisfy the functional equations:

ApGs) = l_[”ﬂMz(m (%) Lis) = Ap(1—5)

A = l_[nf\wzw <%1(v8)) Lo(s) = Ag(l1—ys),

as in Theorem 10.8.6 and Remark 10.8.7 where f, g, are the dual Maass forms
(see Section 9.2). Then the Rankin—Selberg L-function, L ¢y ,(s) (see Defini-
tion 12.1.2) has a meromorphic continuation to all s € C with at most a simple
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pole at s = 1 with residue proportional to (f, g), the Petersson inner product
of f with g.
Furthermore, L ¢ ,(s) satisfies the functional equation

—s+h )4 (0g) s—A(we)—Ai(vy)
Afpg(s) = Hl—[” ’ F( fz — )fog(s)

i=1 j=

= Ajp(1—9).

Remark It follows from (10.8.5) and Remark 10.8.7 that the powers of
occurring in the above functional equations take the much simpler form:

n

—s+4; (v) _ —s+A; (vf )+A (vg) 2
[T =nr [ = ae
i=1

i=1 j=1

Proof  This Rankin—Selberg convolution requires the maximal parabolic
Eisenstein series Ep(z, s), with P = P,_; 1, as defined in (10.7.1). The proof
of Theorem 12.1.4 is a generalization of the proof of Theorem 7.4.9. The
idea is to compute the inner product of f - g with Ep(z,5). It follows that
forT" = SL(n, Z),

(f -5 Ep(r.5) = / FOR@ - ErG ) d*z,
\p”

with d*z, the invariant measure as given in Proposition 1.5.3. If we now apply
the unfolding trick, we obtain

(f-8 Ep(3) = f f(2)8(2) - Det(z)* d*z,

P\’
Now
* * ok
P = : c T,
* * ok
0 0 1
is generated by matrices of type
0 0 0 ri
I
0 0 -+ 0 r
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where m,_; C SL(n — 1, Z). Consequently
(y 1> - P\p" = U, (Z)\b", (12.1.5)
Yy €U ((D\SL(n—1,Z)

a result obtained earlier in Lemma 5.3.13. Since the Fourier expansion of f
given in (12.1.1) is written as a sum over SL(n — 1, Z), and Det(z) is invariant

under left multiplication by <)/ 1) with y € SL(n — 1, Z), we may unfold
further using (12.1.5) to obtain

(f-8& Ep(x3))

[0} o0

_ / Z Z Z A(my,...,mu_1)
- n—1

U, (Z)\b" my=1 my_a=1 m,_1#0 1_[ |mk|k(”7k>/2
k=1

X Wiacquer (My, vy, Y1 1) @7 Cmt=tmoen) g2y Det(z)* d*z

o0 o0 N
_ i Oo Z Amy,...,m,_)B(my,...,m,_1)
- n—1

0 0

my=1 m,, =1 m,_1#0 1_[ |mk|k(l’l—k)

X WJacquel(Mya Vs, Ipl ..... 1) - Wlacquet(Mya Vg, Y, l)Det(y)S d*y

Recall from Proposition 1.5.3 that

l—[ —k(n—k) d}’k

It follows that

g(ns)(f -8, EP(* 5))

= LfXg(S)GUf,Vg(S)a

say.

The meromorphic continuation and functional equation of L f,.(s) now
follows from the meromorphic continuation and functional equation of
Ep(z,s), (given in Proposition 10.7.5) provided we know the meromorphic
continuation and functional equation of G, ,,(s), the Mellin transform of the
product of Whittaker functions. This latter functional equation was obtained in
a very explicit form by Stade (2001) which allows one to prove the functional
equation stated in Theorem 12.1.4.
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A much simpler way to obtain the explicit functional equation of L s, ,(s)
is by using Remark 10.8.7. In this approach, the functional equation of the
minimal parabolic Eisenstein series is used as a template. By formally taking
the Rankin-Selberg convolution of the minimal parabolic Eisensteins series
E, (s) and E, (s), one readily sees that

L, e, () = ¢ [ ] Te(s = 20p) = 25009).
i=1 j=1
The correct form of the functional equation can immediately be seen. Of course,
one needs to deal with the difficult convergence problems when taking Rankin—
Selberg convolutions which are not of rapid decay, but the techniques for dealing
with this are now well known (Zagier, 1982), (Liemann, 1993). d

One of the original applications of the Rankin-Selberg method (see (Rankin,
1939), (Selberg, 1940)) was to obtain strong bounds for the Fourier coefficients
of automorphic forms. If A(my, ..., m,_) denotes the Fourier coefficient of
a Maass form on SL(n, Z) as in (12.1.1), then we have already obtained the
bound

n—1
|[A(my, ...,m,_1)| < 1_[ | K =R)/2
k=1
in Lemma 9.1.3. For example, this bound gives

Am, 1,...,1) < m"~ V2,

which unfortunately grows exponentially with #. By using the Rankin—Selberg
convolution for SL(n, Z) we can eliminate the dependence on # in the exponent.
The following bound was first obtained in a much more general setting in
(Jacquet and Shalika, 1981).

Proposition 12.1.6 For n > 2, let A(my,...,m,_1) denote the Fourier
coefficient of a Maass form on SL(n,Z) as in (12.1.1). Then there exists a
constant C > 0 such

A, 1,...,1)] < C-|m|>.

Proof Inview of the addendum to Theorem 9.3.11, it is enough to prove that
[A(L, ..., 1,m)] < C- |m|%. For o > 0, consider the identity

L r (=
2mi st

o+ioo
1 x* —A_(logx)*! ifx>1,
S =
g 0 if0<x <1,
o—100
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which is easily proved by shifting the line of integration to the left and apply-
ing Cauchy’s residue theorem. In view of the fact that the Rankin—Selberg
L-function, L s ¢(s), specified in Definition 12.1.2 has positive coefficients
and |A(1, ..., 1, m)|? occurs as a coefficient of m ™, one obtains for fixed o, £
sufficiently large and all |m| sufficiently large that

o+ioo

1
T / Lies(s)

o —i00

@M 45 a217)
N

Here one chooses o sufficiently large so that L ¢ (o + it) converges absolutely
for all # € R. Also, one chooses £ sufficiently large so that |L ¢, r(s)| < 5|62
for f(s) > 0. This can be done, because by standard methods, the functional
equation of theorem 12.1.4 implies that L ¢, ¢(s) has polynomial growth prop-
erties in the strip M(s) > 0. Proposition 12.1.6 can be proved by shifting
the line of integration in (12.1.7) to the left and noting that L s, ¢(s) has a
simple pole at s = 1 with residue R, say. By Cauchy’s theorem, it follows that
IA(, ..., m)]? <K R-2m + O(1). O

Remark 12.1.8 Note that the method for proving Proposition 12.1.6 also
shows that A(m, my, ..., m,_) behaves like a constant on average. If we
write

N

2. b
Lfo(S) = Z fnm)

m=1
as a Dirichlet series, then one may show that as x — oo,
Z b(m) ~ c¢-x
m=x
for some constant ¢ > 0.
Another application of the Rankin—Selberg G L(n) x G L(n) convolution is

to obtain a bound on the eigenvalues of a Maass form. This result was again
first obtained in a much more general setting in (Jacquet and Shalika, 1981).

Proposition 12.1.9 For n > 2, let f be a Maass form for SL(n, Z) of type
Wiy .oy Vpm1) € CVasin (12.1.1). Then

RO < =

[\

for i=1,2,...,n—1, with A; defined as in Theorem 10.8.6 and
Remark 10.8.7.
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Proof By Landau’s lemma (Iwaniec and Kowalski, 2004), a Dirichlet series
must be absolutely convergent up to its first pole. In the case of L f, ¢(s) this
implies that the Dirichlet series for L ¢ ¢(s) converges absolutely for fi(s) > 1.
We also know that A ¢, (s), given in Theorem 12.1.4, has a meromorphic con-
tinuation to all s € C with at most a simple pole at s = 1. The above remarks
immediately imply that the Gamma factors in A s, ¢(s) cannot have poles
for N(s) > 1. One may then check, using Remark 10.8.7, that this implies
Proposition 12.1.9. a

12.2 The GL(n) x GL(n + 1) convolution

Fix n > 2, and let f, g be Maass forms of type vy € C"~!, v, € C", for
SL(n,7Z), SL(n+ 1, Z), respectively, with Fourier expansions (see (9.1.2)):

f(Z) _ Z Z Z Z A(ml, ...,mn_l)

YEUn i (ZNSL(i—1,Z) my=1  my_a=1 my,_1#0 1‘[ |my |02
my - |mu_1|
X WJacquet Z Ve, wl ., ‘m”’ll ’
T dmy—y
(12.2.1)
o0 o0
(ml» ey )7)
g(z) = Z Z Z
yeU,(Z\SL(n.Z) my=1  m,_1=1 m,#0 ]_[|m kn+1=k)/2
k=1
my---|my|
Y
X Wiacquet . WER2 Vi1,
mi !
1

Definition 12.2.2 (Rankin-Selberg L-function) For n > 2, let f, g be two
Maass forms for SL(n,Z), SL(n + 1, 7Z), respectively, as in (12.2.1). Let
s € C. Then the Rankin-Selberg L-function, denoted L y ,(s), is defined by

o0

Lyyo(s) = Z Z A(mo, ..., mn)'B(Wll,...,m”),

n—1 S
(mim5=" - my,)

m1_1 ,,—1

which converges absolutely provided 0i(s) is sufficiently large.
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There are a number of significant differences between the
GL(n) x GL(n + 1) Rankin—Selberg convolution and the GL(n) x GL(n)
convolution given in Section 12.1. For example, the Riemann zeta function
does not appear in Definition 12.2.2 as it did in Definition 12.1.2. Even
more surprising is the fact that the GL(n) x GL(n + 1) convolution does
not involve an Eisenstein series and the functional equation comes from the
invariance of f, g under reflections of the Weyl group instead of the functional
equation of an Eisenstein series. This explains the lack of the appearance of
the Riemann zeta function in Definition 12.2.2. Another explanation comes
from the theory of Schur polynomials and the applications to Hecke operators
and Euler products. The convolution L-function L ¢, ,(s) has a simple Euler
product whose explicit construction will be deferred to Section 12.3.

We now explain the GL(n) x GL(n + 1) convolution. The key idea is to
embed GL(n) in GL(n + 1) into the upper left-hand corner and then integrate
against a power of the determinant. Accordingly, let z = xy € h” with

I xpo1 X3 -0 Xig Yiy2- - Yn—i
1 Xp—p cc- X2.n YViY2:"Yn-2
xX= sl oy= )
1 X1 ha!
1 1

as in Section 9.1, and consider

(f - g, |Det(*)|§’%) = / f2)-g <<Z 1)) |Det(z)|s’% d*z.
SL(n.Z)\b"
The power Det(z)s‘%, above, was chosen to make the final formulae as simple

as possible. In view of the Fourier expansion of g given in (12.2.1), we may
apply the unfolding trick to g and obtain

(f

. g’
o0 o0 YN
B(mla-"?mn) f
=) )y f(2
n
mi=1 muy—1=1 m,#0 1_[ |mk|k(l‘1+l—k)/2U"(Z)\bn
k=1

|Det()]")

my--- |mn|

Imn|

= . z s—1
X WJacquet ’ ( 1)7 Vg, wl,,,,,l, my |Det(2)| 2d*z.
m

1
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Next, make the transformation

Z ml_ll,,z,

where [, is the n x n identity matrix. Since f(z) and d*z are invariant under
scalar multiplication, it follows that

(f - & IDet()| %)

_Z Z Z B(my,...,m,) f £0)

my=1 mp—1=1 m,#0 l_[ |m |k(”+1 k)/2

Uy (Z)\b"
k=1
m2...mnyl ...yn_l
my---My_1y1°" " Yn-2
X WJacquet - » Vg, 1#1 ..... 1
may1
1
1
% 6—2771("12X1+mzxz+ 1 Xy 1) ”(Sf%) |Det|(y)s_% d*z
_i i Z A(mZv~--amn)B(m1»~--amn)
= - 8
m=1  my1=1 m,20 (mim5=" - m,))
o0 oo
Xf /WJacquel Y, Vr, Y., I)WJacquet ((y 1): Vg, Y, >Det(y)v__
0 0
(12.2.3)
because the above integral in d*x picks off the (mj, ms, ..., m,)th Fourier

n—1
coefficient (Theorem 5.3.2) and d*y = [] y,:k("fk)dyk/yk as in (1.5.4).
k=1
Define

Afug(s) = (f - &, [Detx)3). (12.2.4)

Theorem 12.2.5 (Functional equation) Let f, g be Maass forms asso-
ciated to SL(n,Z),SL(n+ 1,7Z), respectively, with Fourier expansions
given by (12.2.1). Then the Rankin-Selberg L-function, L y,,(s), defined in
Definition 12.2.2 has holomorphic continuation to all s € C and satisfies the
functional equation

Afxg(s) = Afxg(l —5),

where A ry4(s) is definedin (12.2.4),(12.2.3), and f, & denote the dual Maass
forms as in Section 9.2.
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Proof The functional equation is a consequence of the substitution

z—w-'H w! =

where w is the long element as in Proposition 9.2.1. It follows from (9.2.2) that

I éx ViY2 o Yn—i
1 —X2 * Y2y3 - Yn-2
LZ — . ,
1 —Xn—1 Yn—1
1 1
where § = (—1)W2H1. It follows from Proposition 9.2.1, and the fact that f, g

are automorphic that

o= a((* ) )

Consequently,

Afug(s) =(f -3, Det(x)| 7

= / f(z)-g((z 1)) IDet(z)*~* d*z

SL(n,Z)\b"

oI—

= / .f(LZ) . g ((lZ 1>> |Det(z)|s7% d*Z. (1226)

SL(n,Z)\b"
But d*z is fixed under the transformation z — “(z~!) while
IDet("(z~)|* "2 = |Det(z)|2~". (12.2.7)

It follows from the above remarks, after applying the substitution (12.2.7) to
(12.2.6), that formally

Afxg(s) = / f(wz)'g’((wz 1)) Det(z)|~ d*z

SL(n,Z)\b"
~ z 1_
- f F@) (( 1)) IDet(z)|+ d*z
SL(n,Z)\bh"
= Af'xg»(l —5).

The above formal proof can be made rigorous by breaking the integrals from O to
oo into two pieces [0, 1], [1, oo] and applying Riemann’s method for obtaining
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the functional equation of the Riemann zeta function. We will not pursue this
here. a

12.3 The GL(n) x GL(n") convolution with n < n’

Fix 2 <n < n’— 1. Let f, g be Maass forms of type v, € cr1, v, € cr-1,
for SL(n, Z), SL(n’, Z), respectively, with Fourier expansions (see (9.1.2)):

> ad A(m15"'7mn—1)
fz) = Z Z Z —
yeU,((Z)\SL(n—1,Z) m;=1 mp—a=1 m,_1#0 |mk|k(nfk)/2
k=1
Y
X WJacquet M - 1 Z,Vf, 1//1""’]’|m’17]| s
mp 1
(12.3.1)
o oo
B(my,...,my_y)
g(2) = Z Z Z =
yeU,y_(Z\SL(n'—1,Z) m;=1 Mmy_r=1 my_#0 l—[ |mk|k(n/—k)/2
k=1

14
X Wiacquet (M : ( 1>Z» Ve, 1ﬁ11 |m”"|) :
oy

The GL(n) x GL(n 4 1) Rankin—Selberg method discussed in Section 12.2
does not naturally generalize to arbitrary n’ > n. The best way to proceed in
the more general situation is to apply a projection operator before taking the
inner product. We follow (Bump, 1987), (Bump, to appear) and the exposition in
Cogdell’s chapter “On the analytic theory of L-functions for GL,,” in (Bernstein
and Gelbart, 2003).

Definition 12.3.2 (Projection operator) Fix integers 2 <n <n' —1. We
introduce the projection operator Pﬁ' which acts on Maass forms for
SL(n', Z) and maps them to cuspidal automorphic functions for the parabolic
subgroup

P, (Z)= P, (R)NSL(n+1,7Z)

where

GL(n,R) =x

Pn,l(R) = ( 0 1

) c GL(n+ 1,R).
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Let g be a Maass form for SL(n', Z) as in (12.3.1). For z € P, 1(R) we define

Uin+2 Urnw
1 1
’ — (W —n— u
P} (§)(2) := |Det(z)| =" "~ f f g bt
0 0 1
Up'—1,0
1

% 6727'”.(un-H.n+2+Mﬂ+2,n+3+“‘+un/—],11/) | | dui,j~

n+2<j<n’
I<i<j

It is clear that if p € P, ((Z), then IE”’n’/(g)(pz) = ]P’Z/(g)(z).

Lemma 12.3.3 Fix2 <n <n' — 1, and let g be given by (12.3.1). Then for
z € P,1(R), we have

P, (9)(2)

00 00

, B,...,1,my_,,...,my_;
= [Det(z)] M2y Y B o)
y €U (Z\SL(n,Z) myy_, =1 my =1 l_[ |mk|k("'—k)/2
k=n"—n
My —p =My
My —p My 2
. vz
X WJacquet .. ( I >’ Vg, Yi.als
n'—n

In/—n
where I, denotes the r x r identity matrix.

Proof Letz € P, (R). Since ]P’Z/(g(z)) is invariant under left multiplication
by P, 1(Z) it follows from Section 5.3 that it has a Fourier expansion as in
Theorem 5.3.2. After some computation, the proof follows as in the proof of
Theorem 9.4.7. O

With these preliminaries out of the way, we may proceed to describe the
Rankin-Selberg convolution. Let f, ¢ be Maass forms for SL(n, Z), SL(n’, Z.),
respectively as in (12.3.1). The requisite convolution is given by the
inner product, (f -%, |Det(*)|§‘%), taken over the fundamental domain
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SL(n, Z)\GL(n, R). Lemma 12.3.3 allows us to unravel Pﬁ/(g) in this inner
product. It follows that

(f - P7(g), [Det(x)[2)

= / f@ Z Z B(,. ni},mn/_n,...,mn,_l)

U, (Z\GL(1,R) i n =1 [T Imgelker=Rr2

k=n'—n

My —p =+ My —1
My —p =My —2

— z
X WJacquet : ( I > » Vg, wl ..... 1
n'—n

My —p
[n’fn

x [Det(z)|*" "7 d*z.

In the above integral, we may make the change of variables z — mn_,ln Iz,
noting that f and d*z are invariant under this transformation. After this, the d*x
integral will pick off the (m,/ 1, ..., m,y_;) coefficient of f. It follows that

(£ Py(g), IDet(x)"2)
i Z A(mn/ n4ls«--s mn’—l)B(l’ M} 15 mn’—ny MR} mn’—l)

n n—1 s
My —p= m,_ =1 (mn’—nmli/—i1+1 e m”Ll)

o0

0
X [Det(z)[*~"F" d*y.

By analogy with the Rankin—Selberg constructions given in Sections 12.1,
12.2, it is natural, after the above computations, to make the following definition.

Definition 12.3.4 (Rankin-Selberg L—function) Fix 2 <n <n'. Let f, g
be two Maass forms for SL(n, 7)), SL(n’,Z), respectively, as in (12.3.1). Let
s € C. Then the Rankin-Selberg L-function, denoted L ¢ ,(s), is defined by

> N A(ma, ...,my)-B(my,...,my, 1,...,1)
Lixg®) =D - P :

mi=1 my=1 (mlmZ Wl”)Y

which converges absolutely provided R(s) is sufficiently large. Here, the
coefficient B(my,...,my, 1,...,1), has precisely n' —n — 1 ones on the
—_———

n'—n—1

right-hand side.
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Remark We may also take n = 1 in Definition 12.3.4 by letting f be the con-
stant function. In this case the Rankin—Selberg L-function is just the Godement—
Jacquet L-function as in Section 9.4. In fact, all constructions and proofs in this
section will work when n = 1.

Theorem 12.3.5 (Euler product) Fix 2 <n <n'. Let f, g be two Maass
forms for SL(n, Z), SL(n', Z), respectively, as in (12.3.1) with Euler products

Ly(s) = Zw = [I[]a=epip™",

m=1 p i=l1

Lys)=Y_ W [TTTT0 = Boip™",

m=1 p i=l

then L ¢, will have an Euler product of the form:

fog(s) = 1_[ l_[ 1_[(1 — ap,i mp—S)—l.

p i=l j=1

Proof  The proof follows the ideas in Section 7.4, but requires a modification
of Cauchy’s identity (Proposition 7.4.20). For details, see (Bump, 1984, 1987,
to appear). d

Finally, we consider the meromorphic continuation and functional equation.

Theorem 12.3.6 (Functional equation) Fix 2 <n <n'. Let f, g be two
Maass forms for SL(n, Z), SL(n', Z), respectively, as in (12.3.1), whose asso-
ciated L-functions L ¢, L, satisfy the functional equations:

AGs) = l_[n—m ivp) <%’(Uf)> Ly(s)=Af(1—5)

Agls) i= l_[n “H R (%) Lo(s) = Agy(1 — ),

asinRemark 10.8.7 where f, g are the dual Maass forms (see Section 9.2). Then
the Rankin—Selberg L-function, L f,(s) (see Definition 12.3.4) has a holomor-
phic continuation to all s € C. Furthermore, Ly, ,(s) satisfies the functional
equation

Afxg(s) _ l_[ 1_[71 —s+hi (1f)+ /('e) (S — )\I(Vf; — )\'j(vg)> fog(s)

111

Agyz(l—=3).
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Remark Note that as in the remark after Theorem 12.1.4, the power of 7 in
the above theorem simplifies to 77 ~""'5/2,

Proof This theorem has essentially been proved in the case n’ =n + 1 in
Theorem 12.2.5, so we need only consider n < n’ — 1.
Let z € h". The functional equation is a consequence of the substitution

7 'lU't(Z_l)'w_l = lZ,

where w is the long element as in Proposition 9.2.1. It follows from (9.2.2)
that

1 5)(1 YiY2- - Yn—1
I —x * Y2y3 - Yn—2
ly — ,
1 —Xp—1 Yn—1
1 1
where § = (—I)WZM. It follows from Proposition 9.2.1 and the fact that f, g

are automorphic that

()= f,

(7, )=<(C 0n))

Ajgrg(s) =(f -P7(g), |Det() 2

OR A0 ((Z . )) [Det(z)[~* d*z

SL(n,Z)\GL(n,R)

= f fz)- Pr(g) (( : I )) |Det(z)|“*% d*z.

SL(n,Z)\GL(n,R)

and

Consequently,

(12.3.7)
But d*z is fixed under the transformation z — “(z~!) while

IDet('(z"")|""* = |Det(z)|* . (123.8)
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It follows from the above remarks, after applying the substitution (12.3.8) to
(12.3.7), that formally

Afxg(s) = / f(u)z) . (L o PZ/ o L)(gw) ((z 1)) |Det(z)|%_x d*z

SL(n,Z)\GL(n,R)

= / f@) - (toPr 0d)(@) <<Z 1>> IDet(z)|2~* d*z

SL(n,Z)\GL(n,R)

= Ajyp(l =),
where
Rpag) =7 (coPy 00) (@), [Det()l2).

The above formal proof can be made rigorous by breaking the integrals from 0 to
oo into two pieces [0, 1], [1, oo] and applying Riemann’s method for obtaining
the functional equation of the Riemann zeta function.

Once the form of the functional equation is obtained, the precise Gamma
factors in the functional equation can be deduced by using the functional equa-
tion of the minimal parabolic Eisenstein series as a template as we did at the
end of Section 12.1. We leave these computations to the reader. O

12.4 Generalized Ramanujan conjecture

Let f be a Maass form of type v = (v, ..., v,_;) € C"~! for SL(n, Z) with
Fourier expansion as given in (9.1.2):

o0

fo= ¥ LYy Al

n—1
YEUu1(L\SL(n—1,2Z) m=1 my—2=1 m,_17#0 |my |k(n—1<)/2
k=1

X WJvauet <M : (V 1) zZ,V, wl"“’l’zﬂi> s (12.4.1)
where
my Ny - [my,_q]
M= A(ml,...,mn_l)e(c,

mny ’
mi
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and
1 Up—1
1 Up-2 *
Vi, 1 - . — il aeuy 1)
1 23]
1
We further assume that f is normalized so that A(1, ..., 1) = 1 and that f is an

eigenfunction of the Hecke operators given in (9.3.5). It was shown in (9.4.2)
that the Godement—Jacquet L-function

2 A, 1, ..., 1
Lf(s)zzu

s
n=1 n

has an Euler product given by

Ly(s) = H(l —Ap, .. Dp S+ AL, p, .. Hp Y —
p

-1
et (—1)”_1A(1, o p)p(l—n)s + (_1)np—ns>

=T]]]a —epir™". (12.4.2)
p i=l1
where o, ; € Cfori =1,2,...,n.

Conjecture 12.4.3 (Ramanujan conjecture at finite primes) Forn > 2, let
f be a Maass form for SL(n,Z) as in (12.4.1). The generalized Ramanujan
conjecture asserts that oy, ; given in (12.4.2) satisfy

|ap$i| =1,
for all primes p andi = 1, ..., n. Equivalently, for every rational prime p we
have the bound
[A(p,1,..., D] < n.

This conjecture has been proved for holomorphic modular forms on GL(2)
in (Deligne, 1974) (see Section 3.6) but is still a major unsolved problem for
Maass forms. Deligne shows that every holomorphic modular form (Hecke
eigenform) over Q, say, is associated to an algebraic variety and that the pth
Fourier coefficient can be interpreted in terms of the number of points on this
variety over I, the finite field of p elements. From this point of view, the
Ramanujan conjecture is equivalent to the Riemann hypothesis for varieties
over finite fields first conjectured in (Weil, 1949) and, in a stunning tour de
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force, finally proved in (Deligne, 1974). The problem with trying to generalize
this approach to non-holomorphic automorphic forms is that there seem to be no
visible connections between the theory of Maass forms and algebraic geometry.

There is yet another fundamental conjecture which was originally formu-
lated by Selberg (1965) (see also Section 3.7). Classically this is known as the
Selberg eigenvalue conjecture. For the cognoscenti, it is clear from the adelic
point of view that the Selberg eigenvalue conjecture is really the generalized
Ramanujan conjecture at the infinite prime. In the next section, we will give a
more elementary explanation of why these two conjectures can be placed on an
equal footing. Here is the generalized Selberg eigenvalue conjecture.

Conjecture 12.4.4 (Selberg eigenvalue conjecture) Forn > 2, let f(z) be a
Maass form of type (i, va, ..., Vu—1) € C"~! for SL(n, Z) as in (12.4.1). Then

, 1
R) = —,
n
for i=1,2,...,n—1, with A; as defined in Theorem 10.8.6 and
Remark 10.8.7.

RAi(v)) =0,

Remark The first to observe that the classical Ramanujan conjecture con-
cerning the Fourier coefficients of A(z) can be reformulated to a very general
conjecture on G L(n) appears to have been Satake (1966). The generalized
Ramanujan conjecture has been established for automorphic cusp forms of
GL(n, F), of algebraic type satisfying a Galois conjugacy condition, where F
is a complex multiplication field (see (Harris and Taylor, 2001)). The proof is
a remarkable tour-de-force combining the Arthur—Selberg trace formula and
the theory of Shimura varieties. The generalized Ramanujan conjecture is still
unproven for Maass forms for SL(n, Z) of the type considered in this book.

While the Selberg eigenvalue Conjecture 12.4.4 is not hard to prove for
SL(2,7) (see Theorem 3.7.2) it is still an unsolved problem for congruence
subgroups (see Conjecture 3.7.1); and, of course, Conjecture 12.4.4 can be easily
generalized to higher level congruence subgroups of SL(n, Z) with n > 2.

In (Kim and Sarnak, 2003), one may find the current world record for both the
Ramanujan conjecture and Selberg eigenvalue conjecture for GL(2) (this
includes the case of congruence subgroups of higher level). The precise bounds
obtained are

a1
lep1l, lapa2l < p@,

and correspondingly,

R) < ’
Ju v —_—.
=64
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In (Selberg, 1965) the bound < 1/4 instead of < 7/64 as in (Kim and Sarnak,
2003) was attained. Selberg’s result was slightly improved to < 1/4 in (Gelbart
and Jacquet, 1978). Further improvements were given in (Serre, 1981) (see also
(Serre, 1977)), who obtained |o, ;| < p%, Shahidi (1988), |« ;| < p%, Duke
and Iwaniec (1989), found a different proof of |o, ;| < Zp%, Bump, Duke,
Hoffstein and Iwaniec (1992), |a ;| < p%. In the case of GL(n) with n > 2,
Jacquet and Shalika (1981) obtained the bound < 1/2. This bound was proved
for SL(n, Z) in Propositions 12.1.6, 12.1.9. For the finite primes p, Serre (1981)
suggested that one could do better by a clever use of the Rankin—Selberg L-
function. This led to the bound

< 1 — ; (12.4.5)

—2 dn?+1
for Maass forms on G L(n) over anumber field of degree d. In (Luo, Rudnick and
Sarnak, 1995, 1999) the dependence on d was removed. We give an exposition
of the Luo, Rudnick and Sarnak method (over Q) in the next section.

12.5 The Luo-Rudnick-Sarnak bound for the
generalized Ramanujan conjecture

As an application of the Rankin—Selberg method, we shall give a proof of the
bound (12.4.5) obtained in (Luo, Rudnick and Sarnak, 1995, 1999). In order
to simplify the exposition, we work over Q, instead of a number field, so that
d = 1. Let us restate the theorem.

Theorem 12.5.1 (Luo-Rudnick-Sarnak) Fixn > 2. Let f be a Maass form
of type (vi, ..., v,—1) for SL(n,Z) which is an eigenfunction of the Hecke
operators as in (12.4.1). Then for ap, ; as in (12.4.2), we have
1__1 1 1
lapi| < p? 1, N (V) < 2 T2
for all primes p, 1 <i<n, and 1 <j<n-—1. Here X; is defined in
Theorem 10.8.6 and Remark 10.8.7.

Remark In (Luo, Rudnick and Sarnak, 1999) the above bound was obtained
for Maass forms on G L(n) over an arbitrary number field.

Proof  Recall the definition of L ¢(s) given in (12.4.2).

n

Lis)=[T]T0 = epip™"

i=1 p
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Now, let x be a primitive Dirichlet character (mod ¢). Consider f ® x, which
has associated L-function

Lge)=[]]]0 = apix(p)p™"

p =1
We may now take the Rankin—Selberg convolution of f with f ® x. This leads
to the Rankin—Selberg L-function

Lienxs@ =[TTTT10 = @pidm; x(p) p™7"

p i=1 j=1

Further, as in the proof of Theorem 12.1.4, Remark 10.8.7, and the comments
after it, the function L rg,)x s (s) satisfies the functional equation

Aroxr(8)
n n s+ay —h,‘(u)—m —_—
g\N— =2 —— _[s—rx(@)—Xr;(v)+a
=11 n(_) F( 5 : L) Lirenxr(s)
izl =17
J
=€ - Aopxjl —9), (12.5.2)
where

) _<ﬂ) o k=1,
T\t ) i x=1 = —1.

d

It follows from the methods used to prove Theorem 12.1.4 that A (rey)x £(5)
has a holomorphic continuation to all s € C except for simple poles at s = 1
and s = 0, the latter simple poles can only occur if x = 1 is the trivial character.
Note that at finite level there can be finitely many x for which this has a pole
(of course, this impacts nothing). This result was also proved in much greater
generality in the combination of papers: (Shahidi, 1981, 1985), (Jacquet and
Shalika, 1981, 1990), (Jacquet, Piatetski-Shapiro and Shalika, 1983), (Moeglin
and Waldspurger, 1989).

We also require, for any fixed prime pg, the modified Rankin—Selberg L-
function

Lo s = Lisanx s - [T (1 = epoi®oni x(po) p5*).  (125.3)
i=1 j=1
which is the same as L(rgy)x r(s) except that the Euler factor at po has been
removed.
The key idea in the proof of Theorem 12.5.1 is the following lemma.
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Lemma 12.54 Fix n > 2 and fix po to be either 1 or a rational prime.
Let f be a Maass form for SL(n,Z) as above. Then for any real number
B > 1—(2/(n* + 1)), there exist infinitely many primitive Dirichlet charac-
ters x such that x(po) =1, x(—1) =1, and

L{tayxs(B) # 0.

We defer the proof of this lemma until later and continue with the proof of
Theorem 12.5.1.
It follows from (12.5.3) that

_ —\—1
Lisenxr(8) = L{pgy () HH — py.i @pe.j X(P0) Py°)
i=1 j=

Assume x(—1) = 1,50 a, = 0, and the Gamma factors in the functional equa-
tion take the form (12.5.5). Since A (rgy)x r(s) is holomorphic for x non-trivial,
we see that any pole of

n n 1
TTIT( = i@ x(po) py?)

i=1 j=1

- ﬁ r (M) , (12.5.5)

or

i=1 j=I1

must be a zero of Lf’;m)xf(s).

Assume that x (po) = 1 and for some 1 <i < n we have |ozp0,,-|2 = pP with
B >1—(2/n*+1)). Then (1 — |ap,iI*py*)~" has a pole at s = B. Sim-
ilarly, assume that 9i(x;(v)) = B for some i =1,...,n — 1, and for some
B > 1 — . Then the Gamma factor

ﬁ . <s - 29%(1,-@)))
2

i=1
would have a pole at s = 28. It immediately follows, in both these cases,
that Lf Fo1) f(s) would have to have a zero in a region which contradicts
Lemma 12.5.4. This proves Theorem 12.5.1. It also explains why the Ramanu-
jan Conjecture 12.4.3 and the eigenvalue Conjecture 12.4.4 can be placed on
an equal footing.

Remark The above proof yields a slightly better bound for the case of
G L(2) Maass forms when combined with the Gelbart—Jacquet lift. For example,
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if we start with a Maass form of type v for SL(2,Z) with L-function

2
[TITQ —«,:p~)7", then the Gelbart-Jacquet lift will yield a degree 3 Euler
p i=1

product as in Lemma 7.3.5 associated to a Maass form of type (2v/3, 2v/3)

for SL(3, Z). When combined with the proof of Theorem 12.5.1, one gets the
bounds

1

il <pF =12, PO < 3.

a result first obtained by Shahidi (1988) by quite different methods.

Proof of Lemma 12.54  We first prove Lemma 12.5.4 in the simpler case
when pg = 1, as in (Luo, Rudnick and Sarnak, 1995). Afterwards, we sketch
the proof in the more general case when py is a prime, as in (Luo, Rudnick and
Sarnak, 1999). |

With the notation of (12.5.3), for a primitive character x (mod ¢), the func-
tional equation (12.5.2) may be rewritten in the form.

o q (n2/2)7n2s o0
Lo (5) = ey (;) G L (1= 5). (12.5.6)
where
U 1—s—A;(V)—A; (1) (=51
I (f) (1= apy.i@poy 25" )
Gp(s) = —1—

s—A;(V)=X;(v) -1
] lr ( P ) (1 = ®pg,i%py, j pOJ)

It follows easily from the Euler product (Theorem 12.1.3) and the coefficient
bound in Proposition 12.1.6 that for 8 > 1, we have L (rgy)x r(8) # 0. This was
proved in much greater generality in (Shahidi, 1981). Consequently, we may
assume that 1 — (2/(n> + 1)) < B < 1. The key idea of the proof is to show
that for € > 0, and Q sufficiently large that

Z Z L{fapyr(B) > 07F, (12.5.7)
q~Q x (mod q)
where Y " means that the sum ranges over primitive characters x (mod ¢)

satisfying x(po) = x(—1) =+1, and >  means we sum over primes
q9~Q

0 < g < 2Q. The lower bound (12.5.7) immediately implies Lemma 12.5.4.

To prove (12.5.7), we require an auxilliary compactly supported smooth

function 4 : [A, B] - R, where 0 < A < B, and h(y) > 0, and in addition

/m@dyzl.
0 y
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Define

o]

- d
i(s) = / oy 2.
0

to be the Mellin transform of %, and

1 - d
h(y) == i / h(s)y™ ?s

R(s)=2

Then, by Mellin inversion,
% h(x)
moy= [P
y X

It follows that
O=mh(M=1L hi(y) = 1; if0<y=<A,
while
hi(y) =0, if y > B.

Next, for y > 0, define

27i s
Re(s)=2

1 - d
ha(y) = —— / ()G py(—s + By~ &

We shall forthwith show that %, satisfies the following bounds.

ha(y) <y y~™, for y > 1 and any positive integer M, (12.5.8)
ha(y) <e 14+ y'7P7P=¢ for0 <y <landany € >0, (12.5.9)

where

Bo =2 max R(x;(v)),

and, we may recall that the ;(v) occur in the Gamma factors of G ,(s) as in
(12.5.6). To prove (12.5.8) shift the line of integration to the right to the line
N(s) = M. The result follows since G p,(s) has at most polynomial growth in
s in fixed vertical strips while 7(—s) has rapid decay. To prove (12.5.9), shift
the line of integration to the left. We may assume Sy + 8 — 1 < 0, otherwise,
(12.5.9) is obvious. After shifting to the left, we will pick up the first simple
pole at N(s) = Bo + B — 1. The bound (12.5.9) follows immediately.

The next step in the proof is the derivation of an approximate functional
equation for L rg,)x s(s) of the type previously derived in Section 8.3. The
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asymmetric form of the functional equation (12.5.6) then leads to an asymmetric
approximate functional equation.
Let

Lioxxs(s) = Z (m)

m=1

It follows that for any ¥ > 1,

1 - ds
(B, Y) := i / h(s) Lfoxf(s +BY? »
R(s)=2

_Zb(m)x(M) 1. / ms)(K) ds
Tl m S

m=1 R(s)=2
_Z o X(m)hl( ) (12.5.10)

On the other hand, we may shift the line of integration to the left, apply the
functional equation (12.5.6), and then let s — —s, to obtain

1 ds
TB.V) = Ligopas B) + 5= / HO) Ligoprts + HY
N(s)=—1
(12.5.11)

where the integral on the right-hand side in (12.5.11) is equal to

€y (1)%(172‘3) - 7Y\ ds
ﬂi. / h(—S) qnz GI’U(_S + ﬂ)L(f®X)Xf_(1 - ,B + S)?

27
R(s)=1

which is equal to
2 - 2
q\'7(1-26) g b(m) g (m) 7\"
o (3) 2= () )

Combining (12.5.10), (12.5.11), and the above calculation, we obtain, for any
Y > 1, the approximate functional equation

\_/

Lironxr(B) = Z (f,)x(M) hl(

m=1
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This may be rewritten in the equivalent form

Lsenxr(B) = Z ’; )x( ) h1( )

m=1

—n —nﬂ [ee]
- ’(Xl > b(lmz X(m) - hz<m§” ) (12.5.12)

) Mt

The final step in the proof of Lemma 12.5.4 uses the approximate func-
tional equation (12.5.12) to deduce (12.5.7). We shall restrict ourselves to
prime g so that all non-trivial characters are automatically primitive. We
require:

0, m=0 (mod q)
S xm=15—1, m=+1 (modq) (12.5.13)
X %o ;TEC})QH -1, otherwise.

We then use (12.5.12) and (12.5.13) to estimate

oY Lyenss®). (12.5.14)

q~0Q x (mod g)
X#x0, x(—D=+1

The contribution of the first sum on the right-hand side of (12.5.12) to the
average (12.5.14) is

Z 3 Zﬂx(mh(y)

x (mod q) m=1
x#)m x(=1) =+1

ZCI—l Z b’;m) () Zzb(M) ()

m==+1 (mod q) ~Q (m,q)=1

(12.5.15)

We will show that the main contribution to (12.5.15) comes from the term
m = 1. All other terms will give a much smaller contribution. In fact, the
contribution of the term m = 1 is

-1 1 -1
> h1<?) -yl
q9~Q q9~Q

The sum over m = 1 (mod ¢q), m # 1 will contribute

qg—1 b(1+dgq) 1 +dqg b(m)m*
Z 2 Z(1+dq)f‘h< Y )<< QZ ST

d=1

)

m (%)
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where we have used the fact that for m # 1, the number of different
representations m = 1 +dq = 1 +d’'q’ is O(m¢). By the properties of the
Rankin—Selberg convolution L s, ¢(s), (see Section 12.1, and in particular,
Remark 12.1.8) we see that b(m) > 0ofallm = 1,2, ..., and

> bm) ~ ¢sx, (x — 00)

m<x

for some c¢; > 0. It follows that Z Z PO | hy(m/Y)| < QY '=F+< and,
~Q m=1
therefore,

> q_l > b(m)hl(Y> < QY e

q~Q m==£1 (mod q)
m#1

By the same type of computation, one also obtains a bound for the last sum on
the right-hand side of (12.5.15):

b(m) 1-B+e€
—h < QY .
‘IZQ (m;l 1()/)

Finally, we consider the contribution of the second term on the right-hand
side of (12.5.12). For this we make use of a deep bound of Deligne (1974) for
hyper-Kloosterman sums. Define

Kn(r, q) = Z eZﬂi(*l*'%)’
X1x2-xp=r (mod ¢)

to be the hyper-Kloosterman sum. Then Deligne proved that
Ku(r,q) < q" V2. (12.5.16)
We shall use (12.5.16) to prove that for m € Z and ¢ fm that

S k(0" < g, (12.5.17)

x (mod gq)
X#X0. x(=D=+1

Indeed, we have the identity

_ n? q — 1 n?
Yo k()" = —(Kpe(m, q) + Kpp(=m, q)) = (=1)",

x (mod g) 2
X#Xx0,x(—=D=+1

from which (12.5.17) immediately follows.
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We now return to the computation of the contribution of the second term on
the right-hand side of (12.5.12). This contribution is

W)nz(]7nz/3 o ( )_ h mYﬂ,’
Z Z AR Lty 1,3X(m) ] R

qg~Q  x (mod gq)
24l 2 o 2
g2 P |b(m)| mY "
S s Z |

XFX0, x(=D=+1
g~0 T T

n241 —Vl

[o.¢]
qT rYr[
<
1

nz+1
< Z

q~Q

25 0+B) |y B

n241

< Ql+ 5

Y 7B.

Collecting together all the previous computations with the approximate func-
tional equation (12.5.12) yields the asymptotic formula

Z Z Lirgyxr(B) = Z a—1 +O(QY' Pt 4 QI3 2o )

g~Q x (modq) q~0Q
X#Xx0,x(—D=+1

Choosing Y ~ Q@ *+D/2 we obtain Lemma 12.5.4 when py = 1.
The case when py is a prime is more difficult to deal with. In this situtation
we replace (12.5.13) with

Y T xm= =Ny ifm=1, (12.5.18)

Blg x (modpB) >0  otherwise,
x(po)=x(—D=1

where
*
Ne=3> > L
Blg  x (mod B)
x(po)=x(—D=1

and X* means that we sum over primitive characters only.
In this variation of the method, we do not assume that ¢ is prime. If gy is the
largest integer dividing ¢ with the property that (go, m) = 1, then

YooY T xm=o,

Blgo  x (mod B)
x(po)=x(=1H=1

because the sum is going over all elements in a group.
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The key point is that one needs to know that N, is large for many values of
q. More precisely, one requires that for every € > 0 and all Q sufficiently large

>N, > 07 (12.5.19)
0<g<20

This may be proved using a construction of Rohrlich (1989) together with a
variation of the Bombieri—Vinogradov theorem due to Murty and Murty (1987).
With (12.5.18) and (12.5.19) in place, the proof of Lemma 12.5.4 proceeds as
before. See (Luo, Rudnick and Sarnak, 1999) for precise details.

The case of a finite place and a number field is quite a bit more complicated.
The reason is that the condition that x be 1 at a finite place p, imposes a
strong condition on the set of such xs. To get around this one resorts to the
construction of special ys which have conductors which are highly divisible
(Rohrlich, 1989), and in fact form a very sparse sequence. In this case in order
to execute the averaging one needs to use the positivity of the coefficients of
the Rankin—Selberg L-function L(s, f x f). O

12.6 Strong multiplicity one theorem

As a final application of the Rankin—Selberg method, we give a proof of the
strong multiplicity one theorem, originally due to Jacquet and Shalika (1981).

Theorem 12.6.1 (Strong multiplicty one) Ler f, g be two Maass forms for
SL(n,Z) as in (12.1.1) with Fourier coefficients

Almy,...,mu_1), B(my,...,m,_1),
respectively, withmy > 1, ... .my,_»>1,m,_; #0.1If
A(p,1,...,1) = B(p,1,...,1)
for all but finitely many primes p then f = g.

Proof 1If f # g, then the inner product (f, g) = 0. By Theorem 12.1.4, the
Rankin—Selberg L-function L 7, 4(s) (see Definition 12.1.2) has a meromorphic
continuation to all s € C with at most a simple pole at s = 1 with residue
proportional to { f, g). By our assumption that f* # g, it follows that L 7, ¢(s) is
entire and has no pole at s = 1. This is a contradiction because we are assuming
that A(p, 1,...,1) = B(p, 1,..., 1)forall but finitely many primes p, which
implies by Theorem 12.1.3 (up to a finite number of Euler factors) that L 7, (s)
is a Dirichlet series with positive coefficients, so it must have a pole. If it did
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not have a pole then by standard techniques in analytic number theory the sum
> A(p,1,...,1)-B(p,1,..., 1) would be small as x — o0. d
p=x

Theorem 12.6.1 can actually be proved in a much stronger form, i.e., it
still holds provided A(p, 1,...,1) = B(p, 1,...,1) for only finitely many
primes p. By using the logarithmic derivative L}-X ¢(8)/L £xg(s), Moreno
(1985) obtained a general explicit bound on the number of primes required.
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Langlands conjectures

About 25 years ago I was discussing analytic number theory with Jean-Pierre
Serre. I distinctly recall how he went to the blackboard and wrote down the
Euler product

n
[T]]a-apip™!
p i=1
corresponding to an automorphic form on G L(n), and then pointed out that one
of the most important problems in the theory of L-functions was to obtain the
analytic properties of the higher kth symmetric power L-functions given by

I1 I1 (1= (ctpis@pis - 0tpi) P~) -

P 1=iish<--=<ix=n
He then explained that if one knew that these L-functions (fork = 1,2, 3,...)
were all holomorphic for 9i(s) > 1 then it would easily follow from Landau’s
lemma (a Dirichlet series converges absolutely up to its first pole, see (Iwaniec-
Kowalski, 2004)) that

lapil =1

for all primes p and alli = 1, 2, ..., n. This, of course, is the famous general-
ized Ramanujan conjecture discussed in Section 12.4.

In January 1967, while at Princeton University, Langlands hand wrote a 17
page letter to André Weil. The letter outlines what are now commonly known
as the “Langlands conjectures.” Weil suggested that the letter be typed and it
then circulated widely. It is now available at the Sunsite webpage:

http://www.sunsite.ubc.ca/DigitalMathArchive/Langlands/functoriality.html

The conjecture about the kth symmetric power L-functions shown to me by
Serre is a special case of Langlands more general conjectures. One may also

395
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consider the kth exterior power L-function given by

1_[ 1_[ (1 —Qp i Upiy + 'O‘P,ikp_s)_l'

P oi<ir<--<iy

Langlands predicts that the kth symmetric power L-function is associated to

an automorphic form on GL ( > 1 ] while the kth exterior power

L-function is associated to an automorphic form on GL > 1),

I<ij<iz<--<ix<n

i.e., it is on GL(M) where M is simply given by the number of Euler factors
in the Euler product. Although these conjectures are easy to state in terms of
Euler products, it is very hard to get a grip on them from this point of view.
The great insight of Langlands, in his letter to Weil, is to show that each L-
function associated to an automorphic form on G L(n), say, is also associated
to a certain representation of an infinite dimensional Lie group, and by taking
tensor powers or exterior powers of the representation one may validate the
predictions.

Langlands came to his conjectures by carefully studying Eisenstein series
and Artin L-functions. For example, we have shown in Theorem 10.8.6 that the
L-functions associated to a minimal parabolic Eisenstein series for SL(n, Z) are
simply a product of shifted Riemann zeta functions. It is not hard to construct
the higher symmetric and exterior powers which will again be products of
other shifted Riemann zeta functions. One can then validate the Langlands
conjectures by showing (with the method of templates, after Remark 10.8.7),
that the higher symmetric and exterior products satisfy the expected functional
equations.

Another compelling explanation for Langlands general conjectures, as
explained by Langlands himself, is the striking analogy with Artin L-functions
(Langlands, 1970). We will explore this analogy in the next two sections.

Langlands conjectures (see (Arthur, 2003), (Sarnak, to appear)) show that
all automorphic forms should be encoded in the G L (n) automorphic spectrum.
It also follows from (Arthur, 1989, 2002) that the decomposition of a general
group may be reduced to the study of G L(n). So for the theory of L-functions,
the group G L(n) plays an especially important role.

The conjectures we have described up to now (symmetric and exterior powers
of automorphic representations) are examples of the so-called “global Lang-
lands functoriality conjectures over number fields.”
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Progress on the Langlands global functoriality conjectures over number
fields has been slow, but with spectacular recent developments. Here is an
account of the major developments up to the present.

* (Gelbart-Jacquet, 1978) The symmetric square lift from GL(2) to GL(3)
(see Section 7.3)

¢ (Ramakrishnan, 2002) The tensor product lift: GL(2) x GL(2) - GL(4).

* (Kim and Shahidi, 2000, 2002) Tensor product lift: GL(2) x GL(3)
— GL(6), the symmetric cube lift: GL(2) — GL(4).

¢ (Kim, 2003), (Kim and Shahidi, 2000) The exterior square lift: GL(4)
— GL(6), symmetric fourth power lift: GL(2) — GL(5).

¢ (Cogdell, Kim, Piatetski-Shapiro and Shahidi, 2001, 2004) Lifting from split
classical groups to GL(n).

The local Langlands conjectures (Carayol, 1992, 2000) have seen much
greater advances. In (Laumon, Rapoport and Stuhler, 1993), the local Lang-
lands conjecture was proved for local fields of prime characteristic. This was
followed by Harris and Taylor (2001) who gave a proof for characteristic zero
and then Henniart (2000) gave a simplified proof. In (Drinfeld, 1989) a proof
of Langlands functoriality conjecture was obtained for G L(2) over a function
field. Finally Lafforgue (2002) established Langlands conjectures for G L(n)
(with n > 2) in the function field case.

Other references for Langlands conjectures include (Borel, 1979), (Bump,
1997), (Gelbart, 1984), (Arthur, 2003), (Bernstein and Gelbart, 2003), (Moreno,
2005).

13.1 Artin L-functions

Let K be an algebraic number field of finite degree (Galois extension) over
another number field & with Galois group G = Gal(K / k). Let

p:G—> GL(V)

be a representation of G into a finite dimensional complex vector space V of
dimension n. Then p is a homomorphism from G into the group GL(V) of
isomorphisms of V into itself. The group GL(V) may be identified with
GL(n,C).

Example 13.1.1 (cubic field) Let K = Q(25, ¢27/3), and k = Q. Then the
Galois group G = Gal(K /Q) is S3, the symmetric group of all permutations of
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three objects. A representation p : G — GL(3, R) can be explicitly given as
follows. Fora € K and g € G, we denote the action of g on « by o¢. Similarly,
for «, B, ¥y € K we define the binary operation o by

o ol
Blog = |8
14 y$
Now let
0522%, ﬁ:g2”i/3.2%’ y:e4”i/3.2%_

For each g € G, we may define a matrix p(g) € GL(3, R) by the identity

o o
Blog =p- |8
Y Y

where - denotes multiplication of a matrix by a vector. The matrices p(g), g €
G are just the six permutation matrices

1 0 010 0 0 1
0 1 , 0 0 1], 1 00
0 0 1 1 00 010
010 0 0 1 1 00
1 0 0], 01 0], 0 0 1
0 0 1 1 00 010

Artin L-function — preliminary definition

Let K/k be a Galois extension with Galois group G. Let p : G — GL(V)
be a representation of G as above. An Artin L-function is a meromorphic
function of a complex variable s denoted L(s, p, K/k) attached to this data.
The precise definition gives a realization of L(s, p, K /k) as an Euler product
and requires the interplay between the representation p and prime numbers,
which is determined by the Frobenius automorphism which we now discuss.

Definition 13.1.2 (Frobenius automorphism of a finite field extension) Let
F,, Ty be finite fields of prime power orders q, q', respectively, where q|q'. The
map x — x fixes ¥, and permutes the elements of ¥, in such a way as to give
an automorphism of . This map is defined to be the Frobenius automorphism
of By /4. It is a particular element of Gal(F, /F,).
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Let K/ k be a Galois extension of number fields of degree n. Set Ok, Oy to
be the ring of integers of K, k, respectively. Let p be a prime ideal of Oy. Then
the ideal pOk factors into powers of prime ideals P; (i =1, ...,r) of Ok as
follows:

pOx =P --- P (13.1.3)
If we apply g € G to this, we get
pOx = (P§)" - (P)”. (13.1.4)

By unique factorization, the two factorizations in (13.1.3), (13.1.4) must be
the same. By varying g € G this implies that all the ¢; must be equal to some
integer e > 1. Therefore,

pOx = P¢ - P*

and n = efr. We say p is ramified if e > 1, otherwise, it is unramified.
Let P be one of the primes P;, (i = 1,...,r) which occur in the above
factorization. We define the decomposition group Dyp, as the set

Dp:={geG | P*=P}.

The decomposition group tells us how pOg splits. If we write G in terms of
cosets of Dp:

L
G=JDr g
i=1

where £ = [G : Dp] then the distinct conjugate divisors to P are just the divisors
P (1 <i <¢).Itfollowsthat £ = r and the order of Dp is ef. For unramified
primes this is just f.

Consider the residue fields Fp := Ok /P and F, := O/p, respectively.
Then Fp, F, are finite fields.It is not hard to see that the elements of the
decomposition group Dp are automorphisms of [Fp /IF,. Indeed, if g € Dp and

a=pB (modP),
then a® = % (mod P¥). But P& = P so that
af = B4 (mod P).

Consequently, elements of Dp take congruence classes (mod P) to congruence
classes (mod P), which gives a homomorphism from Dp into Gal(Fp /IF,). Let

Ip:={geG | x*=x (modP), Vx € Ok},
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denote the inertia group of P. It turns out that the map
Dp/lp — Gal(Fp/F,)

is onto. It follows that there is an element of Dp which maps onto the Frobenius
automorphism in Gal(Fp/IF,). Naturally, we shall call this element (denoted
Frp) the Frobenius automorphism also. It is characterized by

xFP = xN®  (mod P) (13.1.5)

forall x € Ok . Here N (p) denotes the absolute norm of p which is the cardinal-
ity of the finite field IF,. Note that the Frobenius automorphism is well defined
only modulo the inertia.

The prime p € Oy is unramified in K /& if and only if /p is trivial (contains
only the identity element) for any prime P occurring in the factorization of
pOk . Similarly, the prime pOk factors into n prime ideals (splits completely)
in K /k if and only if Dp = Ip = {1}.

Lemma 13.1.6 Let K /k be a Galois extension of number fields with Galois
group G. Let g € G and let P in Ok be a prime above the prime p in Ok. If
Frp is the Frobenius automorphism determined by (13.1.5) then

Frpg =g ! -Fr, - g.
If Dp, Dps denote the decomposition groups of P, P#, respectively, then

Do =g71 -Dp-g.

Proof If we apply g € G to (13.1.5), we otain
K78 = (x$)N® (mod P¥),
for all integers x € Ok. If we replace x by x8 ', it follows that

x¢ g = N®) (mod P).
g

Since the Galois group G is transitive on primes P lying over p, it follows
that all the Frobenius elements Frp are conjugate. Thus, attached to the prime
p of Oy is a conjugacy class of Frobenius elements in Gal(K / k). We are now
ready to define the Artin L-function.

Definition 13.1.7 (Artin L-function) Let K/ k be a Galois extension of num-
ber fields with Galois group G. For a finite-dimensional complex vector space
V,let p: G — GL(V) be a representation. Let s € C with N(s) sufficiently
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large. The Artin L-function (denoted L (s, p, K / k)) attached to this data is given
by the Euler product

[1 et —pErp)Ne=)" ] Det(r —pErp) [V N@y™) ™

p unramified p ramified

where I is the identity matrix and ‘P is any prime above p. Furthermore, for p
ramified, the quotient Dp/Ip acts on the subspace V'* of V on which Ip acts
trivially. The notation p (Frp) |V 7 means that the action of p (Frp) is restricted
to V1P,

Note The indicated determinant in Definition 13.1.7 is well defined (inde-
pendent of the choice of P above p) by Lemma 13.1.6, since the determinant
only depends on the conjugacy class of Frp. To see this note that forany g € G,
since the determinant is a multiplicative function and Det(g™! - g) = 1,

Det(I — p (Frp) N(p)™*) = Det(g™" - (I — p(Frp)N(p) ™) - )
=Det(I — (g7' - p(Frp) - N (P)~)
= Det(I — p(Fr  )N(p)™). (13.1.8)

Here, the last equality follows from Lemma 13.1.6.
These L-functions were first introduced in (Artin, 1923, 1930) (see also
(Roquette, 2000)). Artin made the following famous conjecture.

Conjecture 13.1.9 (Artin’s conjecture) Let K /k be a Galois extension of
number fields with Galois group G. For a finite-dimensional complex vector
space V, let p : G — GL(V) be a representation. If the representation p is
irreducible and not the trivial representation, then L(s, p, K /k) is an entire
function of s € C.

Artin himself proved Conjecture 13.1.9 when p is one-dimensional in (Artin,
1927). To quote from (Langlands, 1970):

Artin’s method is to show that in spite of the differences in the definitions the function
L(s, p, K /F)attached to a one-dimensional p is equal to a Hecke L-function L(s, x)
where x = x(p) is a character of F*\Ip. He employed all the available resources
of class field theory, and went beyond them, for the equality of L(s, p).

Itis not hard to show (see Heilbronn’s article in (Cassels and Frohlich, 1986))
that Artin’s L-function L(s, p, K / k) can be expressed as a product of rational
powers of abelian L-functions of Hecke’s type, where the abelian L-functions
are associated to intermediate fields k € Q2 C K with K /2 abelian. A major
advance on Artin’s conjecture in the case when Gal(K /k) is not an abelian
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group was made by Brauer (1947) who proved that all irreducible represen-
tations p of the Galois group G can be expressed as Z-linear combinations
of induced representations of one-dimensional representations on subgroups
of G. As a consequence, he showed that L(s, p, K /k) can be expressed as a
product of integer powers of abelian L-functions of Hecke’s type. This proved
that Artin’s L-functions extended to meromorphic functions in the entire com-
plex s plane and satisfied a functional equation. The problem was that Brauer
could not exclude negative integral powers so that Artin’s conjecture was still
unproven.

Further advances on Artin’s Conjecture 13.1.19 did not come until Langlands
changed the entire landscape of research around this problem by making the
striking conjecture that Artin’s L-functions should be L-functions associated to
Maass forms on G L(n).

When n = 2 and the image of p in PGL(2, C) is a solvable group, Artin’s
conjecture was solved in (Langlands, 1980). The ideas in this paper played a
crucial role in Taylor and Wiles (1995) proof of Fermat’s Last Theorem. In
(Langlands, 1980) the conjecture is proved for tetrahedral and some octahedral
representations and in (Tunnell, 1981) the results are extended to all octahedral
representations. When n = 2 and the projective image is not solvable, the only
possibility is that the projective image is isomorphic to the alternating group As.
These representations are called icosahedral because As is the symmetric group
of the icosahedron. Joe Buhler’s Harvard Ph.D. thesis (see (Buhler, 1978)) gave
the first example where Artin’s conjecture was proved for an icosahedral repre-
sentation. The book (Frey, 1994) proves Artin’s conjecture for seven icosahedral
representations (none of which are twists of each other). In (Buzzard and Stein,
2002), the conjecture is proved for eight more examples. A further advance
was made in (Buzzard, Dickinson, Shepherd-Barron and Taylor, 2001) who
proved Artin’s conjecture for an infinite class of icosahedral Galois represen-
tations which were disjoint from the previous examples. Very little is known
forn > 2.

13.2 Langlands functoriality

The converse Theorem 3.15.3 of Hecke—Maass and the Gelbart—Jacquet sym-
metric square lift (Theorem 7.3.2) from G L (2) to G L(3) have been the principle
motivation for writing this book. These results constitute one of the first impor-
tant proofs of a special case of Langlands conjectures.

The Gelbart—Jacquet lift, or more accurately: the Gelbart—Jacquet functorial
image, is an instance of Langlands functoriality. While it is beyond the scope
of this book to give a definition of functoriality in the most general scenario,



13.2 Langlands functoriality 403

we shall attempt to motivate the definition and give a feeling for the important
program that Langlands has created.

The key new idea introduced by Langlands in his 1967 letter to Weil, and also
introduced independently in (Gelfand, Graev and Pyatetskii-Shapiro, 1990) is
the notion of an automorphic representation. We have intensively studied
Maass forms for SL(n, Z). These are examples of automorphic forms. The
leap to automorphic representation is a major advance in the subject with
profound implications.It was first intensively researched, for the case of GL(2),
in (Jacquet and Langlands, 1970).

In the interests of notational simplicity and an attempt by the writer to
explain in as simple a manner as possible the ideas behind the functorial-
ity conjectures of Langlands, we shall restrict our discussion, for n > 2, to
the group SL(n, Z) which acts on GL(n, R) by left matrix multiplication. An
automorphic form is then a Maass form for SL(n, Z) as in Definition 5.1.3, a
Langlands Eisenstein series for SL(n, Z) as in Chapter 10, or the residue of such
an Eisenstein series. By Langlands spectral theorem (see (Langlands, 1966) and
also Theorem 10.13.1 for the case of G L(3)) these automorphic forms generate
the C-vector space

V, i= L2(SL(n, Z\GL(n,R)/O(n, R) - R¥).

We introduce the right regular representation which maps g € GL(n, R) to
the endomorphism, F — p(g)F of V,, and is defined by

P GL(I’[, R) —> End(Vn)y
where

(p(&)F)(2) :=F(z-g)
foral F eV,, zebh"=GLn,R)/(O(n,R)-R*), andall g € GL(n, R).

Remark This is a representation into the endomorphisms of an infinite
dimensional vector space! The space of Maass forms (cusp forms) is invari-
ant under this representation. It decomposes into an infinite direct sum of irre-
ducible invariant subspaces. If 7 is the representation on one of these invariant
subspaces then 7 is termed an automorphic cuspidal representation and corre-
sponds to a Maass form. The L-function associated to r is then the L-function
associated to the Maass form as in Definition 9.4.3, i.e., it is a Godement—Jacquet
L-function.

At this point Langlands made a remarkable hypothesis which may be viewed
as a naive form of his functoriality conjecture. He assumed:
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* that the properties of an automorphic representation mimic the properties
of a Galois representation;

* that the properties of an L-function associated to an automorphic form
(automorphic representation) mimic the properties of an Artin L-function.

We shall illustrate these hypotheses with some simple examples. Let K /k
be a Galois extension of number fields with Galois group G. For a finite-
dimensional complex vector space V,let p : G — GL(V) be a representation,
and consider the Artin L-function L(s, p, K /k) given in Definition 13.1.7. If
we let g € GL(n, R) and then use the first two identities in (13.1.8), it follows
that, for p unramified, we may diagonalize the matrix p (Frp), i.e.,

Ap,1

¢ pFrp)-g = :
pn

where Ap 1, Ay, ..., Ap , are the eigenvalues. A similar result holds when p is
ramified. The Euler product for the Artin L-function L(s, p, K /k) then takes
the form

Lis,p. K/ =TT[T00 = i N@™ 7
p i=1

Now, it is possible to combine two Galois representations (of the type p
above) and create a new Galois representation just as when we multiply two
numbers to create a new number. In fact, there are many ways to do this. Such
laws of composition have interesting images on the L-function side. One may
think of the L-functions associated to Maass forms as the basic atoms which
can be combined in various ways to form molecules, i.e., more complicated
L-functions.

Letp:G — GL(V), p': G — GL(V’) be two Galois representations of
the Galois group G = Gal(K /k) where V, V' are vector spaces (over C) of
dimensions n, n’, respectively. Let

Lis, p, K/ =T = 2 N®)™ 7,
p i=1

L. K/ =T]TT0 - % N@™) ",
p j=I

be the corresponding Artin L-functions. An interesting way to combine p, o’ is
to form the tensor product p ® p’ which is a representation of G into GL(V ®
V). Every element of V ® V' is a linear combination of terms of the form
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v v withv e V, v € V'. Then p ® p’ is defined by letting
(P ® P & V) := p(g)(v) ® p(g)(V)

for all g € G,v e V,v' € V'. Without loss of generality, we may assume
that for some g € G, the representations p, o’ have been diagonalized so
that p(g), p'(g) correspond to diagonal matrices in GL(n, C), GL(n',C),
respectively, where

Al X
p(g) = , p'(g) = . (13.2.0)
hn A

So,if (e1, ..., e,) and (¢}, ..., e),) denote the standard bases for V, V’, respec-
tively, then it is clear that p(g) maps e¢; — A;e; while p’(g) maps ef/ — k}e}.
It then follows that the tensor product of the two representations (p ® p’)(g)
maps

el-®e’jr—>)»,-)»/je,-®e; (forl <i<n, 1<j<n).

Consequently, we have shown that

n n
Lis,p @0, K/O)=T]TTIT0 = 2pidp N
p =1 j=1
But L(s, p ® p’, K/ k) is another Artin L-function!It is also the Rankin—Selberg
convolution as defined by the Euler product representation in Theorem 12.3.6.
So if Langlands hypothesis (that automorphic representations mimic Galois
representations) is correct it would have to follow that the Rankin—Selberg
convolution of two automorphic representations is again automorphic. This is
an important example of Langlands functoriality.

Another example comes from taking the symmetric product V v V' of two
vector spaces V, V' defined over C. The vector space V Vv V' then consists of
all linear combinations of terms of the form v v v/ withv € V, v/ € V’, and
where V satisfies the rules

vvv =v Vv,

(a1v; + av) VU = ajv; VU +av, VU,
forallv e V,v e V',anday,ap € C.Ifp : G — GL(V), p' : G — GL(V")
are two Galois representations of G = Gal(K / k), then we may consider the

symmetric product representation p Vv p’ which is a representation of G into
GL(V v V'). Then p V p’ is defined by letting

(p VPN V)= p(g))V p(g))
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forallg € G,v € V, v € V'. Let us consider the special case that V = V'’ and
p = p’ where V has the basis ey, ..., e,. We may view V VvV V as a subspace
of V. ® V with basis elements ¢; ® ¢; where 1 <i < j < n. If we assume as
before that p(g), p’(g) correspond to diagonal matrices as in (13.2.1) then, in
this case, we may consider the symmetric square representation p V p. It is
easy to see that

Lis.pvp. K/ =] ] 0 = Apitp i N@)™ 7"
p I<i<j=n

Other examples of this type can be given by considering, for example, the
exterior product of two vector spaces (see Section 5.6), and then forming the
exterior product of two Galois representations or by taking higher symmetric
or exterior powers.

Yet another type of interesting operation that can be done with representa-
tions is to consider induced representations. This corresponds to induction from
a Galois subgroup (see (Bump, 1997). Langlands derived from this process his
theory of base change (Langlands, 1980).

An even deeper theorem in Galois representations is Artin’s reciprocity law
(Artin, 1927) (see also the introductory article (Lenstra-Stevenhagen, 2000))
which generalized Gauss’ law of quadratic reciprocity, and included all known
reciprocity laws up to that time. Langlands formulated an even more general
version of Artin reciprocity in the framework of automorphic representations.

Of course, Langlands did not stop here. This was the starting point. For a gen-
eral connected reductive algebraic group G he introduced, in (Langlands, 1970),
the dual group or what is now known as the L-group, “G.He then formulated
his now famous principle of functoriality which states that given any two con-
nected reductive algebraic groups H, G and an L-homomorphism ! H — LG
then this should determine a transfer or lifting of automorphic representations
of H to automorphic representations of G.

In fact, the modern theory of automorphic forms allows us to parameterize
each automorphic representation of a reductive group such as H by a set of
semisimple conjugacy classes {c,} in “H, a complex Lie group, where v runs
over almost all the places of the defining global field. The functoriality prin-
ciple then roughly states that for each “L—homomorphism” f “‘H — G, the
collection { f (c,)} defines, in fact, an automorphic representation of G, or more
precisely a “packet” of automorphic representations of G.
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Appendix The GL(n)pack Manual

Kevin A. Broughan

A.1 Introduction

This appendix is the manual for a set of functions written to assist the reader to
understand and apply the theorems on GL(n, R) set out in the main part of the
book. The software for the package is provided over the world wide web at

http://www.math.waikato.ac.nz/~kab

and is in the form of a standard Mathematica add-on package. To use the
functions in the package you will need to have a version of Mathematica at
level 4.0 or higher.

A.1.1 Installation

First connect to the website given in the paragraph above and click on the link
for GL(n)pack listed under “Research” to get to the GL(n)pack home page.
Instructions on downloading the files for the package will be given on the home
page. If you have an earlier version of GL(n)pack first delete the file gln.m,
the documentation gln.pdf and the validation program glnval.nb. The name of
the file containing the package is gln.m. To install, if you have access to the file
system for programs on your computer, place a copy of the file in the standard
repository for Mathematica packages — this directory is called “Applications”
on some systems. You can then type < gln.m and then press the Shift and Enter
keys to load the package. You may need administrator or super-user status to
complete this installation. Alternatively place the package file gln.m anywhere
in your own file system where it is safe and accessible.

Instructions for Windows systems The package can be loaded by typing

409
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SetDirectory[”c:\your\directory\path”];
<<gln.m;ResetDirectory[]l<Shift/Enter>

or

Get[”gln.m”,Path->{"c:\your\directory\path”}]
<Shift/Enter>

where the path-name in quotes should be replaced by the actual path-name of
directories and subdirectories which specify where the package has been placed
on a given computer.

Instructions for Unix/Linux systems These are the same as for Windows,
but the path-name syntax style should be like /usr/home/your/subdirectory.

Instructions for Macintosh systems These are the same as for Windows,
but the path-name syntax style should be like HD:Users:ham:Documents:.

All systems The package should load printing a message. The functions of
GL(n)pack are then available to any Mathematica notebook you subsequently
open.

A.1.2 About this manual

This appendix contains a list of all of the functions available in the pack-
age GL(n)pack followed by a manual entry for each function in alphabet-
ical order. Many functions contain the transcript of an example and refer-
ence to the part of the text to which the function relates, as well as lists of
related functions. Each function has both a Mathematica style long name and a
3 letter/digit abbreviated name. Either can be used, but the error messages and
usage information are all in terms of the long names. To obtain information
about bug fixes and updates to GL(n)pack consult the website for the package:
given in A L. above.

A.1.3 Assistance for users new to computers or Mathematica

On the GL(n)pack website (see above) there are links giving tutorial and other
information for those people who want access to the package but are new
or relatively new to computers. The manual entries assume familiarity with
Mathematica, so some may require extra help. Alternatively sit down with
someone familiar with Mathematica to see it at work.
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There are many issues to do with computer algebra and mathematical soft-
ware that will arise in any serious evaluation or use of Mathematica and
GL(n)pack. A comment on one aspect: GL(n)pack function arguments are first
evaluated and then checked for correct data type. If the user calls a function
with an incorrect number of arguments or an argument of incorrect type, rather
than issue a warning and proceeding to compute (default Mathematica style),
GL(n)pack prints an error message, aborts the evaluation and returns the user
to the top-level, no matter how deeply nested the function which makes the
erroneous call happens to be placed. This is a tool for assisting users to debug
programs which include calls to this package.

A.1.4 Mathematica functions

Each GL(n)pack function is a standard Mathematica function and so will work
harmoniously with built-in Mathematica functions and user functions. Useful
standard functions include those for defining functions (Module and Block for
example) list and matrix manipulation and operations (“.” represents matrix
multiplication), special functions (such as the BesselK), plotting functions
and the linear algebra add-on package. Note however that a formatted matrix,
returned by MatrixForm, is not recognized by Mathematica as a matrix. A

matrix in Mathematica is just a list of lists of equal length.

A.1.5 The data type CRE (Canonical Rational Expression)

Many GL(n)pack functions take symbolic arguments which are either explicit
integers or real or complex numbers (exact or floating point) or mathematical
expressions which could evaluate to numbers. These expressions are expected
to be in the class sometimes called “Canonical Rational Expressions” or CREs.
This class of expression is defined as follows: members are rational functions
with numerical coefficients and with symbolic variables, any number of which
may be replaced by function calls, or functions which are not evaluated (“noun
forms”) or functions of any finite number of arguments each of which can
be, recursively, a CRE. Some package functions will accept lists of CREs or
matrices with CRE elements. This should cover most user needs, but notice
it excludes simple types like matrices with elements which are matrices. (The
single exception is the GL(n)pack function MakeBlockMatrix, which takes as
argument a matrix with matrix elements.) If a user is unsure regarding the data
type of a mathematical expression, the GL(n)pack function CreQ can be used.
See the manual entry.
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A.1.6 The algorithms in this package

The reader who uses this package may notice that many functions
appear to run almost instantaneously, for example MakeBlockMatrix or
HeckeMultiplicativeSplit. Others however take considerable time to complete,
minutes or hours rather than seconds. This is often because the underlying algo-
rithm employed is exponential, or in at least one instance, more than exponential.
Improvements in this completion time are of course possible: The GL(n)pack
code is interpreted, so there may be speed-ups attainable using the Mathematica
function Compile, even though it has a restricted domain of application. Exist-
ing algorithms could be replaced by faster algorithms. The existing algorithms
could be re-implemented in a compile-load-and-go language such as C++ or
Fortran, or an interactive language allowing for compilation such as Common
Lisp. This latter would be the best choice, because execution speed for com-
piled code is quite comparable to that of the two former choices, but its range
of data types is vast, certainly sufficient for all of the package. Functions which
will slow significantly as the dimension increases include GetCasimirOperator,
ApplyCasimirOperator, KloostermanSum, MPSymmetricPowerLFun, and
Special WeylGroup.

A.1.7 Acknowledgements

Kevin Broughan had assistance from Columbia University and the University
of Waikato and a number of very helpful individuals while writing the package.
These included Ross Barnett, Mike Eastwood, Sol Friedberg, David Jabon (for
the Smith Normal Form code), Jeff Mozzochi and Eric Stade, in addition to
Dorian Goldfeld, who’s detailed text and explicit approach made it possible.
Their contribution is gratefully acknowledged.
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A.2 Functions for GL(n)pack

ApplyCasimirOperator[m,expr,iwa] (aco): The operator acts on a CRE.
BruhatCVector[a] (bcv): The minors (cq, ..., Cyh—1).

BruhatForm[a] (bru): The four Bruhat factors of a symbolic matrix.
BlockMatrix[a,rows,cols] (blm): Extract a general sub-block of a matrix.
CartanForm[a] (car): The two Cartan factors of a numeric matrix.
ConstantMatrix[c,m,n] (com): Construct a constant matrix of given size.
CreQ[e] (crq): Check a Canonical Rational Expression.
DiagonalToMatrix[d] (d2m): Convert a list to a diagonal matrix.
EisensteinFourierCoefficient[z,s,n] (efc): The GL(2) Fourier series nth term.
EisensteinSeriesTerm[z,s,ab] (est): The nth term of the series for GL(2).
ElementaryMatrix[n,i,j,c] (elm): Construct a specified elementary matrix.
FunctionalEquation[vs, i] (feq): Generate the affine parameter maps.

GetCasimirOperator[m,n,*x”,*y”,*“f”’] (gco): The Casimir operators.
GetMatrixElement[a, i, j] (gme): Return a specified element.
GInVersion[] (glv): Print the date of the current version.
HeckeCoefficientSum[m, ms, “x’’](hcs): The right-hand side of the sum.
HeckeEigenvalues[m,n,“a”] (hev): The values of (1,,) for GL(n).
HeckeMultiplicativeSplit{fm](hms): Prepare a Hecke Fourier coefficient.

HeckeOperator[n, z,f’] (hop): of nth order for forms on h”.
HeckePowerSuml|e, es,*B”’](hps): Exponents for the Hecke sum at any prime.
HermiteFormLower[a] (hfl): The lower left Hermite form.
HermiteFormUpper[a] (hfu): The upper left Hermite form.

IFun[v,z] (ifn): The power function /,(z).

InsertMatrixElement][e,i,j,a] (ime): Insert an expression in a given matrix.
IwasawaForm([a] (iwf): The product of the Iwasawa factors of a matrix.
IwasawaXMatrix[w] (ixm): Get the x matrix from the Iwasawa form.
IwasawaXVariables[w] (ixv): Get the x variables from the Iwasawa form.
IwasawaYMatrix[z] (iym): Get the y matrix from the Iwasawa form.
IwasawaY Variables[z] (iyv): Get the y variables from the Iwasawa form.
IwasawaQ[z] (iwq): Test to see if a matrix is in Iwasawa form.

KloostermanBruhatCell[a,x,c,w,y] (kbc): Solve a = x.c.w.y for x and y.
KloostermanCompatibility[t1,t2,c,w] (klc): Relations for a valid sum.
KloostermanSum([t1,t2,c,w] (kls): Compute an explicit Kloosterman sum.
LanglandsForm[p,d] (1If): The three matrices of the decomposition.
LanglandsIFun(g,d,s) [lif]: Summand for the Eisenstein series.
LeadingMatrixBlock[a,i,j] (Imb): Extract a leading sub-block of a matrix.
LongElement[n] (lel): Construct the matrix called the long element.
LowerTriangleToMatrix[l] (Itm): Construct a lower triangular matrix.
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MakeBlockMatrix[mlist] (mbm): Construct a matrix from submatrices.
MakeMatrix[“x”’,m,n] (mkm): Make a matrix with indexed elements.
MakeXMatrix[n,*x”’] (mxm): Construct a symbolic unimodular matrix.
MakeX Variables[n,*“x’’] (mxv): Construct a list of Iwasawa x variables.
MakeYMatrix[n,*y”’] (mym): Construct a symbolic diagonal matrix.
MakeY Variables[n,*y”’] (myv): Construct Iwasawa y variables.
MakeZMatrix[n,*x”,*y”’] (mzm): Construct a symbolic Iwasawa z matrix.
MakeZVariables[n,*x”,*y”’] (mzv): A list of the x and y variables.
MatrixColumn[m,j] (mcl): Extract a column of a given matrix.
MatrixDiagonal[a] (mdl): Extract the diagonal of a matrix.
MatrixJoinHorizontal[a,b] (mjh): Join two matrices horizontally.
MatrixJoinVertical[a,b] (mjv): Join two matrices vertically.
MatrixLowerTriangle[a] (mlt): Extract the lower triangular elements.
MatrixRow[m,i] (mro): Extract a row of a matrix.
MatrixUpperTriangle[a] (mut): Extract the upper triangular elements.
ModularGenerators[n] (mog): Construct the generators for SL(n, Z).
MPEisensteinGamma[s,v] (eig): Gamma factors for a parabolic series.
MPEisensteinLambdas([v] (eil): The A;(v) shifts.
MPEisensteinSeries[s,v] (eis): Minimal parabolic Eisenstein series.
MPExteriorPowerGamma[s,v,k] (epg): Exterior power gamma factors.
MPExteriorPowerLFun[s,v,k] (epl): Minimal parabolic exterior power.
MPSymmetricPowerGammals,v,k] (spg): Symmetric power gamma.
MPSymmetricPowerLFun[s,v,k] (spf): Minimal parabolic symmetric power.
NColumns[a] (ncl): The column dimension of a matrix.

NRows[a] (nro): The row dimension of a matrix.

ParabolicQ[p,d] (paq): Test a matrix for membership in a given subgroup.
PluckerCoordinates[a] (plc): Compute the bottom row-based minors.
PluckerInverse[Ms] (pli): Compute a matrix with given minors.
PluckerRelations[n,v] (pIr): Compute quadratic relations between minors.
RamanujanSum|[n,c] (rsm): Evaluate the Ramanujan sum s(n, c).
RemoveMatrixColumn[a,j] (rmc¢): Remove a matrix column.
RemoveMatrixRow[a,i] (rmr): Remove a row of a matrix non-destructively.
SchurPolynomial[k,x] (spl): The Schur multinomial S;(x, ..., x,).
SmithElementaryDivisors[a] (sed): Smith form elementary divisors.
SmithForm[a] (smf): Compute the Smith form of an integer matrix.
SmithInvariantFactors[a] (sif): Smith form invariant factors.
SpecialWeylGroup[n] (swg): Weyl integer rotation group with det 1 elements.
SubscriptedForm|[e] (suf): Print arrays with integer arguments as subscripts.
SwapMatrixColumns[a,i,j] (smc): Return a new matrix.
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SwapMatrixRows[a,i,j] (smr): Return a new matrix with rows swapped.
TailingMatrixBlock[a,i,j] (tmb): Extract a tailing matrix block.
UpperTriangleToMatrix[u] (utm): Form an upper triangular matrix.

VolumeBall[r,n] (vbl): The volume of a ball in #-dimensions.
VolumeFormDiagonal[‘‘a”,n] (vfd): The volume form for diagonal matrices.
VolumeFormGlIn[*“g”,n] (vfg): The volume form for G L(n).
VolumeFormHn[*“x”’,*y”’,n] (vfh): Volume form for the upper half-plane.
VolumeFormUnimodular[‘x”,n) (vfu): The form for the unimodular group.
VolumeHn[n] (vhn): The volume of the generalized upper half-plane.
VolumeSphere[r,n] (vsp): The volume of a sphere in n-dimensions.
Wedgel[fy, - - -, f,] (weg): The wedge product and the d operator.
WeylGenerator[n,i,j] (wge): Each matrix generator for the Weyl group.
WeylGroup[n] (wgr): Compute the Weyl group of permutation matrices.
Whittaker[z,v,psi] (wit): Compute the function Wi,cquer Symbolically.
WhittakerGamma[v] (wig): Gamma factors for the Whittaker function.
WMatrix[n] (wmx): The long element matrix with determinant 1.
ZeroMatrix[m,n] (zmx): The zero matrix of given dimensions.



416 Appendix The GL(n)pack Manual

A.3 Function descriptions and examples

B ApplyCasimirOperator (aco)

This function computes the Casimir operator acting on an arbitrary expression,
or undefined function, of a matrix argument in Iwasawa form, and optionally
other parameters, with respect to the Iwasawa variables, which must be specified
by giving the matrix in Iwasawa form.

To simply compute the operator it is easier to use the function GetCasimir-
Operator. Because this function uses symbolic differentiation, only functions
or expressions which can be differentiated correctly and without error by Math-
ematica may be used as valid arguments. Note also that no check is made that
the user has entered valid Mathematica variables. Since all arguments are eval-
uated it is good practice to use the function Clear to ensure arguments which
should evaluate to themselves do so.

See Proposition 2.3.3, Example 2.3.4 and Proposition 2.3.5.

ApplyCasimirOperator[m, expr, iwa] — value

m is a positive integer with value 2 or more being the order of the operator,

expr is a Mathematica expression, normally in the Iwasawa matrix or variables
and other parameters, which can be symbolically differentiated,

iwa is a numeric or symbolic matrix in Iwasawa form,

value is an expression or number being the result of applying the Casimir
operator in the Iwasawa variables to the expression.

Example

In[l]:= =z = MakeZMatrix[3, "x", "y"]
out[1]= ({{y[1l]y[2], x[1, 2] y[1], x[1, 3]}, {0, y[1], x[2, 3]}, {0, O, 1}}

In[2]:= ApplyCasimirOperator[2, Det[z.z], z]

out[2]= 12y[1]%y[2]?

In[3]:= L = LongElement[3]

Out[3]= {{0, 0, 1}, {0, 1, 0}, {1, 0, O}}

In[4]:= Simplify[ApplyCasimirOperator[3, a= IFun[{vl, v2}, L.z], z]/a]

out[4]= 3 (2v1®+3v12v2+vl (-2+3v2-3v22%) -2v2 (2-3Vv2+v2?))

See also: GetCasimirOperator, MakeZMatrix, IwasawaForm, IwasawaQ.



A.3 Function descriptions and examples 417

B BlockMatrix (blm)

This function returns a specified sub-block of a matrix. The entries of the sub-
block must be contiguous.

Block matrices are used in a number of places, but most especially in
Chapter 10 on Langlands Eisenstein series.

BlockMatrix[a, rows, columns] — b

a is a matrix of CREs,

rows is a list of two valid row indices for a, being the first and last sub-block
TOWS,

columns is a list of two valid column indices for a, being the first and last
sub-block columns,

b is the sub-block of a with the specified first and last row and column sub-block
indices.

Example

In[168]:= A= {{4,8,u, 1,2}, {8,7,2,0,1}, {4,5,1,2,0}};

B={{1,1, 1}, {1, 4, v}, {2, 2, 2}};

In[170] := M = Transpose[A].B; MatrixForm[M]

out [170] //MatrixForm=
20 44 12+8v
25 46 18+7v
4+u 10+u 2+u+2v
5 5 5
3 6 2+v

In[171] := MatrixForm[BlockMatrix[M, {1, 2}, {1, 3}]]

Out [171] //MatrixForm=
20 44 12 +8v
( 25 46 18+7v

See also: LeadingMatrixBlock, TailingMatrixBlock, MakeBlockMatrix, Make-
Matrix.

B BruhatCVector (bcv)

In the explicit Bruhat decomposition of a non-singular matrix a, the diagonal
matrix ¢ has a special form, each element being the ratio of absolute values of
minor determinants (c;) of the original matrix a with the element in the (7, i)th
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position being ¢,—;+1/c,—; for 2 <i < n — 1 with the (n, n)th element being
¢y and the 1, 1th, det(w)det(a)/c,—1. This function returns those c;.
See Section 10.3 and Proposition 10.3.6.

BruhatCVector[a] —> ¢

a is a non-singular n x n square matrix of CREs,

cisalistofn—1CREs {cq, ..., ca_1}-
Example
In[l7]:= LE3 = LongElement[3];

BruhatCvVector[{{1, 2, 3}, {4, 5, 7}, {7, 8, 9}}, LE3]

out[18]= {7, 3}

In[19]:= LE4 = LongElement[4]; MatrixForm[LE4]

Oout[19]//MatrixForm=
0 0 0 1

= O o

0 1
10
0 0

o O o

In[20]:= BruhatCVector|[
{{1, a, b, 3}, {0, 1, b, 1}, {a, 2, 0, b}, {1, 2, 3, 4}}, LE4]

out[20]= {1, Abs[2-2a], Abs[3a+2b-2ab]}

See also: BruhatForm, LanglandsForm.

B BruhatForm (bru)

This function finds the factors of a non-singular matrix, which may have entries
which are polynomial, rational or algebraic expressions, so that the matrix can
be expressed as the product of an upper triangular matrix with 1s on the leading
diagonal (unipotent), a diagonal matrix, a permutation matrix (with a single 1
in each row and column), and a second unipotent matrix. When an additional
constraint, namely, that the transpose of the permutation matrix times the second
upper triangular matrix is lower triangular, then the factors are unique. This is
the so-called Bruhat decomposition.

See Section 10.3 Proposition 10.3.6. The decomposition is used in
Section 10.6 to derive the Fourier expansion of a minimal parabolic Eisenstein
series.
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BruhatForm[a] — {uy,c,w,uz}

a is a non-singular square CRE matrix,

u; is an upper triangular unipotent matrix,
¢ is a diagonal matrix,

W is a permutation matrix,

u, is an upper triangular unipotent matrix.

Example

In[l]:= B={{x, ¥y, 2}, {u, v, 0}, {0, 2, 1}}

out[ll= {{x, y, 2z}, {u, v, 0}, {0, 2, 1}}

In[2]:= b = BruhatForm[B];
In[3]:= Map[MatrixForm, b]
i 1
1 X 3Ry (F(F ez 0 0) (0
out[3l= {|o 1 0 / 0 u o, |1
0 0 1 0 0 2 0

= o o

o O

o K el<
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See also: CartanForm, HermiteForm, IwasawaForm, SmithForm, Langlands-

Form.

B CartanForm (car)

This function gives a form of the Cartan decomposition of a numeric real
non-singular square matrix, namely the factorization a = k - exp(x) where k
is orthogonal and x symmetric. It follows from this that the transpose of an

invertible matrix satisfies an equation

'a=k.a.k

for some orthogonal matrix k, where ‘a is the transpose of a. The function is
restricted to numeric matrices because eigenvectors and eigenvalues are used.

CartanForm[a] — {k, s}

a is a non-singular real numeric square matrix,
k is an orthogonal matrix,
s is the matrix exponential of a symmetric matrix.
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Example

In[84] := PrintCartan[g_] := Module[{ans, k, S},

ans = N[Cartan[g]];

Print [MatrixForm[First[ans]]];
Print [MatrixForm[Part[ans, 2]]];
Return[True] ]

In[e8]:= g={{1, 2, 0}, {0, 2, 3}, {0, O, 1}}

out[88]= {{1, 2, 0}, {0, 2, 3}, {0, O, 1}}

In[89] := PrintCartan[g]

0.112604 0.991288 -0.0683336

-0.494923 -0.00367894 -0.868929
0.86161 -0.131665 -0.490196 ]

J—

-0.00367894 1.97522 2.8422

[ -0.494923 -0.764638 1.19942
-0.868929 -1.87453 —0.695197]

out [89]= True

See also: BruhatForm, IwasawaForm, LanglandsForm, HermiteFormLower,
HermiteFormUpper, SmithForm.

B ConstantMatrix (com)
This function constructs a constant matrix with specified element value.
This function can be used together with other functions to construct matrices.

ConstantMatrix[c, m, n] — a

cis a CRE, m is an integer withm > 1,
n is an integer with n > 1,
a is an m by n matrix having each element equal to c.

See also: ZeroMatrix, ElementaryMatrix, MatrixJoinHorizontal, MatrixJoin-
Vertical.

B CreQ (crq)

This function checks to see if its argument evaluates to a so-called Canonical
Rational Expression (CRE), i.e. a number (real or complex, exact or floating
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point) or rational function in one or many variables with numerical coefficients,
where any number of the variables can be replaced by function calls, including
calls to undefined (so-called noun) functions of one or many arguments with
arguments being canonical rational expressions. This is the data type expected
by GL(n)pack functions.

See the introduction to the appendix.

CreQle] — P

e is a Mathematica expression,
P is True if e is a CRE and False otherwise.

Example

In[93]:= CreQ[{x, y}]

out[93]= False

In[94]:= CreQ["x"

Out[94]= False

In[95]:= CreQ[2x+y/ (x+1+Sin[x+y])]

out[95]= True

See also: ParabolicQ, KloostermanSumQ.

B DiagonalToMatrix (d2m)

This function takes a list and constructs a matrix with the list elements as the
diagonal entries.

Diagonal matrices appear in many places, including in the Iwasawa and
Bruhat decompositions.

DiagonalToMatrix[di] — a

di is a non-empty list of CREs,
ais a square matrix of size the length of di, with zeros in off-diagonal positions,
and with the diagonal entries being the elements of di and in the same order.

See also: MatrixDiagonal.
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B EisensteinFourierCoefficient (efc)

This function returns the nth term of the Fourier expansion of an Eisenstein
series for GL(2), with an explicit integer specified for n.
See Section 3.1, especially Theorem 3.1.8.

EisensteinFourierCoefficient[z, s, n] —> v

zis aCRE, sis a CRE,

n is an integer being the index of the nth coefficient,

v is a complex number or symbolic expression representing the nth Fourier
term of the Eisenstein Fourier expansion for GL(2) with parameters
zands.

Example

In[l]:= EisensteinFourierCoefficient[z, s, 4]

228 (-1+236s) glinRelz] ;5 BesselK[- 1 +s, 8 1Im[z]] v/ Im[z]

Out[1]= (C1+212%) Gamma[s] Zeta[2 s]

In[2]:= EisensteinFourierCoefficient[z, s, 0]

A7 Gamma[-L +s] Im[z]!® Zeta[-1+2s
2

- s
oumia]= InlR]"+ Gamma [s] Zeta[2 s]

See also: EisensteinSeriesTerm, IFun, LanglandsIFun.

B EisensteinSeriesTerm (est)

This function returns the term of the Eisenstein series E(z, s) for GL(2), namely
the summand of:
yX

1
Be9=3 laz + b1

a,beZ,(a,b)=1

with explicit values for the integers a, b.
See Definition 3.1.2.

EisensteinSeriesTerm[z, s, ab] —> v

zis aCRE, s is a CRE,

ab is a list of two integers {a, b}, at least one of which must be non-zero,

v is a complex number or symbolic expression representing the term of the
Eisenstein series for GL(2) with parameters z, s, a, b.
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Example

In[l]:= EisensteinSeriesTerm[z, s, {3, 4}]
out[l]= % Abs[4 +3 2] 2% Im[z]®

In[2]:= EisensteinSeriesTerm[z, s, {12, 16}]
out[2]= O

See also: EisensteinFourierCoefficient, LanglandsIFun.

B ElementaryMatrix (elm)

This function returns a square matrix having 1s along the leading diagonal and
with a given element in a specified off-diagonal position.

ElementaryMatrix|[n, i, j, c] — e

n is a strictly positive integer being the size of the matrix,

i is a strictly positive integer being the row index of the off-diagonal entries,

j is a strictly positive integer with i # j, representing the column index of the
off-diagonal entries,

c is a CRE to be placed at the (i, j)th position,

[e] is an n by n matrix with 1s on the leading diagonal and all other elements
zero, except in the (i, j)th position where it is c.

Example

In[182] := MatrixForm[ElementaryMatrix[4, 3, 1, x]]

Out [182] //MatrixForm=
1 0 0 O

0
1
0

= O o

0 1
x 0
0 0
In[183]:= {al, a2, a3, a4}.%
out[183]= {al+a3x, a2, a3, a4}
In[184]:= %%.{{bl}, {b2}, {b3}, {b4}}

out [184]= {{bl}, {b2}, {b3 +blx}, {bd}}

See also: SwapMatrixRows, SwapMatrixColumns.
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B FunctionalEquation (feq)

This function, for each index i, returns a list of affine combinations of its
variables representing the ith functional equation for the Jacquet—Whittaker
function of order n > 2.

See Section 5.9, especially equations (5.9.5), (5.9.6) and Example 5.9.7.

FunctionalEquation[v, i] — vp

v is a list of CREs of length n — 1,

iisastrictly positive integer with 1 < i < n — 1being the index of the functional
equation,

vp is a list of CREs representing the transformations required of the variables
vp for the ith functional equation.

Example

In[96]:= Table[FunctionalEquation[{x1l, x2, x3, x4}, i], {i, 1, 4}]

out[96]= {{xl, x2, —%+x3+x4, %—x4}, {xl, —%+x2+x3, %—xi’:, —% +x3 +x4},

{—%+xl+x2, %—XZ, —% +x2 + X3, x4}, {%—xl, —% +x1+x2, x3, x4}}

See also: Whittaker, WhittakerGamma, WhittakerStar.

B GetCasimirOperator (gco)

This function computes the Casimir operator acting on an arbitrary noun func-
tion and with respect to the Iwasawa variables. Note that this function makes
an explicit brute-force evaluation of the operator, so is not fast, especially for
n > 3.

See Proposition 2.3.3, Example 2.3.4 and Section 6.1.

GetCasimirOperator[m,n,*“x”,*“y”,“f”’] — Operator

m is positive integer with value 2 or more being the order of the operator,

n is a positive integer with value 2 or more being the dimension of the Iwasawa
form,

“x” is a string, being the name of the symbol such that the variables in the upper
triangle of the matrix given by the Iwasawa decomposition are x[i, j],

“y” is a string, being the name of the symbol such that the terms in the first
n — 1 positions of the leading diagonal of the Iwasawa decomposition
are

yial---yln—1],y[1]---y[n—2], ..., y[1],
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“f” is a string being the name of a function of noun form (i.e. it should not be
defined as an explicit Mathematica function or correspond to the name of
an existing function) which will appear as partially differentiated by the
computed Casimir operator, Operator is an expression in the variables

(X[isj]vl§i<j5n)9(y[i]71§i5n_l)

and the partial derivatives of the function with name “f” with respect to
argument slots of f arranged in the order (Xq,1, X1.2, .-+, Y15 - -+ ¥Yn—1)-

Example
In[8]:= suf[GetCasimirOperator[3, 3, "x", "y", "£f"]]

out[8]= 3yi (-y2 £ %% (x5, x1,3, X2,3, Y1/, Y2] +
y22 £0000 012 1%y o, X1,3, X2,3, Y1s Y2 +
2y £0000 20 1%y 5, X1,3, X2,3, Y14 Y21 -
y1y2 £0 002D (%) o, X1,3, X2,3, Y1r Y21 +
2y £000200) 121 5, X1,3, X2,3, Y14 Y21 -
y1y2 £0 020D 1% o, X1,3, X2,3, Y1r Y2 +
4yyxq, £ 100 1% o, X1,3, X2,3, Y1s Y2 -
2y1y2 X1,2 £V O (x5, X1,3, X2,3, Y1s Y2l +
2y1y22 £0002:0:0:0 1% o, X1,3, R2,3, Y1, Y2l +
2y1 x1,22 £0002:000) 121 o, X1,3, X2,3, Y1, V2] +
y1y22 £02:0:0 ) 1%y 5, X1,3, X2,3, Y1s Y2) -
V1 Va2 1,22 £00200 D) 1%, 5, %13, X2,3, Y14 Y2) -
y12 yp? £0020 10 1% o, X1,3, X2,3, Y1, Y2 +
2y1y2? €000 1% o, %13, 2,30 Y14 Y2l +
2y1 Y22 Ry, £ 2000 1%y oy X1,3, X2,3, Y14 Y21 4
y2? £ 00 L0 1%y o, %13, X2,3, Y1/ Y21)

See also: IwasawaForm, ApplyCasimirOperator.

B GetMatrixElement (gme)
The specified element of a matrix is returned.
GetMatrixElement|a, i, j] — e

a is a matrix of CREs,

i is the row index of the element,

j is the column index of the element,
e is the (i, j)th element of a.

See also: MatrixColumn, MatrixRow, MatrixBlock.
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B GInVersion (glv)

This function prints out the date of the version of GL(n)pack which is being
used, followed by the version of Mathematica. It has no argument, but the
brackets must be given.

GInVersion[] —> True

B HeckeCoefficientSum (hcs)

This function takes a natural number m, a list of natural numbers
{my,...,m,_1} and a string for a function name and finds the terms in the
sum right-hand side

Ay, . ma 1) =Y Alcomy/cr, cima/ca, ..., CuaMy—1/Cn1)

where the summation is over all (¢;) such that ]_[:-:01 ci=mandci|lm;,1 <i <
n—1.
See Theorem 9.3.11 and equation (9.3.17).

HeckeCoefficientSum[m, ms, “A”’] — s

m is a natural number (i.e. a strictly positive integer) representing the index of
the eigenvalue Ay,

ms is a list of natural numbers representing the multi-index of the Fourier
coefficient A,

“A” is a string giving the name of a noun function for the Fourier coefficient,

s is a term or sum of terms being the right-hand side of the expansion
AmA(ml, .. )

Example

In[99]:= HeckeCoefficientSum[6, {12, 4, 5}, "A"]

out[99]= A[2, 24, 5] +A[4, 6, 10] +A[8, 12, 5] +A[18, 8, 5] +A[36, 2, 10] +A[72, 4, 5]

See also: HeckeOperator, SchurPolynomial, HeckePowerSum, HeckeEigen-
value.

B HeckeEigenvalue (hev)

This function returns the value of the mth eigenvalue of the ring of HeckeOpera-
tors acting on square integrable automorphic forms f(z) for h”. Note that when
the Euler product of a Maass form is known, the Fourier coefficients which
appear in the expressions for the eigenvalues (the A in A,, = A(m, 1,..., 1))
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can be expressed in terms of Schur polynomials in the parameters which appear
in the Euler product.
See Section 9.3, especially Theorem 9.3.11.

HeckeEigenvalue[m, n, a] — A,

m is a natural number representing the index of the eigenvalue Ay,

n is a positive integer of size two or more being the dimension of GL(n),

a is a string representing the name of a function of n — 1 integers being the
Fourier coefficients of a given Maass form which is an eigenfunction of all
of the Hecke operators,

Am 1s an expression representing the mth Hecke eigenvalue.

Example

In[39]:= HeckeEigenvalue[2%x3"4x5"2, 6, "a"]

out[39]= a[2, 1,1, 1, 1]
(-af1,1,1,3,1] +a[1,3,1,1,1]%+2a[1,1,3,1,1]a[3,1,1,1, 1] -
3afl,3,1,1,1]a(3,1,1,1,1]%2+a[3,1,1, 1, 11%
(-a[l,5,1,1,1] +a[5, 1, 1, 1, 1]%)

See also: HeckeOperator, HeckeMultiplicativeSplit, SchurPolynomial, Hecke-
PowerSum.

B HeckeMultiplicativeSplit (hms)

This function takes a list of natural numbers {m1, ..., m,_;}, finds the primes
and their powers that divide any of the m;, and returns a list of lists of those
primes and their powers. The purpose of this function is the evaluation of
the Hecke Fourier coeffients of a Maass form in terms of Schur polynomials
when the Euler product coeffients of the form are known. If py,..., p, are
the primes and k; ; is the maximum power of p; dividing m ;, then the Fourier
coefficient

- i i
A(ml,...,mn,l):HA(pi‘ N S
i=1
See Theorem 9.3.11 and equation (7.4.14).
HeckeMultiplicativeSplitfm] — list

m is a list of natural numbers representing the multi-index of the Fourier coef-
ficient,

list consists of sublists, each being a prime p; and a list of n — 1 powers of that
prime K; .
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Example

In[98]:= HeckeMultiplicativeSplit[{2*3~2x574, 2~3%3 %5, 5}]

out[9sl= {{2, {1, 3, 0}}, {3, {2, 1, O}}, {5, {4, 1, 1}}}

See also: HeckeOperator, SchurPolynomial, HeckeEigenvalue, HeckeCoeffi-
cientSum.

B HeckeOperator (hop)

This function computes the nth order Hecke operator which acts on square
integrable forms on §”.
See Section 9.3, especially formula (9.3.5).

HeckeOperator|[n, z, f] — T,(f(z))

n is a natural number being the order of the operator,

z is a square matrix of CREs of size n,

f is a string being the name of a function of a square matrix of size n,

T, (f(z)) is an expression representing the action of the nth Hecke operator on
the matrix function f(z).

Example

In[21l]:= z= {{x, x*2, 2}, {1, x, x+1}, {0, 2, x}}
out[21]= {{x, er 2}, {1, x, 1+x}, {0, 2, X}}
In[22]:= HeckeOperator[2, z, "f"]

out[22]= f[{{x, x?, 2}, {1, %, 1+x}, {0, 4, 2x}}] +

[
f[{{X,Xz, 2}, {1, 2+x, 1+2x}, {0, 4, 2x}}] +
£l {{x, XZI 2}, {2,2%,2(1+x)}, {0, 2, x}}] +
f{{x, 2+X2, 2+x}, {1, x,1+x}, {0, 4, 2x}}] +
f[{{X,2+X2,2+X}, {1, 2+x, 1+2x}, {0, 4, 2x}}] +
f[{{lezle 43, {1, %, 1 +x}, {0, 2, x}}] +
f[{{l+X,X+X2,3+X}, {2, 2%, 2+2X}, {0, 2, x}}]
In[26]:= f£[z_] := Sum[z[[i, i]], {i, 1, Length[z]}]
In[28]:= HeckeOperator[l2, z, "f"]

out[28]= 2804 + 4688 x

See also: HeckeEigenvalue.
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B HeckePowerSum (hps)

This function takes a natural number m, a list of natural numbers
{my, ..., m,_1} and a string for a function name and finds the powers of any
fixed prime in the sum right-hand side

AmAlmy, ...,my_1) = Z A(com/cr, c1mafca, ..., CaaMpy_1/Cp1)
where the summation is over all (¢;) such that ]_[:’;01 ci=mandciim;, 1 <i <
n — 1 in case m and each of the m; is a power of a fixed prime. The powers
that appear in the expansion are the same for any prime. The purpose of this
function is to simplify the study of the multiplicative properties of the Fourier
coefficients.

See Theorem 9.3.11 and equation (9.3.17).

HeckePowerSum[a, as, “B”’] — list

a is a non-negative integer, being the power a of any prime p such that p? is the
index of the eigenvalue Apa,

as is a list of non-negative integers representing the powers of a fixed prime
which appear in the multi-index of a Fourier coefficient,

list consists of a sum of terms B[by j, ..., bp_1.i] such that the corresponding
term in the Hecke sum would have a value A(p®4, .. ).

Example

In[100]:=

HeckePowerSum[2, {3, 4, 5}, "B"]

Oout[100]=
B[1, 6, 5] +B[2, 4, 6] +B[2, 5, 4] +B[3, 2, 7] +
B[3, 3, 5] +B[3, 4, 3] +B[3, 5, 5] +B[4, 3, 6] +B[4, 4, 4] +B[5, 4, 5]

See also: HeckeOperator, SchurPolynomial, HeckeEigenvalue, HeckeCoeffi-
cientSplit,

B HermiteFormLower (hfl)

This function computes the lower left Hermite form / of a non-singular integer
matrix a, and a unimodular matrix [ such that ¢ = [/h. This Hermite form is a
lower triangular integer matrix with strictly positive elements on the diagonal
of increasing size, and such that each element in the column below a diagonal
entry is non-negative and less than the diagonal entry.

See Theorem 3.11.1.
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HermiteFormLower[a] — {1, h}

a is a non-singular integer matrix,
I is a unimodular matrix,
h is a lower triangular integer matrix, being the Hermite form of a.

Example

In[4]:= mé = {{5, 2, -4, 7}, {1, 6,0, -3}, {1, 2, -2, 4}, {7, 1,5, 6}};
In[8]:= {1, h} = HermiteFormLower[m4]

out[8l= {{{-5, -2, -4, 7}, {1, 3, 0, -3}, {-3, -1, -2, 4}, {-4, -4, 5, 6}},
{{241, 0, 0, O}, {158, 4, 0, O}, {35, 1, 1, 0}, {238, 2, 0, 1}}}

In[9]:= Map[MatrixForm, %]
5 -2 -4 7 241 0 0 0
) 1 3 0 -3 158 4 0 0
outrol= {| 3 1 5 4 |v|3s 11 o))
4 -4 5 6 238 2 0 1

In[10]:= 1l.h-m4

Outrioj= {{o0, o, o, o}, {0, 0, 0, 0}, {0, 0, 0, O}, {0, O, O, O}}

See also: HermiteFormUpper, SmithForm.

B HermiteFormUpper (hfu)

This function computes the upper Hermite form % of a non-singular integer
matrix ¢, and a unimodular matrix / such that ¢ = [A4. This Hermite form is an
upper triangular integer matrix with strictly positive elements on the diagonal
of increasing size, and such that each element in the column above a diagonal
entry is non-negative and less than the diagonal entry.

See Theorem 3.11.1.

HermiteFormUpper[a] — {1, h}

a is a non-singular integer matrix,
1 is a unimodular matrix,
h is an upper triangular integer matrix, being the Hermite form of a.
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Example

In[107]:=
m4 = {{5, 2, -4, 7}, {1, 6, 0, -3}, {1, 2, -2, 4}, {7, 1, 5, 6}};

In[108]:=
MatrixForm[m4]

Out[108]//MatrixForm=

5 2 -4 7
1 6 0 -3
1 2 -2
Z 1 5 6
In[109]:=
{1, h} = HermiteFormUpper[m4] ;
In[110]:=
Map [MatrixForm, %]
out[110]=
5 2 -3 -2 1 0 0 144
1 6 -3 -3 0 1 1 262
{ 12 -2 -1|"|0o 0 2 91 }
71 2 -3 0 0 0 482
In[111]:=
l.h-mé
Oout[1ll]=

{{, o, 0, 03}, {0, 0, 0, 0}, {0, 0, 0, O}, {0, O, O, O}}

See also: HermiteFormLower, SmithForm.

B IFun (ifn)

This function returns the value

n—1n—1

L@ =[]]]s""

i=1 j=1

whereb; ; =ijifi + j <nand(n —i)(n — j)ifi + j > n.Then x nmatrix z

isreal and non-singular, or has CRE elements which could evaluate to areal non-

singular matrix. The variables y; are those in the Iwasawa decomposition of z.
See Definition 2.4.1 and equation (5.1.1).

IFun[v,z] — v

visalistof n — 1 CREs,
Z is an n X n non-singular matrix of CREs,
v is the product I,,(z).
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Example

In[23]:= m= {{1, x[1, 2], x[1, 3]}, {0, 1, x[2, 3]}, {O, O, 1}}.
{{y[1] y[2], O, O}, {O, y[1], O}, {O, O, 1}};

In[22]:= MatrixForm[m]

Out[22]//MatrixForm=
y(1lly(2] =x[1, 2]y[1l] x[1, 3]

0 y[1] x[2, 3]
0 0
In[l16]:= IFun[{vl, v2}, m]

out[16]= Y[11v1+2v2 y[212v1+v2

See also: IwasawaForm, IwasawaY Variables.

B InsertMatrixElement (ime)

An element is inserted into a matrix returning a new matrix and leaving the
original unchanged.

InsertMatrixElement[e, i, j, a] — b

e is a CRE being the element to be inserted,

i is the row index of the position where the element is to be inserted,

j is the column index of the position where the element is to be inserted,
a is the original matrix of CREs,

b is a new matrix, being equal to a but with e in the (i, j)th position.

See also: DiagonalToMatrix, MatrixJoinHorizontal, MatrixJoin Vertical.

B IwasawaForm (iwf)

This function computes the Iwasawa form of a non-singular real matrix a.
This consists of the product of an upper triangular unipotent matrix x and a
diagonal matrix y with strictly positive diagonal entries such that, for some
non-singular integer matrix u, real orthogonal matrix o and constant diagonal
matrix 8, @ = u.x.y.o.5. This function returns a single matrix z = x.y.

See Section 1.2.

IwasawaForm[a] — z

a is a non-singular square matrix of CREs,
Z is an upper-triangular matrix with positive diagonal entries, being the Iwasawa
form of a.
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Example

The Iwasawa decomposition of the matrix

a b
c d
is found.
In[8]:= g={{a, b}, {c, d}};

In[9] := IwasawaForm[g]

bc-ad ac+bd
c2+d2 ' c2+d?

Out [9] = {{ }I {0, 1}}

In[12]:= g={{y, x, x*2}, {2y, O, x}, {0, x, 1}};

In(13] := MatrixForm[IwasawaForm[g]]

out [13] //MatrixForm=

’ x4 3,55 3 22
Zo+dy? (-x4x7+2y242 x2 y?)
X (2+x-2 x2) y Lyoe 2 x2

V1ex2 Vx4+4y2+4x2 y2 V1+x2 (x4+4y2+4 x2 y2) L+x2
X4 2
0 T+x2 Y x
J1+x2 T+x2
0 0 1

See also: IwasawaQ, MakeZMatrix, IwasawaXMatrix, IwasawaYMatrix,
IwasawaX Variables, IwasawaY Variables.

B IwasawaXMatrix (ixm)

This function returns the unipotent matrix x corresponding to the decomposition
z = x.y of a matrix z in Iwasawa form.
See Proposition 1.2.6 and Example 1.2.4

IwasawaXMatrix[w] — x

w is a square non-singular matrix of CREs which must be in Iwasawa form,
X an upper-triangular matrix with 1s on the diagonal and values x; j in each (i, j)
position above the diagonal.

Example

In this example the x-matrix, x-variables, y-matrix and y-variables are extracted
from a generic matrix in Iwasawa form.
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In[23]:= m= {{1, x[1, 2], x[1, 3]}, {0, 1, x[2, 3]}, {0, O, 1}}.
{{y[1] y[2], O, O}, {O, y[1], O}, {O, O, 1}};

In[22]:= MatrixForm[m]

Out[22]//MatrixForm=

y[1]l y[2] =x[1, 2]y[1l] =x[1, 3]
0 y[1] x[2, 3]
0 0 1
In[l7]:= MatrixForm[IwasawaXMatrix[m]]

Out[17]//MatrixForm=

1 x[1, 2] x[1, 3]
0 1 %2y 3]
0 0 1

In[18]:= IwasawaXVariables[m]

out[18]= {x[1, 2], x[1, 3], x[2, 3]}

In[19]:= Iwasawa¥YMatrix[m] // MatrixForm

Out[19]//MatrixForm=
y[1] y[2] 0 0

0 y[1l] ©
0 0 1
In[20]:= IwasawaYVariables[m]

[

out[20]= {y[1l], y[2]}

See also: IwasawaForm, IwasawaXMatrix, IwasawaY Variables, IwasawaY-
Matrix.

B IwasawaXVariables (ixv)

This function returns the x-variables from a matrix z = x.y in Iwasawa form.
These are the elements in the strict upper triangle of the matrix x in row order.
See Definition 1.2.3 and Proposition 1.2.6.

IwasawaXVariables[w] —> 1

w is a square non-singular matrix of CREs which must be in Iwasawa form,
lis a list of the form {X12,...,X1.n,X2.3, ..., Xn—1L.n}-

See also: IwasawaForm, IwasawaXMatrix, IwasawaY Variables, IwasawaY-
Matrix.

B IwasawaYMatrix (iym)

This function returns the y-matrix from the decomposition z = x.y of a matrix
z in Iwasawa form.
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See Definition 1.2.3 and Proposition 1.2.6.
IwasawaYMatrix[z] — y

Z is a square non-singular matrix of CREs which must be in Iwasawa form,
y a diagonal matrix where the ith diagonal slot has the value yq - - - y,—; for
1 <i < n — 1 where the (n, n)th position has the value 1.

See also: IwasawaForm, IwasawaXMatrix, IwasawaY Variables, IwasawaX-
Variables.

B IwasawaY Variables (iyv)

This function returns a list of the y-variables from the Iwasawa decomposition
of a matrix z = x.y.
See Definition 1.2.3 and Proposition 1.2.6.

Iwasaway Variables[z] — L

Z is a square non-singular matrix of CREs which must be in Iwasawa form,
L alist {y1, ..., yn—1} of the y-variables of the Iwasawa form.

See also: IwasawaForm, IwasawaYMatrix, IwasawaX Variables, IwasawaX-
Matrix.

B IwasawaQ (iwq)

This function tests a Mathematica form or expression to see whether it is a
non-singular square matrix in Iwasawa form.
See Section 1.2.

IwasawaQ[z] —> value

z is a Mathematica form,
value is True if z is a matrix of CREs in Iwasawa form, False otherwise.

See also: IwasawaForm, MakeZMatrix.

B KloostermanBruhatCell (kbc)

This function takes an explicit permutation matrix w with all other arguments
being symbolic. It returns rules which solve for x and y in the square matrix
Bruhat decomposition equationa = x.c.w.y assuming c is in “Friedberg form”,
x and y are unipotent and y satisfies ‘w.”y.w is upper triangular. These rules
are not unique.

See Chapter 11, especially Section 11.2. Also Lemma 10.6.3.
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KloostermanBruhatCell[a,x,c,w,y] — rules

a is a symbol which will be used as the name of an n x n matrix,

X is a symbol which will be used as the name of a unipotent matrix,

¢ is a symbol which will be used as the name of an array c[i] representng a list
of n — 1 non-zero integers specifying the diagonal of a matrix. (Note that
the 1st element of the diagonal represents the term det(w)/c[n — 1], the
second ¢[n — 1]/¢[n — 2] and so on down to the last ¢[1] as in the notation
of (11.2.1).),

wisann x nmatrix which is zero except for a single 1 in each row and column,
being an explicit element of the Weyl Group W,

y is asymbol which will be used as the name of a unipotent matrix which satisfies
tw.ty.w is upper triangular making the decomposition unique, given a,
rules is a list of rules of the form x[i, j| — eij or y[i, j] — eij where the eij are

expressions in the ali, j] and c[i].

Example
In[29]:= w= WeylGroup[4][[19]]

Out[291= {{0, 0, 0, 13}, {1, 0, O, O}, {0, 1, O, O}, {0, O, 1, O}}

In[30]:= suf[KloostermanBruhatCell[a, x, ¢, w, y]]
C2 ai,1 Ci1 ai,2 ai,s
Out[30]= {Xllzﬁ—, Xj, 3> ———— p 1R 4>
C3 Cy Ci
Ci1 az,2 az,3 as,s
X2,3> — =, X4 > ——, X34>——,¥1,2>0, ¥1,3 >0,
C2 Ci1 C1
Cy (C1a2,4 —az,384,4) +C1 82,2 (-C1 a3,4 +a3,3 a4,4)
Yia = ’

C1C3

cia -a a a
123,4 3,3 34,4 ) Va0 4,4 }
C2 Ci1

¥2,3>0, y2,4 >

See also: BruhatForm, BruhatCVector, KloostermanCompatibility, Klooster-
manSum.

B KloostermanCompatibility (klc)

This function takes an explicit permutation matrix w, with remaining arguments
symbolic, and returns a list of values, each element being a different type
of constraint applicable to any valid Kloosterman sum based on w. The first
element is a list of forms restricting the characters. The second is a set of
divisibility relations restricting the values of the diagonal matrix c. And the third
is the set of minor relations. A typical approach to forming Kloosterman sums
would be to first run this function, determine a valid set or sets of parameters
from the symbolic output, and then run KloostermanSum using explicit integer
values of valid parameters.
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See Chapter 11, Proposition 11.2.10, Lemma 10.6.3.
KloostermanCompatibility[t1,t2, ¢, w, v] —> {characters, divisibilities, minors}

t1 is a symbol representing the character 71 Zi-t tli-i+1] of U, (R),

t2 is a symbol representing another character of U, (R),

¢ is a symbol representing the diagonal of a matrix in Friedberg notation. (Note
that the Ist element of the diagonal is the term det(w)/c,_;, the second
Cn—1/¢n—2 and so on down to the last ¢; as in the notation of (11.2.1).),

wisann x nmatrix which is zero except for a single 1 in each row and column,
representing an explicit element of the Weyl Group W,

v is a symbol representing the generic name of any bottom row-based minor,

characters is a list of expressions relating the elements of tl1, t2, and the c;.
Each expression must vanish if an explicit Kloosterman sum is to be valid,

divisibility is a list of lists, each sublist being of the form {¢;, 1} or {c;, ¢;}. The
former means valid sums must have the ¢; = £1. The latter means they
must have ¢;|¢j,

minors is a list of rules of the form v[{jy, j2, ..., ji}] = ¢ or 0, giving the
constraints on minors.

Example

In[1861]:=
MatrixForm[w = WeylGroup[4] [[17]]]

Out[1861]//MatrixForm=
0 0 0

o o o K

00 1
10 0
01 0
In[1882]:=
SubscriptedForm[klc[tl, t2, c, w, Vv]]

Oout[1882]=

cytl e tl
{570 -2 =L 75 - 23], (lews ca)y {oss ea}ly

{(vi{2}] »c1, vI{1}]1 -0, v[{L, 2}] > cz, v[{l, 2, 4}] > c3, V{1, 2, 3}] > 0}}

See also: KloostermanBruhatCell, BruhatForm, BruhatCVector, Kloosterman-
Sum, PluckerRelations, PluckerCoordinates, PluckerInverse.

B KloostermanSum (Kkls)

This function computes the generalized Kloosterman sum for SL(n, Z) for
n > 2 as given by Definition 11.2.2. When n = 2 this coincides with the clas-
sical Kloosterman sum. More generally the sum is

SO, 02, c,w) = Y O1(b1)0a(bo)

y:blcwbz
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where
y € Uy(Z)\SL(n,Z)N G,/ Ty,

and ', ='w.'U,(Z).wNU,(Z) and G,, is the Bruhat cell associated to the
permutation matrix w. Since these sums are only well defined for some par-
ticular compatible values of the arguments the user is advised to first run
KloostermanCompatibility with an explicit w to determine those values.
Note that the complexity of the algorithmis O([ [, .;.,_, lciI") = O (an) where
¢ = max|c;|. o

See Chapter 11.

KloostermanSum|[t1, t2, ¢, w] — value

t1 is a list of n — 1 integers representing a character of U,(R),

t2 is a list of n — 1 integers representing another character of U,(R),

c is a list of n — 1 non-zero integers specifying the diagonal of a matrix. (Note
that the 1st element of the matrix is det(w)/c,_1, the second ¢,_1/¢n_» and
so on down to the last ¢; as in the notation of (11.2.1).),

wisann X nmatrix which is zero except for a single 1 in each row and column,
representing an explicit element of the Weyl subroup W, of GL(n, R),

value is a sum of complex exponentials being a Kloosterman sum when it is
well defined.

Example

This n = 4 example shows how KloostermanCompatibility should be run after
selecting a permutation matrix. Then KloostermanSum is called with compat-
ible arguments.

In[37]:= w=WeylGroup[4][[17]]

out[s37;= f{{o, o, 1, o}, {0, o, o, 1}, {1, o, 0, 0}, {0, 1, 0, 0}}
In[31]:= suf[klc[tl, t2, c, w, Vv]]

_ Ca t13 C2 t11
out[31l]= {{ o -t24, o —t23},

{{c1, c2}, {e3, c2}}, {V[{2}] »c1, v[{1}] >0,
v[{l, 2}] »c2, v[{1, 2, 4}] > c3, V[{1, 2, 3}] > 0}}

In[32]:

kls[{3, 7, 12}, {4, 13, 1}, {3, 3, 3}, w]

2in 2in

9e 3 +8e 3

out[32]
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Example

This first illustrates commutativity of the LongElement sums (c/f (Friedberg
(1987), its Proposition 2.5)), then Proposition 11.4.1 and finally is given an
example of a classical sum showing it is real.

In[21]:=

out[21]=

In[22]:=

out[22]=

In[23]:=

Oout[23]=

In[40]:=

out[40]=

In[25]:=

In[26]:=

out[26]=

In[35]:=

out[35]=

In[36]:=

out[36]=

kls[{4, 13}, {6, 7}, {3, 3}, LongElement[3]]

2 2in
4+3e 57 +3e3

kls[{6, 7}, {4, 13}, {3, 3}, LongElement[3]]

i st 2in
4+3e = +3e 3

k1s[{9, 7}, {1, 13}, (3, 3}, LongElement[3]]

n 2in
4+3e = +3e 3

a=kls[{4, 13}, {6, 7}, {12, 31}, LongElement[3]]
1lin 1lirn 17in 17in 25in 29in
2@ 18 + e 186 +@ 186 + 2 @ I8 + Ze’W+2eW+2eW+ZeW+

in i 37in n n 47 in
2e’T+eT+e’w+2eW+eW+zew+zew+ew+

53in b i 73 i 7 s
eW+ZeW+2eW+eW+2eW+eW e’w+2ew+

_19in _83in 83in _9linx 91 iz 95 i
2e W+ew+e Tes +2e 186 +2e 18 +e 186 +2 ¢ W+9W+

_103ix 103ix _107in 107 in _109ix 109 i 7 _113in
2@ I8 +@ 186 +2@ I8 +@ 186 +@ 186 + 2@ 186 4+ @ 186 4+

n 115in 115in 133in 133in 139in 139in
2e155 +2e 18 +e 18 +@ 186 +2e@ 18 +2 @ 18 + 186

_145in _149ix 149 i n _5in 157 in
e 188 +2eI55 +e I8 +2e 18 +e 6 +2e5 +2e 18 4+

157.in _16linx 7 1691t 169 it _175in 175in
2e 188 +2e 18 +2@ ot +2e 18 +e 18 +2e 18 +e I8

b = kls[{35, 25}, {18, 38}, {12, 31}, LongElement[3]];
a-b

0

s = KloostermanSum|[ {24}, {13}, {43}, LongElement[2]]
2in 2in 8in 8 10 i 7t 10in 12in 12in
e +e B +2e B +2e B +2e 1 +2e a3 +2<e’ T +2e T o+

_ 205 207 24 247 i n 30
2e T +2e 1 +2e w +2e 8 +2e = +2e % +2e T+

30ix _32in 32inx _38in 42 42in
2e T +2e 1B +2€e ¥ +2e B +2ne—ﬂ—+2e T 12 B

Im[ExpToTrig[s]]

0

See also: BruhatForm, BruhatCVector, KloostermanCompatibility, Klooster-
manBruhatCell, PluckerCoordinates, PluckerInverse, PluckerRelations.
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B LanglandsForm (lIf)

This function returns a list of the three matrices of the Langlands decomposition
of a square matrix in a parabolic subgroup specified by a partition of the matrix
dimension.

See Section 10.2.

LanglandsForm[p, d] — {u, ¢, m}

p is a square matrix of CREs,

d is a list of r positive integers of length at most n with sum n,

u is a unipotent block upper triangular matrix,

¢ is a diagonal matrix with r diagonal blocks each being a positive constant
times the identity,

m is a block diagonal matrix with each diagonal block having determi-
nant 1.

Example

In[l]:= d={2, 2}; a={{1, 2, 3, 4}, {5,6,7, 8}, {0,0,1, 2}, {0,0, 3, 4}}

MatrixForm[a]
1 2 3 4
5 6 7 8
0 0 1 2
0 0 3 4
In[19]:= {u, ¢, m} = LanglandsForm[a, d];
In[20]:= Map[MatrixForm, {u, ¢, m}]
1
10 0 1 2 0 0 0 Z 0 ¢
01 -2 3 02 0 0 - 3 0 0
ouel201= {| g 4 1 o[ |0 0 vZ o |’ 0 0 & 2 }
00 0 1 00 0 2 3
0 0 2 2+/2
In[21]:= MatrixForm[u.c.m]

Out[21]//MatrixForm=
1 2 3 4

5
0
0

o o o

7 8
1 2
3 4

See also: ParabolicQ, LanglandsIFun.
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B LanglandsIFun (lif)

This function computes the summand for Langlands’ Eisenstein series with
respect to a specified parabolic subgroup.
See Chapter 10, Definition 10.4.5.

LanglandsIFun[g, p, s] — I(g.z)

g is a non-singular matrix of CREs in the parabolic subgroup specified by the
second argument,

p is a list of r positive integers representing a partition of the matrix dimension,

s is list of r CREs such that Y ;_, dis; = 0,

Is(g.z) is the summand for the Langlands Eisenstein series.

Example

In[20]:

g={{1, x, 3}, {4,5,x"2}, {0, 0, x+1}};

In[21]:= MatrixForm[g]

Out[21]//MatrixForm=

1 x 3
4 5 x?
0 0 1+x
In[ll]:= d= {2, 1};
In[23]:= LanglandsIFun[g, d, {1+I, -2-21}]

out[23]= Abs[5-4x]' Abs[1+x] 272!

See also: LanglandsForm.

B LeadingMatrixBlock (Imb)

This function extracts a leading matrix block of specified dimensions.
LeadingMatrixBlock[a, i, j] — b

a is a matrix of CREs, i is a valid row index for a,
j is a valid column index for a,
b is the leading block of a with i rows and j columns.

See also: BlockMatrix, TailingMatrixBlock, GetMatrixElement.
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B LongElement (lel)

This function constructs the so-called long element of the group GL(n,Z), a
matrix with 1s along the reverse leading diagonal and Os elsewhere.
See Chapter 5.

LongElement[n] — w

n is a strictly positive integer,
w is an n by n matrix with 1s down the reversed leading diagonal and Os
elsewhere.

Example
In[267] := MatrixForm[LongElement[4]]
out [267] //MatrixForm=
0 0 0 1
0 0 1 0
01 0 O
1 0 0 O
See also: WMatrix, ModularGenerators.

B LowerTriangleToMatrix (Itm)

This function takes a list of lists of increasing length and forms a matrix with
zeros in the upper triangle and the given lists constituting the rows of the lower
triangle.

LowerTriangleToMatrix[l]] — a

lis a list of lists of CREs of strictly increasing length representing the elements
of a lower triangular submatrix including the diagonal. The first has length
1 and each successive sublist has length 1 more than that preceding sublist,
a is a full matrix with O in each upper triangular position.

Example

In[185] := MatrixForm[
LowerTriangleToMatrix[

{{a}, {b, ¢}, {d, e, £}}]]

Out [185] //MatrixForm=
a 0 o
b c 0
d e £
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See also: UpperTriangleToMatrix.

B MakeBlockMatrix (mbm)

This function takes a list of lists of matrices and creates a single matrix wherein
the jth matrix element of the i th sublist constitutes the (i, j)th sub-block of this
matrix. In order that this construction succeed, the original matrices must have
compatible numbers of rows and columns, i.e. the matrices in each sublist must
have the same number of rows for that sublist and for each j the jth matrix in
each sublist must have the same number of columns. In spite of this restriction,
the function is a tool for building matrices rapidly when they have a natural
block structure.

MakeBlockMatrix[A] — B

A is a list of lists of equal length of matrix elements, each matrix having CRE
elements,
B is a single matrix with sub-blocks being the individual matrices in A.

Examples

In[101]:=
all = IdentityMatrix[2]; al2 = ZeroMatrix[2, 4];
a2l = ConstantMatrix[x, 3, 2]; a22 = ConstantMatrix[1, 3, 4];
MakeBlockMatrix[{{a22, all}, {a2l, a2l1}}]

MakeBlockMatrix::arg3 : The submatrices must have compatible row and column numbers.

out[103]=
SAborted

In[104]:=
MakeBlockMatrix[{{all, al2}, {a2l, a22}}] // MatrixForm

Out[104]//MatrixForm=

100 0 0O
01 0 0 0O
x x 1 1 11
® 2 1 1 1 1
x x 1 111

See also: ConstantMatrix, ZeroMatrix, LongElement, WeylGroup, Special-
WeylGroup.

B MakeMatrix (mkm)

This function returns a symbolic matrix of given dimensions.
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MakeMatrix[“a”, m, n] — A

““a” is a string being the name of the generic symbolic matrix element variable
ali, jI,

m is a strictly positive integer representing the number of rows of A,

n is a strictly positive integer representing the number of columns of A,

A is a symbolic matrix with (i, j)th entry al[i, j].

Example

In[105]:=
MakeMatrix["a", 5, 6] // MatrixForm

Out[105]//MatrixForm=
afl, 1] af[l, 2]

2, 2]

3, 1 8y.2]
4,1 4, 2]
54 1 5, 2]

14

a2, 1]
[ ]
[ ] ’
[ ]

[ T T
(S CVI S
~
[\ I o Mo W o)
Pt i i

al
al
af
af

14

See also: MakeYMatrix, MakeZMatrix, MakeBlockMatrix, ZeroMatrix,
ConstantMatrix, InsertMatrixElement, WeylGroup, ModularGenerators,
LongFElement, WMatrix, SpecialWeylGroup.

B MakeXMatrix (mxm)

This function returns a symbolic upper triangular square matrix of given dimen-
sion with 1s on the leading diagonal, i.e. a unipotent matrix.
See Definition 1.2.3.

MakeXMatrix[n, “x”’] — u

n is a strictly positive integer representing the size of the matrix,

“x” is a string being the name of the generic symbolic matrix element variable
x[i, jl,

u is an upper-triangular symbolic matrix with 1s on the leading diagonal.
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Example

In[8]:= MatrixForm[MakeXMatrix[4, "x"]]

Out[8]//MatrixForm=
1 x[1, 2] =x[1, 3] x[1, 4]

0 1 x[2, 3] x[2, 4]

0 0 1 x[3, 4]

0 0 0 1
In[9]:= MakeXVariables[4, "x"]

out[9]= ({x[1, 2], x[1, 3], x[1, 4], x[2, 3], x[2, 4], x[3, 4]}

In[ll]:= MatrixForm[MakeYMatrix[4, "y"]]

Out[1l1l]//MatrixForm=

y[1]y[2] y[3] 0 0 0)
Y y[1l] y[2] 0 0
0 0 y[1l] O
0 0 0 1
In[12]:= MakeYVariables[4, "y"]
Out[12]= {y[1], y[2], y[3]}
In[24]:= MatrixForm[MakeZMatrix[4, "x", "y"]]

Out[24]//MatrixForm=
y(1] y[2] y[3] =x[1, 2]y[1]y[2] x[1, 3]y[l] =x[1, 4]

0 y[1l] y[2] x[2, 3] y[1] =x[2, 4]
0 0 yI(1] xX[3, 4]
0 0 0 1

MakeZVariables[3, "x", "y"]

out[25]= ({x[1, 2], x[1, 3], x[1, 4], x([2, 3], x[2, 4], x[3, 4], y[1], y[2], y[3]}

See also: MakeXVariables, MakeYMatrix, MakeY Variables, MakeZMatrix,
MakeZ Variables.

B MakeXVariables (mxv)

This function returns a list of the x-variables which appear in the symbolic
generic Iwasawa form of a square matrix of given dimension.
See Definition 1.2.3.

MakeX Variables[n, “x’] —> 1

n is a strictly positive integer representing the size of the matrix,
“x” is a string being the name of the generic list element variable x[i, j],
1 is a list of the x-variables in order of increasing row index.

See also: MakeXMatrix, MakeYMatrix, MakeY Variables, MakeZMatrix.
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B MakeYMatrix (mym)

This function returns a symbolic diagonal matrix of given dimension with val-
ues on the leading diagonal being the product of the y-variables of a matrix
expressed in Iwasawa form.

See Definition 1.2.3 and the manual entry for MakeXMatrix.

MakeYMatrix[n, “y”’] — d

n is a strictly positive integer representing the size of the matrix,

‘“y” is a string being the name of the generic symbolic matrix element variable
yl[i] such that the jth diagonal element is the product y[1]y[2]- - - y[n — jI,

d is a diagonal matrix.

See also: MakeXMatrix, MakeX Variables, MakeY Variables, MakeZMatrix.

MakeY Variables (myv)

This function returns a symbolic list of the n — 1 y-variables which would occur
in the Iwasawa form of a matrix of size n x n.
See Definition 1.2.3 and the manual entry for MakeXMatrix.

MakeY Variables[n, “y”’] — 1

n is a strictly positive integer representing the size of the matrix,
“y” is a string being the name of the generic variable y[i],
lis a list of the form {y[1], ..., y[n — 1]}.

See also: MakeXMatrix, MakeXVariables, MakeYMatrix, MakeZMatrix,
MakeZ Variables.

B MakeZMatrix (mzm)

This function returns a symbolic upper triangular square matrix of given dimen-
sion being in generic Iwasawa form.
See Example 1.2.4 and the manual entry for MakeXMatrix.

MakeZMatrix[n, ‘“x”,y”’] — u

n is a strictly positive integer representing the size of the matrix,

“x” is a string being the name of the generic symbolic Iwasawa x-variable
x[i, jl,

‘“y” is a string being the name of the generic symbolic Iwasawa y-variable y[i],

u is an upper-triangular symbolic matrix with (i, j)th element having the form

x[i, jly[1]---y[n — j].
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See also: MakeXMatrix, MakeX Variables, MakeYMatrix, MakeY Variables,
MakeZ Variables.

B MakeZVariables (mzv)

This function returns a list of the variables which occur in the Iwasawa form
for a matrix with generic symbolic entries and of given size.
See the manual entry for MakeXMatrix.

MakeZ Variables[n, “x”, “y”’] — 1

n is a strictly positive integer representing the size of the matrix,

“x” is a string being the name of the generic symbolic matrix element x[i, j]
withi > j,

“y” is a string being the name of the generic symbolic matrix element y[i],

lis alist of the Iwasawa variables with the x-variables first in order of increasing
row index followed by the y-variables:

{x[1,2],...,x[1,n],x[2,3],...,x[n—1,n],y[1], ..., y[n—1]}.

See also: MakeXMatrix, MakeX Variables, MakeYMatrix, MakeY Variables,
MakeZMatrix.

B MatrixColumn (mcl)
This function returns a given column of a matrix.
MatrixColumn[m, j] — ¢

m is a matrix of CREs,
Jj is a valid column index for m,
c is the jth column of m returned as a list.

See also: MatrixRow.

B MatrixDiagonal (mdl)
This function extracts the diagonal of a matrix.
MatrixDiagonal[a] — d

a is a square matrix of CREs,
d is a list, being the diagonal entries of a in the same order.

See also: DiagonalToMatrix.
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B MatrixJoinHorizontal (mjh)

This function assembles a new matrix by placing one matrix to the right of
another compatible matrix.

MatrixJoinHorizontal[a, b] — ¢

a is a matrix of CREs,
b is a matrix with the same number of rows as a,
¢ is a matrix with block decomposition ¢ = [a|b].

Example

In[285]:= A = {{a, bl c}l {dr e, f}}; B = {{lr l}l {21 2}};

In[292] := MatrixForm[MatrixJoinHorizontal[A, B]]

out [292] //MatrixForm=
a b c 11
d e £ 2 2 )

See also: MatrixJoinVertical.

B MatrixJoinVertical (mjv)

This function assembles a new matrix by placing one matrix above another
compatible matrix.

MatrixJoinVertical[a, b] — ¢

a is a matrix of CREs,
b is a matrix with the same number of columns as a,
¢ is a matrix with block decomposition having a above b.

See also: MatrixJoinHorizontal.

B MatrixLowerTriangle (mlt)

This function extracts the elements in the lower triangle of a square matrix,
including the diagonal, and returns them as a list of lists.

MatrixLowerTriangle[a] — t

a is a square matrix of CREs,
t is a list of lists where the ith element of the jth list represents the (j, i)th
element of a.

See also: MatrixUpperTriangle, LowerTriangleToMatrix.
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B MatrixRow (mro)

This function returns a given row of a matrix.
MatrixRow[m, i] — r

m is a matrix of CREs,
iis a row index of m,
r is a list representing the ith row of m.

See also: MatrixColumn.

B MatrixUpperTriangle (mut)

This function extracts the elements in the upper triangle, including the diagonal,
of a square matrix and returns a list of lists of the elements from each row.

MatrixUpperTriangle[a] — t

a is a square matrix of CREs,
t is a list of lists of elements with the ith element of the jth list being the
(j, i+ j — Dth element of a.

Example

In[303]:= A= {{a, b, ¢}, {4, e, £}, {9, h, i}};

In[316] := MatrixForm[A]

out [316] //MatrixForm=
a b c
d e £
g h i

In[320] := MatrixUpperTriangle[A]

Out [320] = {{al bl c}l {er f}r {l}}

See also: MatrixLowerTriangle, UpperTriangleToMatrix.

B ModularGenerators (mog)

This function returns a list of two matrix generators for the subgroup of the
group of integer matrixes with determinant 1, i.e. generators of SL(n, Z).
See Chapter 5, especially Section 5.9.
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ModularGenerators[n] — g

n is a positive integer with n > 2,
g is a list of two n by n matrices which will generate SL(n, Z).

Example

In[174] := Map[MatrixForm, ModularGenerator[6]]

00000 -1 110000
10000 0 01000 0
01000 0 001000

outf1741= {4 6 1 o 0 o|" o 0 0 1 0 0}
00010 0 000010
00001 0 000001

See also: WeylGenerator, WeylGroup, SpecialWeylGroup, WMatrix, Long-
Element.

B MPEisensteinGamma (eig)

This function computes the gamma factors for the minimal parabolic Eisenstein
series

i=1

See Chapter 10, Theorem 10.8.6.
MPEisensteinGamma[s,v] — G

s is a CRE representing a complex number,

v is alist of n — 1 CREs with n > 2 representing complex parameters,

G is the gamma factor for the minimal parabolic Eisenstein series functional
equation.

Example

In[5]:= suf[MPEisensteinGamma[s, {v[1], v[2]}]]
-3s/2 1
Oout[5]= 7 Gamma[7 (1+s—2v1—v2)]
1 1
Gamma[? (s+v1—vz)] Garnma[7 (—l+s+v1+2v2)]

See also: MPEisensteinLambdas, MPEisensteinSeries, MPExteriorPower-
Gamma, MPExteriorPowerLFun, MPSymmetricPowerLFun, MPSymmetric-
PowerGamma.
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B MPEisensteinLambdas (eil)

This function computes the functions A;(v): C"~! — C such that the L-
function associated with the minimal parabolic Eisenstein series Lg (s) is a
product of shifted zeta values

L, (s) =[] ¢t = ).
i=1

See Chapter 10, (10.4.1) and Theorem 10.8.6.
MPEisensteinLambdas[v] — L

v is a list of n — 1 CREs with n > 2 representing complex parameters,
L is a list of affine expressions in the elements of v representing the functions
)\.i(v).

Example

In[10]:= suf[MPEisensteinLambdas[{v[1], v[2], Vv[3]}]]
3 1

Out[1l0]= {*7+3V1+2V2 + V3., —?—v1+2vz + V3,

1 3
?—V1—2V2+V3, 7—V1—2V2—3V3}

See also: MPEisensteinSeries, MPEisensteinGamma, MPExteriorPower-
Gamma, MPExteriorPowerLFun, MPSymmetricPowerLFun, MPSymmetric-
PowerGamma.

B MPEisensteinSeries (eis)

This function computes the L-function associated with the minimal parabolic
Eisenstein series E,(z) as a product of shifted zeta values

Le,(s) =[G = 2wy,
i=1

See Chapter 10, (10.4.1) and Theorem 10.8.6.
MPEisensteinSeries[s,v] — Z

s is a CRE representing a complex number,
vis alist of n — 1 CREs with n > 2 representing complex parameters,
Z is a product of n values of the Riemann zeta function at shifted arguments.
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Example
In[4]:= suf[MPEisensteinSeries[s, {v[1], v[2]}]]
Out[4]= Zeta[l+s-2vVv;-Vy]| Zeta[s+Vvy -Vy] Zeta[-1+S+V] +2V;y]

See also: MPEisensteinLambdas, MPEisensteinGamma, MPExteriorPower-
Gamma, MPExteriorPowerLFun, MPSymmetricPowerLFun, MPSymmetric-
PowerGamma.

B MPExteriorPowerGamma (epg)

This function returns the gamma factors for the kth symmetric L-function asso-
ciated with a minimal parabolic Eisenstein series.
See the introduction to Chapter 13.

MPExteriorPowerGammals,v,k] — G

s is a CRE representing a complex number,

v is a list of n — 1 CREs with n > 2 representing complex parameters,
k is a natural number k > 1 representing the order of the exterior power,
G is the gamma factor for the functional equation of the exterior power.

Example

In[9]:= MPExteriorPowerGamma[s, {vl, v2}, 2]

out[9]= s 38/2 Gamma[% (1+s-vl-2v2)]
1 1
Gamma[7 (s—vl+v2)] Gamma[? (—l+s+2vl+v2)]

See also: MPEisensteinLambdas, MPEisensteinSeries, MPEisensteinGamma,
MPExteriorPowerLFun, MPSymmetricPowerLFun, MPSymmetricPower-
Gamma.

B MPExteriorPowerLFun (epl)

This function returns the kth exterior power of the L-function of a minimal
parabolic Eisenstein series as a product of zeta values.

See the introduction to Chapter 13.

This function can be used to show that exterior power L-functions satisfy a
functional equation.
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MPExteriorPowerLFun[s,v,k] — Z

s is a CRE representing a complex number,

v is a list of n — 1 CREs with n > 2 representing complex parameters,
k is a natural number k > 1 representing the order of the exterior power,
Z is a product of Riemann zeta function values.

Example
In[7]:= suf[MPExteriorPowerLFun[s, {v[1], v[2]}, 2]]
Out[7]= Zeta[l+s-vVvy-2Vvy] Zeta[s -V +Vy] Zeta[-1+8s+2V) +Vy]

See also: MPEisensteinLLambdas, MPEisensteinSeries, MPEisensteinGamma,
MPExteriorPowerGamma, MPSymmetricPowerLFun, MPSymmetricPower-
Gamma.

B MPSymmetricPowerLFun (spf)

This function returns the kth symmetric power of the L-function of a minimal
parabolic Eisenstein series as a product of zeta values.

See the introduction to Chapter 13.

This can be used to show that symmetric power L-functions satisfy a func-
tional equation.

MPSymmetricPower LFun[s,v,k] — Z

s is a CRE representing a complex number,

vis alist of n — 1 CREs with n > 2 representing complex parameters,
k is a natural number k > 1 representing the order of the exterior power,
Z is a product of Riemann zeta function values.

Example
In[6]:= suf[MPSymmetricPowerLFun[s, {v[1], v[2]}, 3]]
out[6]= Zeta[s] Zeta[l+s-3v;] Zeta[-1+s+3vy] Zeta[l+s-3vy]

Zeta[3+s-6Vv; -3vVvy] Zeta[2+s-3v;-3vVv;y] Zeta[s+3v;-3v;]
Zeta[-1l+s+3vy] Zeta[-2+s+3vy+3Vvy] Zeta[-3+s5+3Vvy+6V;y]
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See also: MPEisensteinLambdas, MPEisensteinSeries, MPEisensteinGamma,
MPExteriorPowerGamma, MPExteriorPowerLFun, MPSymmetricPower-
Gamma.

B MPSymmetricPowerGamma (spg)

This function returns the gamma factors for the kth symmetric L-function asso-
ciated with a mimimal parabolic Eisenstein series.
See the introduction to Chapter 13.

MPSymmetricPowerGammals,v,k] — G

s is a CRE representing a complex number,

v is a list of n — 1 CREs with n > 2 representing complex parameters,
k is a natural number k > 1 representing the order of the exterior power,
G is the gamma factors for the kth symmetric power L-function.

Example

In[8]:= suf[MPSymmetricPowerGamma[s, {v[1], v[2]}, 3]]

out[8]= n’SSGamma[g] Gamma[% (1+s-3v1)]
Gamma[7 1+s+3v1)]Gamma[%(l+s—3vz)]
Gamma[% 3+s-6v1-3v2>]Gamma[%(2+s-3v1-3v2)}
Gamma[% s+3v1—3v2)]Gamma[%(—1+s+3v2)]
Gamma[% 2+s+3v1+3vz)]Gamma[%(—3+s+3v1+6vz)]

See also: MPEisensteinLambdas, MPEisensteinSeries, MPEisensteinGamma,
MPExteriorPowerGamma, MPExteriorPowerLFun, MPSymmetricPowerL-
Fun.

B NColumns (ncl)

This function gives the number of columns of a matrix.
NColumns[a] — n

a is a matrix of CREs,
n is the number of columns of a.

See also: NRows.
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B NRows (nro)

This function gives the number of rows of a matrix.
NRows[a] — m

a is a matrix of CREs,
m is the number of rows of a.

See also: NColumns.

B ParabolicQ (paq)

This function tests a square matrix to see whether it is in a given parabolic
subgroup as specified by a non-trivial partition of the matrix dimension.
See Chapter 10, especially Section 10.1.

ParabolicQ[a, d] — ans

ais an n X n square matrix with entries which are CREs,
d is list of at most n positive integers with sum n,
ans is True if a is in the specified subgroup and False otherwise.

Example
In[l]:= d={2, 2}; a={{1, 2, 3, 4}, {5, 6,7, 8}, {0,0,1, 2}, {O,0, 3, 4}}
out[1l]= {{1, 2, 3, 4}, {5, 6,7, 8}, {0, O, 1, 2}, {0, 0, 3, 4}}

In[2]:= MatrixForm[a]

Out[2]//MatrixForm=

1 2 3 4
5 6 7 8
00 1 2
0 0 3 4

In[3]:= ParabolicQ[a, d]

out[3]= True

In[57]:= a2={{1, 2, 3, 4}, {5, 6,7, 8}, {0, 0,1, 2}, {x,0, 3, 4}}

out[57]= {{1, 2, 3, 4}, {5, 6, 7, 8}, {0, 0, 1, 2}, {x, 0, 3, 4}}

In[58]:= ParabolicQ[al, d]

out[58]= False

See also: LanglandsForm, LanglandsIFun.
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B PluckerCoordinates (plc)

This function takes an n x n square matrix and returns a list of lists of the so-
called Pliicker coordinates, namely the values of all of the bottom j x j minors
withl <j<n-1

See Chapter 11, Section 11.3, Theorem 11.3.1.

PluckerCoordinates[a] — value

a is an n x n matrix of CREs,

value is a list of lists being the values of all of the j x j minor determinants with
1 < j < n — 1 based on the bottom row and taking elements from the bot-
tom jrows. The jth sublist has the j x j minors in lexical order of the column
indices.

Example

In[31]:= PluckerCoordinates[{{1l, 2}, {4x, 5y}}]

out[31]

]

{{4x%, 5y}}

In[32]:= suf[PluckerCoordinates[MakeMatrix["x", 3, 3]1]]

Oout[32]= {{X3,1, X3,2/ X3,3},
{-X2,2 X3,1 +X2,1 X3,2, —X2,3 X3,1 + X2,1 X3,3, —X2,3X3,2 +X2,2 X3,3}}

In[33]:= m= {{12, 3, 4, -1, 7}, {3, 0, 2, 1, O}, {4,5,6,7, 0},
(0, 2,19, 3, 1}, {1, 2, 3, 4, 5}}; MatrixForm[m]

Out[33]//MatrixForm=

12 3 4 -1 7

3 0 2 1 0

4 5 6 7 0

0 2 19 3 1

1 2 3 4 5
In[34]:= plc[m]

out[34]= {{1, 2, 3, 4, 5}, {-2, -19, -3, -1, -32, 2, 8, 67, 92, 11},
(-45, 9, 37, 153, 374, 51, 99, 412, -1, -578},
(360, 1310, 34, -1462, 414}}

See also: PluckerRelations, PluckerInverse, KloostermanSum.

B PluckerInverse (pli)

This function takes a list of lists of integers, which could be the Pliicker
coordinates arising from a square matrix, and returns such a matrix having
determinant 1. The matrix is not unique but PluckerInverse followed by
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PluckerCoordinates gives the identity, provided the list of lists of integers
is compatible, i.e. arises from some matrix.
See Section 11.3.

PluckerInverse[Ms] —> a

Ms is alist of n — 1 sublists of integers Ms = {{M;y, ..., My}, (M2, ...}, ...},
representing the Pliicker coordinates of a matrix in lexical order,

a is an integer matrix having those Pliicker coordinates or False in case they
are incompatible.

Example

In[2162]:=
g = ModularGenerators[4]; a=g[[1]]; b=g[[2]];
m=a.a.a.b.b.b.b.a.b.b.b.a.b.b.a.a.a.b.a.a.a.b.b.b.a.a.b.a.a.a.a.a.a.b;
MatrixForm[m]

Out[2163]//MatrixForm=
0 -1 -4 -10
0o 0 -1 -3
0 0 0o -1
1 8 16 40

In[2164]:=

Ms = plc[m]
Oout[2164]=

{{1, 8, 16, 40}, {0, 0, 1, 0, 8, 16}, {0, O, 1, 8}}
In[2165]:=

a=pli[Ms]; MatrixForm[a]

out[2165]//MatrixForm=
(0 -1 0 O

0 0 -1 0

0O 0 0 -1

1 8 16 40

In[2166]:=
plc[a]

Out[2166]=
{{1, 8, 16, 40}, {0, 0, 1, O, 8, 16}, {0, 0, 1, 8}}

See also: PluckerCoordinates, PluckerRelations, KloostermanSum, Klooster-
manCompatibility.

B PluckerRelations (plr)

This function computes all the known quadratic relationships between the
minors of a generic square n X n matrix known as the Pliicker coordinates.
See Chapter 11.
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In the case that n = 2 there are none and for » = 3 one. For n > 3 the
number grows dramatically. No claim is made that this function returns, for
any given n, a complete set of independent relationships. By “complete”
is meant sufficient to guarantee the coordinates arise from a member of
SL(n, Z).

PluckerRelations[n, v] —> relations

n is a positive integer with n > 2,
v is a symbol representing the generic name used for the Pliicker coordi-

nates so V[{iy, ..., ij}] is the matrix minor based on the last j rows and
the columns indexed by iy, ..., ij with these indices in strictly increasing
order,

relations is a list of quadratic expressions with coefficients &1 in the v[{- - -}]s,
which vanish whenever the values of the v[{- - -}]s come from the minors
of an n x n matrix.

Example

In[l]:= PluckerRelations[3, v]

Out[1l]= {v[{3}] v[{1, 2}] -v[{2}] v[{1, 3}] +Vv[{1}]Vv[{2, 3}]}

In[2]:= PluckerRelations[4, V]

out[2]= {v[{3}]v[{1l, 2}] -v[{2}] v[{1, 3}] +v[{1}]Vv[{2, 3}],
vi{4}]v[{1l, 2}] -v[{2}] v[{1, 4}] +v[{1}] v[{2, 4}],
vi{4}]v[{1l, 3}] -v[{3}] v[{1, 4}] +Vv[{1}] Vv[{3, 4}],
vi{4}] v[{2, 3}] -v[{3}] v[{2, 4}] +Vv[{2}] v[{3, 4}],
v[{l, 4}]v[{2, 3}] -v[{1, 3}]v([{2, 4}] +v[{1, 2}] v[{3, 4}],
vi{l, 4}]v[{1l, 2, 3}] -v[{1, 3}]v[{l, 2, 4}] +
v[{l, 2}]v[{1, 3, 4}], v[{4}] v[{L, 2, 3}] -Vv[{3}] v[{L, 2, 4}] +

vi{2}]v[{Ll, 3, 4}] -v[{1}] v[{2, 3, 4}], v[{2, 4}]v[{L, 2, 3}] -
v([{2, 331 v[{l, 2, 4}] +v[{1, 2}] v[{2, 3, 4}],
v[{3, 4}] v[{1l, 2, 3}] -v[{2, 3}] v[{l, 3, 4}] +
v[{l, 3}]v[{2, 3, 4}], v[{3, 4}] v[{1, 2, 4}] -
v[{2, 4}] v[{1, 3, 4}] +v[{1, 4}]Vv[{2, 3, 4}]}

In[3]:= Map[Function[n, Length[PluckerRelations[n, v]]],
{2,3,4,5,6,7}]

Out[3]= {0, 1, 10, 47, 160, 458}

See also: PluckerCoordinates, PluckerInverse, KloostermanSum.
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B RamanujanSum (rsm)

This function computes the Ramanujan sum s(#, ¢) for explicit natural number
values of n, ¢, namely

Cc

stn,oy= Y &M,

r=1,(r,c)=1
See Definition 3.1.4 and Proposition 3.1.7.
RamanujanSum([n,c] — s

n is a strictly positive integer, c is a strictly positive integer,
s is an integer being the Ramanujan sum.

Example
In[27]:= Table[RamanujanSum[n, 1] - MoebiusMu[n], {n, 1, 10}]

out[27]= {0, 0, 0, 0, 0, 0, 0, 0, O, O}

In[31]:= Table[RamanujanSum[n, 23 n] /EulerPhi[n], {n, 1, 20}]

out[31)= [L1s 1, 1; s 1p 11,1, 0,0,20,1,1,1, 1, 1; 1,1, 1, 13

B RemoveMatrixColumn (rmc)

A given row is removed from a matrix, creating a new matrix and leaving the
original unchanged.

RemoveMatrixColumnl[a, j] — b

a is a matrix of CREs,
j is a valid column index of a,
b is a matrix with all columns identical to a except the jth which is missing.

See also: RemoveMatrixRow.

B RemoveMatrixRow (rmr)
A given row is removed from a matrix, leaving the original unchanged.
RemoveMatrixRow[a, i] — b

a is a matrix of CREs,
i is a valid row index of a,
b is a matrix with all rows identical to a except the ith which is missing.

See also: RemoveMatrixColumn.
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B SchurPolynomial (spl)

This function computes the Schur polynomial in n variables xi, ..., x, with
n — 1 exponents ki, ..., k,—1, that is to say the ratio of the determinant of a
matrix with (i, j)th element 1 fori = n and x§‘+"'+k""+”7i forl<i<n-—1,
to the determinant of the matrix whichis 1 fori = n and x;_i forl <i<n-—1.
See Section 7.4.

SchurPolynomial[x, k] — Sk(xy, ..., Xp)

x is list of n CREs,
k is a list of n — 1 CREs,

Sk(Xq, ..., Xy) is the Schur polynomial.

Example

In[4]:= SchurPolynomial[{x, y, z}, {a, b}]

Bub x2+arb (ylea _ gliay | ylva plea (pleb _ pleby | ylra ( y2+asb | p2+ath)
(x-y) (x-2) (Y-2)

In[5]:= SchurPolynomial[{1l, x, x*~2, x*3}, {2, 2, 2}]

out[5]= x® (L-x+x%)% (L+x+%x%)° (1+%° +x5)

In[6]:= SchurPolynomial[{l, x*~2, x, x"~3}, {1, 2, 3}]

out[6]= x> (1+X+x?)

(1+2x+4x*+7x°+10x* +13x°+17x%+19x” +21x%+22x°+
21 x4 19xM 417%™ 113 x4 10xM + 7 x5 4 x4+ 2% 4+ x18)

See also: HeckeMultiplicativeSplit.

B SmithElementaryDivisors (sed)

This function computes the elementary divisors of a non-singular n x n integer
matrix a, i.e. for each j with 1 < j < n, the gcd d;(a) of all of the j x j
minor determinants. If s; is the jth diagonal entry of the Smith form then
§; = dj(a)/dj,l(a).

SmithElementaryDivisors[a] —> 1

a is a non-singular n x n integer matrix,
I is a list of the n Smith form elementary divisors of a in the order
{di(a), ..., dn(a)}.

See also: SmithForm, SmithInvariantFactors, HermiteFormUpper, Hermite-
FormLower.
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B SmithForm (smf)

This function returns the Smith form diagonal matrix d of a square non-singular

matrix g with integer entries. This matrix d satisfies 0 < d;; and d; ; | dj11,i+1

forall i < n — 1. It also returns unimodular matrixes /, » such thata = /.d.r.
See Theorem 3.11.2.

SmithForm[a] —> {1, d, r}

a is non-singular integer matrix,
1 is a unimodular matrix,
d is a diagonal matrix, being the Smith Form of a, r is a unimodular matrix.

Example
The Smith form of a 4 by 4 matrix is computed and the result checked.
In(4]:= md = {{5, 2, -4, 7}, {1, 6,0, -3}, {1, 2, -2, 4}, {7, 1, 5, 6}};
{1, s, r} = SmithForm[m4]

{{{5, -4, 186, -23}, {1, 0, 0, O}, {1, -2, 89, -11}, {7, 5, -178, 22}},
{{1, o, o, o}, {0, 1, 0, 0}, {0, O, 1, O}, {0, O, O, 964}},
({1, 6, 0, -3}, {0, -49, 1, 41}, {0, 118, 0, 1}, {0, 1, O, O}}}

Map [MatrixForm, %]

5 -4 186 -23 100 0 1 6 0 -3

10 0 0 010 0 0 -49 1 41
{1—289—11'0010'011801}

7 5 -178 22 0 0 0 964 0 1 0 0

l.s.r-m4

{{o, 0, o, 0}, {0, 0, o, 0}, {0, 0, 0, 0}, {0, O, O, O}}

See also: SmithElementaryDivisors, SmithlnvariantFactors, HermiteForm-
Lower, HermiteFormUpper.

B SmithInvariantFactors (sif)

This function computes the invariant factors of the Smith form of a non-singular
integer matrix a. These are all of the prime powers which appear in the diagonal
entries of the Smith form of a.

SmithInvariantFactors[a] — 1

ais an n X n non-singular integer matrix,
lis a list of prime powers.

See also: SmithForm, SmithElementaryDivisors, HermiteFormUpper,
HermiteFormLower.
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B SpecialWeylGroup (swg)

This function, for each natural number 7, returns the group of n X n matrices
with each entry being 0 or &1, and having determinant 1. There are 2"~!'n! such

matrices.
See Sections 6.3 and 6.5.

SpecialWeylGroup[n] — g

n is a natural number representing the matrix dimension,
g is a list of n x n matrices representing the Weyl group.

Example

In[3]:= w = SpecialWeylGroup[3];

In[4]:= Map[MatrixForm, w]

100 1 0 0 10 0 10 0
out[4]= {|0 1 0|, [o 0 1|,|/0 -1 o0 ] 00 -1/,

00 1 0 -1 0 0 0 -1 01 0

01 0 010 0 10 0 1 0

10 0 J, [o 0 1|;|~-1 09|, 0 0 -1,

0 0 -1 100 0 0 1 -1 0 0

00 1 0 0 1 0 0 1 0 0 1

10 oJ,[o 10/,]-1 0 ], 0o -1 0|,

010 -1.0 0 0 -1 0 1 0 0

1.0 0 -1.0 0 -1 0 0 -1 0 0

0 1 o},[o 0 1], 0 -1 o],{ 0o -1/,

0 0 -1 0 10 0 0 1 0 -1 0

0 -1 0 0 -1 0 0 -1 0 0 -1 0

1 0 o},[o 0 1,|-1 o0 o], 0o -1/,

0 0 1 -1 0 0 0 0 -1 1 0 0

0 0 -1 0 0 -1 0 0 -1 0o 0 -1

1 0 0},[0 10 |,[-10 0], 0 -1 o0 |}

0 -1 0 10 0 0 1 0 -1 0 0

In[5]:= Map[Det, w]
out[51= {1y Ly 1y 1y Ly 1y Ly idy Ty Tp Ly Ly Ly by Ly Ly Ly 1o 1y 15 Ly Ly Ay 1}
In[7]:= Length[SpecialWeylGroup[5]] - 245!

out[7]= O

See also: WeylGroup, WMatrix, WeylGenerator, ModularGenerators, Long-
Element.
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B SubscriptedForm (suf)

This function takes a Mathematica expression and prints it out in such a way that
subexpressions of the form x[ny, ny, .. ., n;], where the n; are explicit integers,
are printed in the style

The value of this function is for improving the look of expressions for inspec-
tion and should not be used otherwise. Compare the Mathematica function
MatrixForm. Not all expressions can be subscripted using this function.

SubscriptedForm[e] — f

e is a Mathematica expression,
f is a subscripted rendition of the same expression.

Example

In[2395]:=
a = MakeMatrix["x", 4, 4]

Out[2395]=
{{x[1, 1], x[1, 2], x[1, 3], x[1, 4]}, {x[2, 1], x[2, 2], x[2, 3], x[2, 4]},
{x[3, 1], x[3, 2], x[3, 3], x[3, 41}, {x[4, 1], x[4, 2], x[4, 3], x[4, 4]}}

In[2396]:=
SubscriptedForm[a]

Out[2396]=
{{X1,1, X1,20 X1,30 X140}, {X2,10 X2,25 X2,37 X2,4},
{X3,1+ X3,2+ X3,3, X3,4}s {Xa,1/ Xa,2, X4,3s X4,4}}

In[2397]:=
MatrixForm[%]

Out[2397]//MatrixForm=

X1,1 X1,2 X1,3 Xi1,4
X2,1 X2,2 X2,3 X2,4
X3,1 X3,2 X3,3 X3,4
Xg4,1 Xg,2 Xg,3 Xy,

In[2398]:=
b=x[0, 2, -4] + £[y[1] -3xy[2]]/ (x[1, 2, 3] +Y[3]);

In[2399]:=
SubscriptedForm[b]

out[2399]=
fly:-3y2]

X0,2,-4 +
Y3 + X1,2,3

B SwapMatrixColumns (smc)

Two columns of a matrix are exchanged creating a new matrix and leaving the
original unchanged.
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SwapMatrixColumns][a, i, j] — b

a is a matrix of CREs,

i is a valid column index for a,

Jj is a valid column index for a,

b is a matrix equal to a except the ith and jth columns have been exchanged.

See also: SwapMatrixRows, ElementaryMatrix.

B SwapMatrixRows (smr)

Two rows of a matrix are exchanged creating a new matrix and leaving the
original unchanged.

SwapMatrixRows][a, i, j] — b

a is a matrix of CREs,

i is a valid row index for a,

j is a valid row index for a,

b is a matrix equal to a except the ith and jth rows have been exchanged.

See also: SwapMatrixColumns, ElementaryMatrix.

B TailingMatrixBlock (tmb)

This function returns a tailing matrix block of specified dimensions leaving the
original matrix unchanged.

TailingMatrixBlock[a, i, j] — b

a is a matrix of CREs,

i is a positive integer less than the number of rows of a,

j 1s a positive integer less than the number of columns of a,
b is the tailing block of a with i rows and j columns.

See also: LeadingMatrixBlock, BlockMatrix.

B UpperTriangleToMatrix (utm)

This function takes a list of lists of strictly decreasing length and forms a matrix
with zeros in the lower triangle and with the given lists constituting the rows of
the upper triangle. The length of the matrix is the length of the first sublist. The
last sublist has length 1 and each successive sublist has length one less than the
preceding sublist.

UpperTriangleToMatrix[u] — a

u is a list of lists of CRESs of decreasing length representing the elements of an
upper triangular submatrix including the diagonal,
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a is a full matrix with 0 in each lower-triangular position.

See also: MatrixUpperTriangle, LowerTriangleToMatrix.

B VolumeBall (vbl)

This function computes the volume of an n-dimensional ball with given radius.
VolumeBall[r, n] —> Vol

r is a CRE representing the radius of the ball,
n is a positive integer, being the dimension of the ball,
Vol is the n-dimensional volume of the ball.

Example
In[342] := {VolumeSphere[r, 3], VolumeSphere[r, 5]}

2 4
out [342] = {47rr2, 8ﬁ3r }

In[343] := {VolumeBall[r, 3], VolumeBall[r, 5]}

4rnrd 8xird

Out[343J:{ 57 E }

See also: VolumeSphere, VolumeHn.

B VolumeFormDiagonal (vfd)

This function computes the differential volume form for the set of diagonal
matrices

where the product is the wedge product.
See Sections 1.4 and 1.5.

VolumeFormDiagonal[““a”, n] — Form

“a” is a string which will be the name of a one-dimensional array symbol,
n is a positive integer representing the dimension of the form,
Form is the diagonal volume form based on the variables a[i].

See also: VolumeFormGln, VolumeFormHn, VolumeFormUnimodular.
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B VolumeFormGlin (vfg)

This function computes the differential volume form for the matrix group
G L(n, R) using the wedge product.
See Sections 1.4 and 1.5 and Proposition 1.4.3.

VolumeFormGiIn[“g”, n] — Form

“g” is a string which will be the name of a two-dimensional array symbol,
n is a positive integer representing the dimension of the matrices,
Form is the diagonal volume form based on the variables g[i, j].

Example
In[62] := VolumeFormGln[g, 2]

d[g[l, 1]] ~d[g[1, 2]] ~nd[g[2, 1]] ~d[g[2, 2]]
(-9[1, 2] g[2, 1] +g[1, 1] g[2, 2])?
See also: VolumeFormHn, VolumeFormDiagonal, VolumeFormUnimodular.

out [62] =

B VolumeFormHn (vfh)

This function computes the differential volume form for the generalized upper
half-plane.
See Definition 1.2.3 and Proposition 1.5.3.

VolumeFormHn[*“x”, “y”, n] — Form

“x” is a string which will be the name of a two-dimensional array symbol,

“y” is a string which will be used as the name of a one-dimensional array
symbol,

n is a positive integer representing the dimension of the matrices which appear
in the Iwasawa decomposition,

Form is the volume form based on the variables x[i, j], y[j].

Example
In[60] := VolumeFormHn["x", "y", 3]

dix[1, 2]] ~d[x[1, 3]] ~d[x[2, 3]] ~d[y[1]]~d[y[2]]

out [60]
y[11®y[2]®

See also: VolumeFormGln, VolumeFormDiagonal, VolumeFormUnimodular.

B VolumeFormUnimodular (vfu)

This function computes the differential volume form for the group of unimod-
ular matrices, i.e. real upper-triangular with 1s along the leading diagonal.
See Sections 1.4 and 1.5.
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VolumeFormHn[*“x”’, n] — Form

“x” is a string being the name of an array symbol,
n is a positive integer representing the dimension of the matrices,
Form is the volume form based on the variables x[i, j].

Example

In[57] := VolumeFormUnimodular([x, 3]

out [57]= d[x[1, 2]] ~d[x[1, 3]] +rd[x[2, 3]]

See also: VolumeFormHn, VolumeFormDiagonal, VolumeFormGln.
B VolumeHn (vhn)

This function computes the volume of the generalized upper half-plane using
the volume element VolumeFormHn.
See Example 1.5.2 and Proposition 1.5.3.

VolumeHn[n] — Vol

n is an integer with n > 2 representing the order of the upper half-plane, being
the size of the matrices appearing in the Iwasawa form,
Vol is a real number.

See also: VolumeBall, VolumeSphere.

B VolumeSphere (vsp)
This function computes the n-dimensional volume of the sphere S” in R"*!.
VolumeSphere[r, n] — Vol

r is a CRE being the radius of the sphere,

n is the dimension of the sphere,

Vol is the volume of the sphere computed using n-dimensional Lebesgue
measure.

See also: VolumeBall, VolumeHn.

B  Wedge,d

This function computes the Wedge product of any finite number of functions or
differential forms in an arbitrary number of dimensions. It works with the dif-
ferential form operator d. Note that these functions have a different construction
from others in GL(n)pack , and have limited error control. An alternative to the
function Wedge is the infix operator which may be entered into Mathematica
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by typing a backslash, and open square bracket, the word “Wedge” and then a
closing square bracket. It prints like circumflex, but is not the same. Note that
wedge products of vectors are not currently supported.

See Sections 1.4, 1.5,5.6,5.7 and 5.8.

Wedge[fy, f>, ..., f,] — value

f; is an expression or a form,
value is the wedge product of the functions or forms f;.

Example

In this example the function Wedge is used in conjunction with the differential
form generator function d. Note that symbols, such as a, can be declared to be
constant explicitly by setting, d[a] = 0.

In[64] := Wedge[ad[x] +bd[y], ud[x] +vd[y]]

out[64]= -bud[x] ad[y] +avd[x] rd[y]

In[65]:

d[a] =0; d[b] =0; d[C] =0;
In[68]:= (ad[x] +bd[y]) » (Exp[ax] d[y])

out[68]= ae**d[x] rd[y]

In[69] := d[%]

Out[69]= 0

In[71]:= dlay d[x] +bd[y] + cxd[z]]

out[71]= -ad[x] ad[y] +cd[x] rnd[z]

In[72] := d[x*4]
out [72]= 4 x3d[x]

See also: VolumeFormGln, VolumeFormHn.

B WeylGenerator (wge)

This function returns a set of matrix generators for the Weyl subgroup of the
group of integer matrices with determiant 41, which consists of all matrices
with exactly one 1 in each row and column. A single call returns a single
generator.
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See Chapter 6.
Also see the manual entry for Special WeylGroup.

WeylGenerator[n,i,j] — g

n is a positive integer with n > 2,
i is a positive integer withi < n,
J is a positive integer withi # j < n,

469

g amatrix with 1s along the leading diagonal and zeros elsewhere, except in the
(i, j)th position where the value is -1 and (j, i)th position where the value
is 1 and where the corresponding (i, i)th and (j, j)th diagonal elements are

0.
Example

In[168] := MatrixForm[WeylGenerator[5, 2, 3]]

Out [168] //MatrixForm=

10 0 0 O
00 -1 00
01 0 0 O
00 0 1 0
00 0 01

See also: ModularGenerators, LongElement.

B  WeylGroup (wgr)

This function returns, for each whole number #, a list of all of the Weyl group

of n by n permutation matrices.
See the proof of Proposition 1.5.3.

WeylGroup[n] — {m;, my, ..., my}

n is a positive integer with n > 1,
m; is a matrix with a single 1 in each row and column.

Example
In[5]:= Map[MatrixForm, WeylGroup[3]]
100 1 00 010 010 0
out[5]= { o10},({0O01(,|12 0O0|,|0 0 1], {1
0 0 1 0 1 0 0 0 1 100 0

o = O

o o =
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See also: WeylGenerators, Special WeylGroup, LongElement.

B Whittaker (wit)

This function computes a symbolic interated integral representatin of the gen-
eralized Jacquet Whittaker function Wyaequer (also written W) of order n,
for n > 2, as defined by Equation (5.5.1). See Proposition 3.4.6, Section 3.4,
Equation (5.5.1) and Equation (5.5.5). The algorithm uses the recursive rep-
resentation of the Whittaker function defined by Stade (1990, Theorem 2.1)
related to that used in the book as follows. Let W and W¢ be Stade’s Whittaker
and Whittaker starred functions respectively and let I' represent the gamma
factors for either form. Then

Q- Wi=T -W;=W;=Ws

where

Whittaker([z, v, m, u] —> {coef, char, gam, value}

z is an n x n non-singular CRE matrix,

visalist of n — 1 CREs,

m is a list of nmn—1 CREs (m;) representing a character
Ym(X) = ezni(zlgign_] mixi,H—l))’

u is a symbol which will be used to form the dummy variables in the iterated
integral,

coef is the coefficient ¢, j, defined in Proposition 5.5.2,

char is the value of the character ¥, (X) for z = x.y the Iwasawa form,

gam is a product of terms as returned by WhittakerGamma,

value is a symbolic expression being the value of the Whittaker function at My
where z = x.y with parameters v and character v 11..1. In this expres-
sion the K-Bessel function at a complex argument and parameter K, (z), is
represented by the noun function K[v, z].
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Example
In[3]:= Whittaker[{{y, 0}, {0, 1}}, {v}, {m}, w]

2.7V K[-4 +v, 271y Abs[m] ]
Gamma [Vv] }

out[3]= {mAbs[m] >V, 1, 7" Gamma[v],

In[l]:= Whittaker[IdentityMatrix([6], {(1,1,1,1,1}, {1,1,1,1, 1}, u]

4998263614010039534235859662310294189453125

out[1l= {1, 1, 5153 .52 ,

[268435456 i

JJJJ {JJ u“]““ [ 3o 27;[‘12[]31[5[)4]]

Ty 1+ [1# u[3] ]K 57

[10 ul4] 10

27 (1+ul1]?) (1+ Ar) uld4) ]
ufs]

57 2nxv1+u[2]? u[5] 25
K[ﬁ, T] du[2] du[1] K[T,
25 1
2 3]2 | x [ 27T\/(1+u[3] ) |1+ usz}

K[%, ZHW] du[6] du[5] du[4] du[3]

4998263614010039534235859662310294189453125}

/

See also: WhittakerGamma.

B WhittakerGamma (wig)

This function returns the gamma factors for the generalized Jacquet Whittaker
function. See Definition 5.9.2. Note that although this definition differs from
that in (Stade, 1990), the gamma factor that it represents is the same.

WhittakerGamma[v] — value

v is a list of n — 1 CREs which, if any are numerical, satisfy 9iv; > 1/n,
value is an expression, being the product of the gamma factors for the Whittaker
function of order n.

See also: Whittaker.
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B WDMatrix (wmx)

This function returns the so-called w-matrix, with (—1)/2 in the (1, n)th
position and 1 in every other reversed diagonal position, a member of SL(n, Z).
See Section 5.5.

WMatrix[n] — w

n is a strictly positive integer with n > 2,
w is an n by n matrix with each element 0, except the (1, n)th which is (—1)"/2)
and every (i, n — i+ 1)th whichis 1 for2 <i <n.

Example
In[2]:= Map[MatrixForm, Map[WMatrix, {2, 3, 4, 5, 6}]]
00 0 0 0 -1
0 0 -1 0 0 0 1 g g g 2 é 00 0 0 1 0
-1 0010 00010 O
Out[2]={< ),010, , 10010 0], }
1 0 10 o0 01 00 0100 0 00 1 0 0 O
1
0 0 0 i 0 5 60 01000 O
1 0 0 0 0 O

See also: LongElement.

B ZeroMatrix (zmx)
This function returns a zero matrix of given dimensions.
ZeroMatrix[m,n] — Z

m is a strictly positive integer representing the number of matrix rows,
n is a strictly positive integer representing the number of matrix columns,
Z is a zero matrix with m rows and n columns.

See also: ConstantMatrix.
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doubly periodic function, 155

dual, 161, 178, 182,224

dual form, 197, 243, 314

dual Maass form, 161, 174, 214, 227, 257,
261, 262, 271, 279, 367, 374, 379, 406

EBYV, 91-94, 194, 196, 215, 221, 223

e-function 338, 339, 352, 356

eigenfunction, 38, 39, 50-55, 70, 83-85,
90-93, 95, 104, 110, 114, 115, 117, 128,
150, 156, 168, 169, 172, 187, 209,
214-216, 229, 253, 271, 272, 277-279,
285,310-313, 316, 317, 382, 384, 427

eigenspace, 71

eigenvalue, 38, 55, 62, 70-73, 85, 92-95, 104,
110, 112, 117, 128, 162, 169, 264, 272,
312,316, 318, 343, 371, 404, 420, 426,
427, 429

eigenvalues of Hecke operators, 310

eigenvalues of the Laplacian, 343

eigenvalue conjecture, 386

EisensteinFourierCoefficient, 422

EisensteinSeriesTerm, 422

Eisenstein series, 54-60, 90, 94, 100, 105,
106, 112, 182, 193, 210-212, 218, 219,
222-229, 257, 285, 297, 300, 302, 310,
313, 314, 315, 316, 317, 322, 323, 326,
328, 332, 360, 362, 373, 422
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constant term, 286, 321, 322, 323, 334
convergence, 224, 300
for SL(2,7Z), 112,225,313, 323
for SL(3,7%Z), 112,321
for SL(n, Z), 302, 318, 319, 396, 403
functional equation, 97, 229, 307, 310, 329,
370
Fourier expansion, 56, 58, 59, 60, 62, 225,
286, 303, 339, 422
general parabolic, 295
Langlands, 285, 286, 301, 316, 318-320,
357,403,417, 441
L-function associated to, 89, 90, 310, 314
meromorphic continuation, 224, 285, 307,
310
maximal parabolic, 223, 295, 297, 300, 307,
308, 309, 321, 327, 368
minimal parabolic, 295, 296, 297, 303, 310,
313, 314, 315, 316, 324, 325, 327, 330,
339, 370, 381, 418, 450, 451454
residue, 324, 331, 357, 403
template, 370
twisted by Maass forms, 286, 301, 302, 315,
316, 321, 357
ElementaryMatrix, 423
elementary row and column operations, 79
endomorphism ©, 105, 106, 108
endomorphism J, 100, 105
Epstein zeta function, 308, 309
equivalence class, 4
equivalent, 4, 6, 7, 216
Euclidean topology, 20
Euler product, 1, 54, 76, 85, 90, 95, 212, 215,
229, 235-237, 250, 253, 255-257, 365,
367, 373, 379, 382, 387, 395, 396, 398,
401, 404, 405, 426, 427
even Maass form, 73, 74, 86, 87, 90, 91, 99,
100, 106
even primitive character, 208
explicit Bruhat decomposition, 303
exponential sum, 56
exterior algebra, 139
exterior power, 134—137, 396, 406,
452-454
exterior square, 397
exterior square lift, 397
exterior power L-function, 396, 452

finite field, 69, 351, 382, 398—400
finite order, 236

finite prime, 382, 384

finite propagation speed, 111, 112
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flag, 291, 292
Fourier transform, 1, 2, 30, 59, 102, 104,
106-107, 113, 309
Fourier expansion, 54, 56, 58-70, 95, 97, 114,
118, 119, 158, 173, 200, 216, 219, 225,
228,278, 339, 352, 369, 373
of an Eisenstein series, 54, 5862, 95, 225,
228, 286, 303, 310, 319, 323, 327, 332,
418, 422
of a Maass form, 63, 64, 69, 70, 114, 128,
129, 159, 214, 260, 261, 282, 302, 315,
366, 372, 374, 376, 381
Fourier transform, 1, 2, 30, 59, 102, 104, 106,
107, 113, 309
Fourier Whittaker expansion, 6673, 89,
163, 174, 179, 180, 224, 225, 279, 286,
319
Frobenius automorphism, 398—-400
function field, 397
functional analysis, 83, 168, 271
FunctionalEquation, 424
functional equation, 1-3, 38, 54
of Eisenstein series, 97, 212, 229, 307, 310,
329,370
of K-Bessel function, 134
of L-functions, 54, 62, 86,91, 178, 182, 187,
188, 194, 195, 201, 202, 206, 208-211,
213-217, 221, 227, 240-245, 251, 252,
278, 314, 315, 365, 367-371, 374, 379,
385, 387-392, 396, 402, 452, 453
of the Riemann zeta function, 2, 3, 54, 90,
214, 310, 376, 381
for the Selberg class, 245
template, 314
of Whittaker functions, 114, 134, 145, 319,
424
functoriality, 396, 397, 402-406
fundamental discriminant, 249, 250
fundamental domain, 6-8, 15, 27, 31, 34, 36,
55,70,71, 117,377
fundamental unit, 60

Galois conjugacy, 383

Galois conjugate, 339, 400

Galois extension, 397-401, 404

Galois group 397-402, 404

Galois representation, 402, 404-406, 474, 475,
482

Galois subgroup, 404

Gamma factor, 211, 213, 231, 245, 372, 383,
386, 388, 414, 415, 450, 452, 454, 470,
471, 475
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Gamma function, 155, 157, 196, 208, 243,
272,335

Gauss, 245, 246, 249, 406

Gauss class number problem, 246, 248

Gauss sum, 195, 217, 315

Gelbart—Jacquet lift, 213-215, 221, 235, 253,
365, 386, 387, 402

Generalized Ramanujan conjecture, 381-384,
395

generalized upper half-plane, 9, 10, 15, 24, 51,
153, 259, 299, 415, 466, 467

general linear group, 6, 19

GetCasimirOperator, 416, 424

GetMatrixElement, 425, 441

global Langlands conjecture, 396, 397

GL(n)pack, 409

GlInVersion, 413

Godement—Jacquet L-function, 174, 178, 187,
188, 194, 206, 214, 215, 277, 279, 282,
365, 379, 382, 403

Green’s theorem, 62

Grossencharakter, 54, 61, 62, 91

group action, 38, 39

growth, 66-69, 114, 239, 242, 247, 250,
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growth condition, 69, 156, 247, 248

growth properties, 128, 129, 159, 266, 239,
241, 260, 371

Haar integral, 21

Haar measure 19-21, 35

Hadamard factorization, 251

half-plane, 172, 278

Harish-Chandra character, 115

Harish transform, 358

harmonic function, 63

HeckeCoefficientSum, 426429

HeckeEigenvalue, 426-429

Hecke eigenfunction, 54, 83, 84, 92, 95, 168,
169, 172, 187, 214, 215, 229, 253, 271,
272,277,279, 310-313, 316, 332, 384,
427

Hecke eigenform, 316, 318, 382

Hecke grossencharakter, 54, 61, 62, 91

Hecke L-function, 54, 401

HeckeMultiplicativeSplit, 427

Hecke—Maass converse theorem, 92

HeckeOperator, 428

Hecke operator, 54, 7377, 80-84, 90, 99, 105,
112, 163-172, 266-272, 277, 310, 313,
318,319, 428
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HeckePowerSum, 411

Hecke ring, 75, 76, 80, 81, 164, 168, 266, 267,
271

Hecke—Maass converse theorem, 91, 92

HermiteFormLower, 429

HermiteFormUpper, 430

Hermite normal form, 78-81, 165, 268, 312

high in the cusp, 113, 323

higher rank, 100, 111, 129, 285

Hilbert space, 62, 84, 110

holomorphic modular form, 69, 215, 253, 256,
382

hyper-Kloosterman sum, 337, 352, 391

hyperbolic distance, 101, 103

hyperbolic Fourier expansion 54, 59, 62

hyperbolic Laplacian, 55, 100, 104, 111

hyperbolic matrix, 60

hyperbolic plane, 111, 112

I, function, 51, 52, 55

I, function, 138, 139, 144, 146, 150, 151

icosahedral representation, 402

identity endomorphism, 104, 107

identity matrix, 9-14, 31, 34, 43,47, 52,79,
116, 125, 145, 263, 289, 292, 305, 309,
358,374, 377, 401

ideal, 41, 60-62, 245, 399, 400

ideal class group, 245

IFun, 431

imprimitive, 195, 208

imaginary quadratic field, 245-249, 255

induced representation, 402, 406

inertia group, 400

infinite prime, 383

inner product, 62, 81, 95, 96, 135, 136, 156,
166, 210, 211, 226, 227, 255, 269, 277,
323, 324, 330, 368, 376, 377, 378,
393

InsertMatrixElement, 432

integral operator, 101, 103, 357

invariant differential operator, 38, 39, 44, 48,
50, 55, 64, 114, 128, 150, 156, 209, 271,
316, 317, 357

invariant measure, 23-28, 32, 55, 74, 81, 103,
104, 117, 166, 227, 269, 297, 368

invariant subspace, 403

inverse Abel transform, 101

inverse Mellin transform, 96, 202, 331

inversion formula, 94, 358, 359, 363

involution, 161, 263, 328

irreducible, 401
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irreducible representation, 402

Iwasawa decomposition, 8-16, 24, 28, 31, 299,
309, 424, 431, 433, 435, 466

IwasawaForm, 432

IwasawaQ, 435

IwasawaXMatrix, 431

IwasawaX Variables, 434

IwasawaYMatrix, 434

IwasawaY Variables, 435

Iwasawa form, 146, 150, 175, 185, 281, 299,
308, 328, 413, 416, 424, 432435,
445447, 467, 470

Jacobi identity, 40

Jacobi theta function, 2, 221-223

Jacobian, 124

Jacquet Whittaker function, 139, 142, 154,
159, 160, 175, 260, 280, 307, 360, 470,
471

Jacquet’s Whittaker function, 129, 130, 136,
141, 144, 150, 152, 361

K-Bessel function, 65, 134

KloostermanBruhatCell, 435, 436

KloostermanCompatibility, 436, 437, 438

KloostermanSum, 436438

Kloosterman sum, 337-343, 349-353, 357,
362, 363, 391, 436-438

Kloosterman zeta function, 342, 343

Kronecker symbol, 222, 248

Kuznetsov trace formula, 337, 354, 355,
360-363

Landau’s lemma, 372, 395

Langlands, 27, 195, 236, 285, 286, 366, 395,
397, 401, 402, 403, 406

LanglandsIFun, 441

LanglandsForm, 440

Langlands conjecture, 195, 395-397, 402

Langlands decomposition, 288-290, 298-301,
320, 440

Langlands Eisenstein series, 285, 286, 301,
316, 318, 319, 320, 357, 403, 417,
441

Langlands functoriality, 396, 397, 402, 405

Langlands global functoriality conjectures,
396, 397

Langlands—Shahidi method, 286

Langlands spectral decomposition, 286, 319,
324,357

Laplace operator, 38, 39, 70, 73, 95
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Laplacian, 39, 56, 82, 93, 100, 110-112, 216,
285, 343
Laurent expansion, 158
laws of composition, 420
LeadingMatrixBlock, 441
left equivalent, 78, 79
left Haar measure, 20, 21
left invariant measure, 24, 27, 74, 81, 117,
166, 269
level, 70, 216, 217, 383, 385
Levi component, 289-292
L-function, 54, 76, 114, 172-178, 187, 188,
210, 239-243, 250, 255-257, 277, 278,
281, 282, 322, 323, 365, 395-396
associated to an Eisenstein series, 89, 90,
286, 313-315, 451454
associated to a Maass form, 91, 174, 177,
194, 213-215, 235, 257, 279, 322, 323,
367, 372,403
Artin, 396401, 404, 405
Dirichlet, 236, 237, 244, 249, 251, 252, 253,
256, 315
Hecke, 62, 401, 402
L-group, 406
Lie algebra, 19, 39-42, 44, 45, 50
Lie algebra of GL(n, R), 19, 42, 50
Lie bracket, 41-43
Lie group, 39, 42, 270, 396, 404
lifting, 397, 404
local Langlands conjecture, 397
locally compact, 19-23
locally compact Hausdorff topological group,
19, 20, 21, 23
LongElement, 439, 442
long element, 150, 224, 306, 307, 317, 341,
350, 351, 375, 380, 442
long element Kloosterman sum, 351, 342
LowerTriangleToMatrix, 442, 448
Luo—Rudnick—Sarnak theorem, 366, 384, 387,
393

Maass form, 54, 62, 83, 86, 112, 216, 235,
256, 257, 286, 310, 313, 382, 383, 403,
426, 427

even and odd, 73, 74, 86, 87, 88, 90, 100,
105, 106, 162, 265

for SL(2, Z), 62, 63, 67, 6974, 86, 91, 92,
95,210, 221,253, 255, 256, 321-323, 387

for SL(3,7Z), 99, 159-163, 172, 174, 176,
182, 187, 188, 194, 196, 197, 201, 213,
214, 215, 227, 229, 255, 302, 324, 387
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Maass form (cont.)
for SL(n, 7)), 99, 114-118, 129, 259-265,
271, 277, 279, 282, 283, 316, 319, 338,
358, 366, 367, 370-384, 393, 403
Fourier expansion, 69, 118, 128, 129, 282,
366
L-functions of, 86, 91, 177, 194, 215, 256,
279, 379, 402, 403, 404
of type v, 62, 63, 83
MakeBlockMatrix, 427
MakeMatrix, 443
MakeXMatrix, 444
MakeX Variables, 445
MakeYMatrix, 446
MakeY Variables, 446
MakeZMatrix, 446
MakeZ Variables, 447
Mathematica, 409-412
matrix, 3
diagonal, 10-13, 18, 22, 26, 60, 79, 132,
143, 146, 162, 167, 168, 263, 270, 294,
417,418,419, 432, 435, 436, 440, 446,
461
identity, 9, 11-14, 31, 34, 43,47, 52, 79,
116, 125, 145, 149, 263, 289, 292, 305,
361, 358, 374, 377, 401
lower triangular, 11, 12, 418, 429, 442
minor, 294, 343-349, 417, 436, 437,
456460
orthogonal, 8, 150, 298, 299, 419
triangular, 8
unipotent, 151, 259, 289, 292, 294, 337,
418, 419, 432-436, 440, 444
upper triangular, 8, 10-12, 15, 17, 25, 78,
79, 115, 116, 118, 128, 148, 151, 159,
232,259, 273, 286, 292, 294, 303, 337,
418, 419, 430, 432, 435, 436, 440, 442,
444, 446, 464
MatrixColumn, 447
MatrixDiagonal, 447
MatrixJoinHorizontal, 448
MatrixJoinVertical, 448
MatrixLowerTriangle, 448
MatrixRow, 449
MatrixUpperTriangle, 449
maximal compact subgroup, 28, 33, 99
maximal parabolic subgroup, 300, 307,
321
maximal parabolic Eisenstein series, 223, 297,
300, 307-309, 321, 327, 368
maximum principle, 238, 239
Mellin inversion, 94, 96, 97, 327, 388
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Mellin transform, 2, 86, 94, 96, 155-157,
182-186, 173-178, 202, 278-282, 325,
326, 331, 338, 358, 361, 369, 388

minimal parabolic Eisenstein series, 295, 296,
297,303, 310, 313-316, 324, 325, 327,
330, 339, 370, 381, 418, 450454

minimal standard parabolic subgroup, 295

minor, 294, 343-349, 417, 436, 437,
456460

modular form, 69, 215, 253, 256, 382

ModularGenerators, 449, 450

modular group, 80

Moebius function, 57

MPEisensteinGamma, 450

MPEisensteinLambdas, 451

MPEisensteinSeries, 451

MPExteriorPowerGamma, 452

MPExteriorPowerLFun, 453

MPSymmetricPowerGamma, 454

MPSymmetricPowerLFun, 453

multiplicativity condition, 351

multiplicativity of Fourier coefficients, 168,
271

multiplicativity relations, 83, 168, 173, 195,
278

Multiplicity one theorem, 66, 68, 128, 129,
145, 159, 260, 393

NColumns, 454

newform, 216

non-holomorphic automorphic form, 54, 383
non-self dual, 257

non-vanishing, 286, 322, 323

norm, 16, 69, 95, 134, 136, 138, 309, 400
normal operator, 166, 269

non-degenerate Whittaker model, 360
NRows, 455

number field, 256, 384, 393, 396-401, 404

octahedral representation, 402
odd Maass form, 73, 74, 86-88, 100, 105, 162,
263, 265
odd primitive character, 208
old form, 217
operator, 38-55, 73, 82, 103, 106-112, 162,
263, 321
adjoint, 166, 269, 277
Laplace, 38, 39, 70, 73, 95
self adjoint, 156
symmetric, 62
orbit, 4, 121, 122
orthogonal group O(n, R), 9, 46, 47, 298
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orthonormal basis of Maass forms, 95
orthonormality, 237

parabolic, 223, 286, 288, 319, 320

ParabolicQ, 455

parabolic subgroup, 286291, 295-302, 316,
319-322, 376, 440, 441, 455

partition, 80, 165, 267, 286288, 298, 316,
319, 440, 441, 455

periodic function, 1, 38, 61, 118, 155, 195, 275

Petersson inner product, 81, 95, 166, 227, 255,
269, 277, 368

Petersson norm, 69, 72, 324

Petersson’s conjecture, 68, 69

Phragmén-Lindelof theorem, 238-240

PluckerCoordinates, 456

Pliicker coordinates, 343, 344, 456-458

PluckerInverse, 456

PluckerRelations, 457

Pliicker relations, 347

Poincaré series, 337-339, 352, 353, 356, 360

point pair invariant, 102, 103, 112

Poisson summation formula, 1-3, 27, 30, 37,
286, 308-310

polynomial algebra, 50

polynomial growth, 66—68, 247, 371, 388

pre-Kuznetsov trace formula, 355, 360, 361,
363

primitive, 195

primitive character, 3, 208, 221, 387, 390,
392

primitive Dirichlet character, 195, 206, 208,
214,215, 218, 220, 237, 244, 251, 253,
256, 315, 385, 386

principal congruence subgroup, 70

principal determination, 3

principal ideal, 60, 61, 245

principal value, 239

principle of functoriality, 406

projection operator, 376

quadratic form, 245, 347

quadratic number field, 60, 62, 91, 245-249,
251, 255, 256

quadratic reciprocity, 406

quotient space, 16, 19, 38, 74, 303

Ramanujan bound, 241

Ramanujan conjecture, 68, 381-383, 386,
395

Ramanujan conjecture on average, 236, 241

Ramanujan A-function, 68, 69
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Ramanujan—Petersson conjecture, 68, 69
Ramanujan hypothesis, 236
RamanujanSum, 459
Ramanujan sum, 56, 57, 459
ramified, 399-401, 404
rank, 50, 65, 99, 100, 111-114, 129, 285-287,
301, 316, 320, 343
rank of a parabolic subgroup, 287
Rankin—Selberg convolution, 210, 211,
221-223, 227, 229, 256, 257, 258, 366,
368, 370, 377, 385, 391, 405
for SL(2, Z), 226
for SL(3, Z), 226
for GL(n) x GL(n), 365, 366, 371, 373
for GL(n) x GL(n + 1), 372,373
for GL(n) x GL(n"), withn < n’, 376
Rankin-Selberg L-function, 256, 286, 365,
367,371, 372, 374, 378, 379, 385,
393
rapid decay, 1, 66, 95, 324, 370, 388
rapid growth, 66
rapidly decreasing, 114
real quadratic field, 54, 62, 91
reciprocity law, 406
reductive group, 129, 285, 404
regularity of distribution, 236
RemoveMatrixColumn, 459
RemoveMatrixRow, 459
representation, 1, 2, 24, 140, 154, 176, 212,
215,223, 224, 236, 252, 281, 302, 309,
365, 391, 396406, 470
residual spectrum, 359, 360, 363
residue field, 399
Riemann hypothesis, 69, 235, 237, 246, 249,
382
Riemann hypothesis for varieties, 398
Riemann zeta function, 2, 3, 27, 38, 54, 85, 89,
90, 214, 237, 249, 310, 314, 322, 354,
373, 376, 381, 396, 451, 453
right cosets, 74-77, 82, 164, 167, 266, 270
right equivalent, 77
right Haar measure, 20
right regular representation, 403
rotationally invariant, 32

scaling matrix, 216

SchurPolynomial, 460

Schur polynomial, 229, 230, 232, 366, 373,
427, 460

Selberg class, 235-241, 245, 256

Selberg conjecture, 366

Selberg eigenvalue conjecture, 70, 383



492 Index

Selberg spectral decomposition, 54, 94, 95,
285

Selberg transform, 102, 355, 358

self-adjoint, 81, 103, 106, 108, 110-112, 156,
166, 269

self dual, 213

semigroup, 76, 80, 164, 266, 267

Siegel set, 15, 17, 18, 108, 113, 117, 129, 131

Siegel zero, 235, 245-249, 251-258

Siegel zero lemma, 251, 255-258

Siegel’s theorem, 249, 251, 253

simple reflection, 145, 148

simultaneous eigenfunctions, 83, 277

skew symmetry, 40, 234

SmithElementaryDivisors, 460

SmithForm, 461

SmithInvariantFactors, 461

Smith normal form, 54, 77-79, 81, 165, 268

smooth function, 32, 38, 39, 44, 46, 50, 55, 62,

94,102, 106, 110, 115, 117, 128, 242,
308, 316, 387

solvable group, 402

Special WeylGroup, 462

special orthogonal group SO (n, R), 16, 17,27,

28, 33, 35, 139, 325, 355, 357-362

spectral decomposition, 54, 94, 95, 285, 286,
319, 324-327, 355, 357

sphere (n, dimensional), 27, 32, 467

spherical coordinates, 32

split classical group, 397

split semisimple group, 99

splits completely, 400

square integrable, 55, 70, 81, 94, 106, 268,
426, 428

stability group, 216

stabilizer, 108, 121, 291

Stade’s formula, 361, 362

standard L-function, 173

standard parabolic subgroup, 286-288, 295,
297, 301, 316, 319

Stirling, 157, 240, 243

Stirling’s formula, 240

strong multiplicity one, 393

subconvexity bounds, 354

SubscriptedForm, 463

super diagonal, 129, 159, 175, 259, 409

SwapMatrixColumns, 463, 464

SwapMatrixRows, 464

symmetric, 6, 62, 162, 264, 266, 419

symmetric cube, 235, 286, 297

symmetric fourth power, 235, 297

symmetric group, 25, 135, 292, 397, 402

symmetric kth, power L-function, 235, 395,
453,454

symmetric Maass form, 161, 261, 265, 315

symmetric operator, 62

symmetric power L-function, 256, 286, 395,
396, 453

symmetric product, 405

symmetric square, 241

symmetric square lift, 253-257, 397, 398

symmetric square representation, 406

TailingMatrixBlock, 464

Taylor series, 43

template, 314, 315, 370, 381, 396

tensor product, 41, 134, 137, 397, 404, 405

tensor product lift, 397

tetrahedral representation, 402

theta function, 2, 221-223

time reversal symmetry, 111-112

topological group, 19-21, 23

topological space, 3-6, 14, 19, 20, 74-76, 163,
266

trace formula, 99-101, 337, 354, 355, 359,
360-363, 383

transfer, 406

transpose-inverse, 30, 37

transpose of a matrix, 9, 80, 164,267, 418, 419

transposition, 26, 80, 81, 83, 135, 167, 269

trivial character, 217, 223, 385

trivial representation, 401

twist, 91, 194, 195, 206, 208, 214, 237, 402

twisted L-function, 214, 215, 217, 221

type, 9, 62, 74, 83, 84, 86, 90-92, 99, 100,
114-117, 128, 130, 134, 137, 145,
160-163, 176, 177, 179, 180, 182, 188,
193,197, 210, 211, 213, 214, 217, 225,
227,228,236, 241, 253, 255, 260,
262-265, 281, 282, 283, 315-317, 322,
323, 352, 358, 366-368, 371, 372, 376,
381, 383, 384, 387, 401, 402, 404

unfolding, 222, 227, 339, 368, 373

unimodular, 20, 21, 429, 430, 461, 466

unipotent matrix, 151, 259, 418, 419, 432,
433, 436, 444

unipotent radical, 289-291

unique factorization, 246, 399

unit, 60

universal enveloping algebra, 9, 4047, 50,
114
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unramified, 399-401, 404

UpperTriangleToMatrix, 464

upper triangular, 232, 263, 442, 464

upper triangular matrix, 8, 10-12, 15, 17, 25,
78,79, 115, 116, 118, 128, 148, 151, 159,
232,259, 273, 286, 292, 294, 303, 337,
418,419, 430, 432, 435, 436, 440, 442,
444, 446, 464

upper half-plane, 3, 4, 9, 10, 15, 24, 51, 55, 59,
101, 153, 299, 356, 415, 466, 467

Vandermonde matrix, 231

variational principle, 110

vector space, 3942, 50, 62, 74, 81, 134-136,
166, 269, 397, 400, 401, 403406

volume, 27-32, 296, 465, 466, 467

VolumeBall, 465

VolumeFormDiagonal, 465

VolumeFormGiln, 466

VolumeFormHn, 466

VolumeFormUnimodular, 466

VolumeHn, 467

VolumeSphere, 467

wave equation, 106, 111, 112

weak Weyl law, 110

Wedge, 467, 468

wedge product, 22, 35, 135, 137, 138, 294,
348, 465-468
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weight, 68, 69, 222, 223

Weil’s converse theorem, 91

WeylGenerator, 468, 469

WeylGroup, 469

Weyl group, 25, 26, 144, 145, 150, 151, 178,
224, 303, 306, 320, 332-335, 341, 436,
437,462, 469

Weyl group of GL(n, R), 311, 317, 339,
350, 351, 362
Weyl group of associate parabolic, 288

Weyl’s law, 99, 110, 112

WhittakerGamma, 470, 471

Whittaker, 470

Whittaker model, 173, 360

Whittaker function, 92, 112-114, 117,
128-130, 133, 139-145, 149-152, 154,
159, 172, 175, 192, 260, 276, 280, 306,
307, 315, 317, 319, 332-335, 360, 361,
365, 369, 424,470, 471

Whittaker function of type v, 6368, 130,
156

WMatrix, 472

ZeroMatrix, 472
zeta function, 1, 248-250, 335, 342, 343
Epstein, 308, 309
Riemann, 1-3, 27, 38, 54, 85, 89, 90, 214,
237,249, 310, 314, 322, 354, 373, 376,
381, 396, 451, 453



